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1. Introduction. Let P(n) denote the largest prime factor of an integer
n > 2 and let P(1) = 1. Sums involving reciprocals of P(n) have been
investigated in many works (see, for example, [3], [5], [8]-[10], [13] and [14],
where additional references may be found). In particular it was proved by
Erd6s, Pomerance and the author [5] that

(1.1) Z;P(ln) :xé(m)<1+o(<blgo1;sﬂ:>1/2>>,
where

(1.2) 5(x):jg<logx> dt

logt ) 2’

and o(u) is the continuous solution (the so-called Dickman function) to the
differential delay equation

(1.3) ug'(u) = —o(u —1)

with the initial condition o(u) =1 for 0 < u < 1. One also defines p(u) =0
for u < 0. It is well known that

logyu — 1 1 2
(1.4) o(u) =expq —u| logu+log, u—1+-28207 2 4 o (2824 ,
log u log u

and from [10] it follows that

(1.5) &(x) = exp { — (2log zlog, 7)1/ <1 + golz) + o(<log3 x)3>> }

log,

where log, x = log(log,_; ) is the k-fold iterated natural logarithm of x
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and, for r > —1,

() = logs x + log(1 +7) —2 —log2 - 2
2log, x log, x

(logs = + log(1 + 1) — log 2)?
8logs x '

It is possible to obtain more precise expressions for both functions ap-
pearing in the exponentials in (1.4) and (1.5). K. Alladi [1] (see also G. Te-
nenbaum [12]) proved an asymptotic formula for o(u):

(1.6) o(u) = (1 + o<i)> <§/2(:)>1/2 exp (7 —lfug(t) dt),

where v = 0.57721 ... is Euler’s constant and £ = £(u) is the unique positive
solution of the equation

(1.7) et —1=ué (u>1).

By using standard methods of asymptotic analysis one finds (see Hildebrand—
Tenenbaum [7]) that, for u > ug > 0, {(u) is given by the convergent series

- 1 \"/1+ulogyu F
(1.8) §(u)—logu+log2u+ZZcm,k< ) <> ;

ot log u ulogu

. _(m+k Res zm ze? om
ok m ) z=0 | (e# —1)mtk\er—1 m+k)/)]|

Computing the first few values of ¢,, , one obtains, from (1.8),

logou  Llog?u —log,u log, u\*
(1.9) &(u) = logu + logyu + o2 20821 7082 +O<<g>>
logu log” u logu

where

and from (1.6) and (1.8) one obtains a sharpening of (1.4).

The main aim of this paper is to study the asymptotic behaviour of the
sums

(1.10) S (x) = > ! (r>0)

n<z, P(n)=l (mod k) T(n)

and

(1L11)  T() = 3 T

n<z, P(n)=l (mod k), P2(n)|n T<n>

where r is a fixed real number, 1 <[ < k, (k,l) = 1 are fixed integers. In
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the special case k = 1 it was shown by Ivié-Pomerance [10] that

(1.12)  Sp(z) = :Uexp{ — (2rlog zlog, x)"/? (1 + gr—1(z)
()} oo

and

(1.13)  T,(z) = zexp { — (2r 4 2)Y%(log z log, ) /2 (1 + gr(2)

co((i22) )} e

The asymptotic behaviour of S,(z) for r < 0 and of T;.(z) for r < —1
is substantially different, and is less difficult to determine than in the cases
r > 0 and r > —1, respectively. For instance we have, if r < 0 and k =1,

s.0)= Xre(Zo)rom= ¥ p|E]+ow)

p<z Vo<p<z
J ci(r) 1
— _T—|—OZL‘1_T/2 :xl—r< I\ +O< ))7
pnzg:mp ( ) ]z:; log] I~ lOgJ+1J,'

where J > 1 is any fixed integer, [t] is the integer part of ¢, ¥(z,y) denotes
the number of positive integers < x all of whose prime factors are < y,
and p denotes primes. The constants c;(r) are effectively computable, and
in particular ¢1(r) = (1 —r)/(1 — r). This is obtained analogously to De
Koninck—Ivié¢ [4], where the case r = —1 was treated.

One can generalize (1.1) by using the methods of [5] and obtain

(1.14) S, (z) = ikar(x) (1 + o<<10g 1°g$>1/2>> (r > 0),

log

where

c (logz\ dt
(1.15) 6, () ;:2fg<logt) i (@>2,r>0),

so that 01(x) = 0(x), as defined by (1.2). This is a non-elementary function
which can be well approximated by elementary functions. A comparison of
(1.12) and (1.14) (with k = 1) yields

(1.16)  d,.(z) = exp { — (2rlog zlog, )12 (1 + gr—1(x)

co((i22) )}
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Note that (1.16) is an asymptotic formula not for §,.(z), but for log d, ().
We shall evaluate §,(x) directly and prove an asymptotic formula for it,
which contains the simpler function &(u), defined by (1.7). In view of (1.6),
&(u) appears to be the function well-suited to approximate expressions con-
taining p(u). We shall treat S, (x) for r > 0 and T.(z) for » > —1. Our aim
is to sharpen the existing results, and in particular (1.14). This research is
a continuation of several works on sums of 1/P(n) mentioned at the begin-
ning, especially of [5]. It was instigated by a question of P. Erdds, who asked
me for the asymptotic evaluation of Sy(x), and whom I thank for valuable
remarks.

2. Statement of results. Our first result gives an asymptotic formula
for 0, (), defined by (1.15). The formula will be given in terms of { = {(u),
defined by (1.7), and w, = u,(x). The latter denotes the solution of f/(y)
= 0, where

y tlogex

(2.1) frly) :=ry+ f E)ydt (r>0,1<y<logx).

Thus u, satisfies

(2.2) uz:£<logw>logaﬂ’

Uy r

and using (1.9) it follows that

1
(2.3) u,= { Ojfv (log2 x + logs x + log(r/2)

n logs x + log(r/2) +O(log§x>>}l/2‘

10g2 x logg T

It is clear that by using (1.8) and iteration one can obtain an asymptotic
expansion of u,.. With this notation we can formulate

THEOREM 1. For r > 0 a fized number we have

The main contribution in (2.4) comes from e~f+(“*) and by evaluating
this term one can obtain a sharpening of (1.16). Comparing (2.4) with (1.6)
we obtain

COROLLARY 1. For r > 0 a fized number we have

(25)  d(a) = (%)m (1 +o<(lfg2j>l/4)>g(lﬁx)e—v"ur.
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One can evaluate f(u,) by noting that (2.1) gives

log z\ log® log z \ log x
(2:6) o) = (BT ) REL y pg((RoBT ) o8
Y y? Y
_ logx(logy x + O(logs x))
- 3
Y
for u, < y < u,. But since
&(u) 1 < 1 1—1logyu <loggu>>
2.7) fu)= —>"——=—(1+ + +0
27) &) 1+ué(u)—u u logu log” log® u

and (2.2) holds, from (2.6) we obtain

o log = 1 logs x
2.8 ! r)=—\1 1 © : .
(2.8) I (uy) Ur( +2ru%( +log2x—logur) * (108;355))

Hence we obtain

COROLLARY 2. For r > 0 a fized number we have

T 1/2 log x 1
2.9 Or = | —u, 1-— 1
(2.9) (z) <ru > ( 4ru? ( + log, = — logur>

1 1
o)~
logs Ur

For the sum S,.(z) defined by (1.10), where r > 0 is fixed and 1 <1 < k,
(k,1) = 1, are fixed integers, we shall prove the asymptotic expansion given
by

THEOREM 2. For any given € > 0,

(2.10) So(z) = ﬁ + O(z exp(— log?/ = 2)).

For fized r > 0 and any fized integer J > 0,

e st foli) (3 %

log’ x

1 J+1
L0 ogt dt
log x tr+i

for suitable polynomials Q;,(x) (j = 0,1,2,...) of degree j in x whose
coefficients depend on r. In particular,

(2.12) Qo.r(x) =71, Qur(x) = (r—ry)(re—1).
From (2.11) we obtain




234 A. Ivié

COROLLARY 3. Ifr > 0 is fized and u, is given by (2.2), then

(213)  Si(z) = <r+ ’”zb_gz%u +0<<1i)gg25>3/4>>£k)@(x).

One can use (2.3) to express the right-hand side of (2.13) as a function
of z times §,(z). Corollary 3 in the special case r = k = 1 sharpens (1.1),
showing incidentally that the error term in (1.1) is of the correct order of
magnitude.

A result analogous to Theorem 2 holds for 7;.(x) defined by (1.11):

THEOREM 3. For any given € > 0,

Cx e
- T_1(x) = (k) + O(x exp(—log”*~* 2)),
C= (‘)/‘ UQEFU)Z dv < 1.

For fized r > —1 and any fized integer J > 1,

(215) L= 2 [ o257

e(k) § ~\logt
J J+2
1 -(logt 1 t dt
X(zRﬁl, (Og )+O< OgJ . >> ~
— log” x log/tta /) )t
7=0

for suitable polynomials R;,(x) (j =1,2,...) of degree j in x whose coeffi-
cients depend on r. In particular,

(2.16) Ry (x)=(r+1)%z—r—1.

From (2.11) and (2.15) it follows that, for » > —1, one should compare
T, (x) to Sy4+1(z). Indeed, we obtain

COROLLARY 4. For fized r > —1 and w, defined by (2.2) we have
(217)  To(@) = (r+ DSy (2) (1 + O((log )4 (logy 2)%/4)).
In the most interesting case r = 0 we obtain, from (2.17) and (2.3):
COROLLARY 5.
Z 1= (log$<log2x+log3x—log2

n<z, P2(n)|n

logs x — log 2 log3 12 1
) 5
logy logs x e P(n)
Like earlier works on sums of 1/P(n), our proofs of Theorems 2 and 3 use
results on ¥(z,y). In the next section the necessary material on ¥(z,y) and
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o(u) will be presented. In Section 4 we shall use the classical Laplace method
from asymptotic analysis to prove (2.4). In Section 5 we shall prove (2.10),
and (2.11) in Section 6. Finally, the proof of Theorem 3 will be given in
Section 7.

3. Some results on ¥(z,y). The basic tool in the proofs of Theorems
2 and 3 is the asymptotic formula
(3.1) W(z,y) = Az, y)(1 + O(exp(~log™ >~ y))),

proved by E. Saias [11]. This formula is a substantial sharpening of an older
result of N. G. de Bruijn [2], who introduced A(z,y) as a good approximation
to ¥(z,y). One defines

(3.2) Az, y) =z f (logfogylogt>d<[?>

for z,y > 1, if x is not an integer. If = is an integer, then A(z,y) =
A(x 4 0,y). Saias proved (3.1) in the wide range

(3.3) exp{(loglog z)°/3+} <y <z, x> zo(e).

The formula (3.1) is very sharp, as it gives

(34)  ¥(z,y) =w=o(u) (1 +0 (k’g(“+2)>> (u _ 10%1‘)

logy logy
in the range (3.3), which is a result of A. Hildebrand [6]. The proof of (1.1)
depended on (3.4), while the sharper (3.1) will be used for the proofs of
Theorems 2 and 3. Note, however, that A(x,y) is not readily approximated
by elementary functions. From (3.2) it follows that it has discontinuities
at natural numbers, which requires it to be treated with caution. Its prop-

erties, as well as those of ¥(x,y) and po(u) are extensively discussed by
G. Tenenbaum [12]. For

T > 2, (logm)HE <y<u,
(3.5) : u—j loglogy log @
min - > o U= ——,
0<j<k,j<y k+1—j logy logy

one has the asymptotic formula

(36)  Aly) —wZa 09 (w)log ™ y + O] oV (u)| log ™1 y)

for any fixed integer k& > 0. Note that o) (u) for k& > 1 is defined on
R\ {0,1,...,k}, and has discontinuities of the first kind at the exceptional
points w = 0,1,...,k. In (3.6) the constants a; are the Taylor coefficients
of s¢(s+1)/(s+1). Hence ap =1,a1 =y —1,a2 =1—7+71,..., where
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for j >0,

(=1 1., log/t'N
=y (2l n s T ).

and in particular 79 = v is Euler’s constant. Another way to write explicitly
a; is to note that, for Res > 1,

()= n = [ t*d]=s [ [t dt
n=1 1-0 1
By analytic continuation we then have, for Res > —1,

[ee] o0

C(S+ 1) _ —s—1 _ —s—2
o _1ft dt 1f{t}t dt

IR GO -2
=--> {t}t~2(log t)™ dt,
s = n! if
where {t} =t — [t] is the fractional part of ¢t. This shows that ag = 1, and
for j > 1,

Y 1
(3.7) % = 1f {t}t=2(log t)" " dt.

From (1.6) and (1.7) one obtains
(3-8) o(u—1) = ug(u)o(u)(1 + O(1/u)).

Hence by using (1.3), (3.8) and induction on k it follows that, for £ > 0 a
fixed integer and v > k + 2,

(3.9) o™ (u) = (=€(w))* o(u)(1 + O(1/w)).
We also need the elementary estimate

log

(3.10) V(z,y) < xexp ( - ) (2<y<u),

which is useful because it holds uniformly for all relevant y.

2logy

4. Asymptotic evaluation of §,(z). In this section we shall prove the
asymptotic formula (2.4). We start from the definition (1.15), writing

exp(Lr(z)/3) exp(3L,(x)) T
logx\ dt
S O N R N (- P
2 exp(Lr(z)/3) exp(3Lr(z))
=11+ 1y + I3,
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say, where
log zloglog z\ /*
(4.1) Lo(z) = (W) (r>0).
2r
Using (1.4) and (1.16) we obtain

eXp(Lr(l’)/3) <logf£> dt

Il = tr+1

logt

3logx 3logx o odt
< -1 1 1
= eXp{ ( +0( )) LT(Z') og <Lr(x)>} é]‘ tT‘-‘rl
< 6.(z)log™*
for any given A > 0, and using the trivial 0 < p(u) < 1 we have
- logz\ dt x dt
Iy = f Q(logt) PR f e+l
exp(3L,(x)) exp(3L,(x))
A

< e 3@ « 5, (2) log™* z.

Hence for any given A > 0 we have

exp(3L,(x))
- logz\ dt
(4.2) 6r(z) = (1+0Qog™2)) [ g<g> .
exp(L,(z)/3)

Now we use the asymptotic formula (1.6) to obtain from (4.2), after the
change of variable logt = v,

e v (oo (22)")

3L, (x)

x f <§’ <1o§:c>)1/2 exp(—fr(y)) dy,

L,(xz)/3

where f,.(y) is given by (2.1). The key step in the proof is to further restrict
the range of integration in (4.3). To this end let

(4.4) D, = D,(z) := 20(log z)"/*(r~'log, x)3/4
and write the integral on the right-hand side of (4.3) as

ur+D; upr—D 3L, (z)
[+ [ + [ =h+l+ls,
ur—D; Lr(ﬂ?)/?) Ur+Dy

say, where u, is defined by (2.2). We shall show that the contribution of J,
and J3 is small. Since both integrals are estimated similarly it suffices to
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consider only J3. We have by Taylor’s formula, since f/(u,) = 0 and (2.6)
holds,

IO (¢ )>/ exp(— oy +ur)) dy

D, Y+ U
3L, (z)—u, y+tu,r
< exp(—fr(ur)) f exp ( - f ) (y+ur—1t) dt) dy
D.,. U
3L, (x)
log x(logy 4+ O(log;
< exp(—fr(u.)) exp ( — ( (;L (x))g 3%))
D, r

Yy+ur
X f (y—i—ur—t)dt)dy

Uy

< en-rtu) [ o (- et ay

o log x log, x)1/2
3/2 D2
—f(u, _ [ 1 1/4
< ey ueww (= gt Y oga)

< exp(—fr(u,)) log™ ¥ z.

To simplify J; note that, for 3L, (z) <y < 3L,(z) we have, as x — oo,
—3logxloglogx

P (y) ~ /i )~ 12log xytog g
and
((22)) = (o)) ()
Y+ Up Uy Uy
Therefore
D, (logx 1/2
(4.6) Jy = _]!r (5 <y+u>) exp(—fr(y + ur)) dy
1/2 1/4
-((57)) (rol(B) ) ewerion
D,
x [ e { = Lfwy? = 7wy + 0L @)y} dy
-D,

~(«(5) " (el (32) )
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D,

xexp(—fr(un)) [ exp (= 2 (u)y?) (1 LA (up)y?
—D,

+O(L, P (2)y* (1 + Ly (2)y?))) dy

~(e(5) (ool (32) )

D,

x exp(—fr(ur)) [ exp (= 3£/ (u)y?) dy
-D,

- <27r£’<log$)>1/2(f/»’(ur))_1/2

T

« (1 + 0<(1ﬁi§> /)> exp(—f (ur),

since for a,c > 0,

f e~ dg = ]’? e~ dg + O(c;lc j‘o2cxe*”2 d:c)

Theorem 1 follows now from (4.3), (4.5) and (4.6).

5. The number of integers < z for which P(n) =1 (mod k). In this
section we shall prove the asymptotic formula (2.10) for Sy(x), the number
of integers < z for which P(n) =1 (mod k). If n is counted by Sp(x), then
n=1@Gfl=1 (mod k)) or n = mp, where P(m) <p, p=1 (mod k) and p
denotes primes. Thus, for 0 < a < 1 to be determined later, we have

(5.1)  So(z) = > 14+0(1)

mp<x, P(m)<p, p=l (mod k)

- 3 !P(;,p) +0(1)

p<z, p=l (mod k)

_ D ![/(;,p> +O(zexp (— 3log' “z)),

exp(log® z)<p<w
p=l (mod k)
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since (3.10) yields

SRR

2logp
p<exp(log® z), p=I (mod k) p<exp(log® x)

< zexp(— %loglfo‘ ).

Now we use the prime number theorem for arithmetic progressions in essen-
tially the strongest known form, namely

A
(5.2) > 1= =0 2] gt " A(z),

p<z, p=l (mod k)

3/5—¢

A(x) < zexp(—log x)

for any given € > 0. Therefore

(5.3) > W(}fm)

exp(log® z)<p<z, p=l (mod k)

:(p(lk) fx w<f,t>ljgtt+ f W(ft> dA(t)

exp(log® x) exp(log® z)
1 - dt
=— [ v (I t> =4
o(k) exp(iog® ) t log ¢
say. Integration by parts and (3.10) give

- fx A(t) d@(f,t)

eloga x

T

(54) I= w(f t> A(t)

elog® «

= O(zexp(~log** *2)) + O(zexp (— § log' “z))

a:e—loga:v
T X
Al = )do|t, —
o] aE) ()

< zexp(—1log®° = &) + zexp (-2 logt—@ x)

_ o
ze log® =

RO

< zexp(—1log¥ % &) + zexp (-1 logt—@ z)

1 x 3/5—¢
+x Z nexp(—(logﬂ) )

n<ge— log%
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< wexp (— 3log' ") + wexp(— log®®/57¢ z)
< zexp(—log®/ 87 1)
with the choice a = 5/8.
From (5.1), (5.3) and (5.4) we obtain
1 - x dt
5.9 S = — Ul —,t)|—
exp(log®/® z)

+ O(x exp(—log®® ¢ 2)).
Now observe that (5.5) holds also for k = 1, in which case we trivially have
So(x) =z + O(1).

Hence we obtain

p X dt 3/8—
. w2 ) — = —log?/8¢
(5 6) exp(loé{/S x) (t’ >10gt v O(x exp( 8 -T)),

and (2.10) follows from (5.5) and (5.6).

We remark that the use of the conditional result A(x) < x/2*¢ which
is a consequence of the Generalized Riemann Hypothesis for L-functions,
would not by our method of proof lead to any substantial improvements. It
would give O(z exp(—Clog"/? z)) (C > 0) for the error term in (2.10), and
the same for (2.14), while (2.11) and (2.15) would remain unaffected. For
(2.14) we would have to use the conditional improvement of (3.1) under the
Riemann hypothesis (see p. 81 of E. Saias [11]).

6. Sum of reciprocals of P"(n). In this section we shall prove the
asymptotic expansion (2.11). If L, (x) is defined by (4.1), then

6.1)  Sp(z) = > 1TLT/<Z,p> +0(1)

p<z, p=l (mod k) p

— (1 +O0(log ™ 2)) 3 1W<x,p)

exp(Ly(2)/3) <p<expBLo(x)) L \P
p=l (mod k)

for any given A > 0. This is similar to (4.2), the contribution of p <
exp(L,(z)/3) being estimated by (3.4) and that of p > exp(3L,(x)) trivially
by using ¥(z,y) < z. Now set for brevity

U:=exp(35L;(2)), V :=exp(3L,(x)).
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By using (5.2) we have

RV D)

U<p<V,p=l (mod k)

+
S

<ff> At(rt) Z_UfVA(t)de(f,t».

The integrated terms are < xd,(x) log= x for any fixed A > 0. This follows
from (3.4), (1.4) and (1.16). The last integral in (6.2) equals

©63) —r [ fffgx(‘ft) dt+j‘/t1rA(t)dw<f,t>

Using (3.8) we obtain

1% v
log dt log logz\ dt
-1 57 PN [t =R
Ufg<logt >tr+1 <) Togt 527 Q(logt g

< 6,(x)(log z log, x)'/2,

while from (3.4) and (1.4) we obtain

z/U

1%
1—r r—1 T 1—r Z
— tTTdU(t,— )= | tTTTdY| —,t
A [ ota(ug) = fian(3)

z/V
w2t tl—TV+(r—1)fV1g17 ) dt
o\t oot \t

U
< 26, (x)(log z log, x)'/2.
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Thus it follows from (6.1)—(6.3) that, for any fixed A > 0,

1 7 [z dt _
(6.4) Sy(z) = o0 Uf W(t,t> T logt + O(26,(x) log™* ).

Then applying (3.1) we find that

v
x dt
6.5 Ul —,t )| ——
(6:5) f (t’)ﬂ"logt

U

\%
= (1 + O(exp(—log®1°7¢ 2))) fA(f,t) dt

O t"logt

In the last integral we may use (3.6) with x replaced by x/t and y replaced
by ¢, since (3.5) will be satisfied for U < t < V. Therefore

1%
x ) logm_ dt
60 S 4(50) s =330 o (155 1) g

U

" log dt
+O0|«x (J+1) ( — 1) ) )
( ﬁ/‘ ¢ logt tr+110g” T2 ¢
It remains to evaluate the integrals
1%
o (logx dt
: I; = (7) -1
60 haten = [T ) s >0)

when j > 1 and k are given integers, in particular when k = j+1. Integrating
by parts, using (1.4) and (3.8) we obtain, for any fixed A > 0,

Lip(x,r) = ! j{ ! dd oY —IOgm—l
gk log x oot logh=2¢ logt
1%
1 » log x
— G- =22~ _1
log:):&fQ <logt )

—Tr 2 — k’ —_A
X + dt + O, (x)lo x).
<t’”+1 logh=2¢  trt+llogh™? t> (0r(w)log )

Hence we have the recursive formula

-1
logli(?“fjfl’kfg(x,’l”) + (k — 2).[]‘,17k,1($,7“))

+O(6,(x) log™ " x),

(6.8) Lip(z,r) =
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and in particular,

_r B
(6.9) Iia(z,r) = logxlo,o(:v,r) +O(8,(x)log™* z)
S— f logz 1 dt + 0(8,(2) log™* z)
~ logz e logt tr+l " & ’

If we use induction on m (1 < m < j), (6.8) and (,”,) + () = (mljl), then
we obtain

(610) Ij,jJrl(J;?T) = l(og;BZ {Tm-[jm,jJrlQm(xvr)
- m\ m—kg, ; i
+Z(k>r G—m)G—m+1)...(j —m+k—1)
k=1

X Ij—m,j+1—2m+k: (ZE, 7")} + O((Sr (l’) IOg_A 33‘)
Hence for m = j it follows from (6.10) that

-r

(6.11) Lijy1(z,r) = < > To1_j(z,r) + O, (x)log™ " ).

Thus from (6.4)—(6.6) and (6.11) we obtain

J T
T a; log dt
6.12) S,.(x) = J —1)P;_1,(logt)—
(612) 5() So(k);z::olog]xJQ(lOgt ) b-trlloet)

+ O(26,(2) log™* z)

x r [logz g dt
O —1|(logt)” —=
+ (10g‘]+11’ 2‘[0<10gt )(Og ) tr+1>

log

with
(6.13) Py, (x)=1/2, Pp.(z)=(-r)"T2™ (m=0,1,2,...).

As in (6.9) we have, by using (1.4), replaced the limits of integration U and
V by 2 and =z, respectively. In doing this we have created an error which is

certainly

< 26, (x) log™ .

Note that the absolute value signs in (6.6) are unimportant, since by (3.8)
the function o) (u) is of constant sign for u > ug(k). The integrals in (6.12)
are further transformed by using

log x dt log x
0 -1 =d| o :
logt tlogt logt
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which easily follows from (1.3). This gives

~ (logx dt A
(6.14) Qfg<logt — 1)P_1T(logt)t — = (r+O(log™ " z))é,(z),

and for j > 1

logt

~ (logx 1 , logt\ dt
+r f@ log 1 P;_1,(logt) logt—; — Py ,(logt)—— )

2

Therefore if we insert (6.14) and (6.15) in (6.12) we obtain (2.11) with
Qo,r(z) =, and in view of (6.13) for j = 1,2,... we have explicitly

616 Qo) = 1P (e 1) - P 0))

~ (logx dt _
(6.15) f g( — 1) P;_1,(logt)— = O(6,.(z)log™ " z)
2

r
— (=rYa;(ra? — jai ™),
where a; is given by (3.7). Since a; = 7 — 1 we obtain the expression for

Q1,-(x) given by (2.12).
To obtain (2.13) from (2.11) note that we may write

ro exp(“7-+DT') <10g aj)
1
SO(]{:) exp(ur—Dy) Ogt

(rlogt—1) log® t dt
1 l—y)——=
% ( +A=7) log +0 log®x ) ) tr+1’

where u, is defined by (2.2) and D, by (4.4). This follows by the analysis
of Section 4, where 0, (z) was evaluated. Hence in the integral in (6.17) we
have

(6.17)  S,(z) =

logt = u, + O(D,) = u, + O((log z)/*(log, z)3/%),
and (2.13) follows.

Since by (6.14) the relevant range of integration in the expression for
Sy(x) is [exp(u, — D,),exp(u, + D,)], it is seen that in (2.11) one can write
the error term outside the integral and obtain

J

T 1 logz\ dt
(6.18) Sp(z) = mz fQ]?" (logt)o (1 gt>tr+1

iz 0log x
J+/2 2z
gx t
o) el )e)
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in view of (2.2). Similarly one can write (2.15) with the error term outside
the integral (it will be like the one in (6.18) but with J+2 in place of J+1).
However, (2.15) has the advantage that one sees immediately that the error
term is of the smaller order of magnitude than the main terms, which is not
obvious in (6.18).

7. The sum in which P?(n)|n. We turn now to the proof of Theo-
rem 3, which follows the method of the proof of Theorem 2. For this reason

we shall be relatively brief and stress only the salient points. We start with
the proof of (2.14). Since

T y(z) = > p+0(1),

mp2<z,p=l (mod k), P(m)<p
(7.1) T 1(x) = —

T dt

to| =, t ) ——

(k) <t2’ >10gt
exp(log

+ O(x exp(—log® ¥ ¢ 2)).

analogously to (5.5) we obtain

1

=%

o

/8 z)

However, in the case of So(z) we knew that So(z) = x + O(1) when k =1,
whereas nothing analogous seems to hold for 7_1(z) when k = 1. For this
reason we shall prove (2.14) directly from (7.1), noting that this method
incidentally provides an alternative proof of (2.10). For ¥ (z/t?,t) in (7.1)
and t < x'/3 we use (3.1), noting that (3.3) will hold, and for 2'/3 < ¢ < 2!/2
we use A(z,y) = ¥(z,y) = [z] (y > x). Thus

Jz
1 x dy

7.2 T 1(z) = —— y/l<,y>
(7.2) @) = 25 (f) 2 ) iogy

+ O(x exp(—log®* ¢ z)).

Now we use the representation (3.2) for A(z,y), invert the order of inte-
gration and make the change of variable (log(z/t))/logy — 2 = v. This

gives
vE T dy
[ vAl 5w
y logy

exp(log5/8 x)
z/y
1 1 —logt t
[ o ogz —logt \ ([l dy
ylogy \ | 7 logy t

N

— =z f

exp(log®/® z)
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b'e (z/t)'/?
1 —1
. f f 0 ogx oglt_2 dy d [t]
o logy ylogy t

1 exp(log®/® z)

()

1

5/8
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(X = ze 2”2 W = (logz — logt)/log®® z — 2). From (1.4) we have
o " Q(U) —x / _ Q(-’L‘) —x
(7.3) g(:z).—g;fv+2dv<<e ., J(x)= x+2<<€ .

Integrating by parts, using (7.3) and d([t]/t) = —d({t}/t), we then obtain

(7.4) f A(Z )2
. Y yzay log y

exp(log®/® )

:ggl_jj <O°°UQ$>2 w)a() +:1:1f somya( 1)

= Cz + 0(e28”" =) 4 zg(w) 1L

{t} , dt
i f Y (W)tlog5/81:

= Cz + O(z exp(— log®/ 87 ).
Thus (2.14) follows from (7.2) and (7.4). Note that

B OOQ(’U) 0
C—()fv+2dv<0f

vggi})l dv = — Of o(v+1)dv=p(1) =1,

hence T_1(z) is proportional to Sy(x).

To prove (2.15) note first that
1
(75 T@= Y pw(}j%) +o()

p<+/z,p=l (mod k)

1 T dt A
- Zoa) 2
(k) f W<t2,t> T lont + O(26,41(z)log™ " z)

for any fixed A > 0. This follows analogously to (6.4), where we set
Vi=exp (5Lr11(2)), Z:=exp(3L,41(2)),
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and L, (z) is given by (4.1). Applying (3.1) we obtain

Z T dt
7.6 U= t|—
(7.6) f <t2’ >t7”logt

Y
“ x dt
— 1 _ og3/10—¢ AlE )
(1 + O(exp(~log w)))yf 7! ) g
In the last integral we may use (3.6) to obtain, similarly to (6.6),
z
x dt
7.7 Al <.t ) ————
(7.7) f <t2’ )ﬂlogt
Y
J z
~ (logx dt
— . (4)
=z a -2 ,
z log dt
0 D[ 222 o)™ ).
i (wyf ¢ logt tr+21og’ T2 ¢

For the integrals

J . Z ) log 5 dt 1

where j > 1 and k are integers, a recursive formula analogous to (6.8) holds:

—1
(78) Jj}k(.%', 7’) = @((T + 1)Jj_17k_2($,7“)
+(k=2)Jj 1 51(z,7)) + O(6,41(x) log™* x)
for any fixed A > 0. If we set Kk = j+ 1 in (7.8) and iterate j times, then
from (7.5)—(7.7) we shall obtain

J z
o a; log z dt
(79) T.(z)= 3 Z ool Yf Q( logt 2) ¢j—1,r(logt) e

< T A log x dt
J
J+1 f9< —2>log t +2>’
log” " w7/ logt tr
where, analogously to (6.13), we have

Q—l,T(x) = 1/I, Qm,r(x) = (_T - 1)m+1$m (m =0,1,2,.. )
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To transform the integrals in (7.9) we use
1 1 dt
do ogr 1) =, log z _ 9 ’
log ¢ logt (1 —logt/logz)tlogt

log T log z dt
log t logt tlogt
We obtain
z
log x dt
(7.10) f Q< —2>Q—1,r(10gt)tr+2
Y

logt
fZ log = (log ) + por(logt)\ dt
= r O
g © log t P1,rii08 log x trt2

+0(6,41(z) log™ @),

where p1 .(z) = (r+1)%z —r —1 and pa-(7) is a quadratic function in z. In
the general case, if P;,(x) denotes a generic polynomial of degree j (> 1)
in x whose coefficients depend on 7, we have

z log © dt
(7.11) f Q( - 2) Pj—l,T(IOgt)W

v logt

Z

Pjyqi-(logt)\ 1 log =
= P; . (logt) + = d —1
f ( jr(logt) + log tr+l e logt

Y

+O(0r41(z) log™ " )
7z
log x Pjiq1,(logt)\ dt
= —1)( Pj(logt T
J0<logt )( sr(logt) + log x tr+2
+ O(6rs1(x) log ™ )
z
Pjio,(logt)) 1 log
= 1 : d
J <P]+1’ (log ) + log x gr+1 40 logt
+O( 7"+1($) IOg Ax)

Z
log x Pjio.(logt)\ dt
— r 1 t J )
< logt < s+ir(logt) + log x tr+2

+O(6,41(x) log™ " ).

If we insert (7.10) and (7.11) in (7.9) and replace the limits of integration Y’
and Z by 2 and z, respectively, we obtain (2.15) with Ry ,(z) given by (2.16).
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To obtain (2.17) note that, analogously to (6.14), we have

(r+ 1)z opurs 1t D) log =
(k) logt

(7.12) T.(x) =
exp(ur41—Dry1)
2
X <(r+ 1)logt —1 +O<1100§;>>t:1}:2’
where u, is defined by (2.2) and D, by (4.4). Thus for ¢ in (7.12) we have
logt = ty41 + O(Dys1) = i1 + O((log z)'/*(logy 2)*/*),

which gives

(r+1)x

(7.13)  Tp(x) = ((r + Vupyr + O((log ) /* (log, ©)*/)) 50

5r+1($)'

But from (2.13) we have

(7.14)  Spiq(z) = <1 + wurﬂ + O(<W>3/4>>

log x log x
(r+1x
X ———0p11(2),

hence (2.17) follows from (7.13), (7.14) and (2.3).
In concluding let it be mentioned that the foregoing methods may be
used to yield an asymptotic expansion of the general sum

1
Z Pr (n)

n<z, P(n)=l (mod k), P™(n)|n

when m > 1, 1 <[ < k, (k,l) = 1 are fixed integers and r is a fixed
real satisfying > 1 — m. Also in Theorems 2 and 3 one can suppose
that 1 < k < log" « for any fixed N > 0. Namely in (5.2) we shall have
then A(z) < xexp(—C(N)log*? ) for some C(N) > 0. The asymptotic
formulas (2.11) and (2.15) will not be affected, but in (2.10) and (2.14) the
exponent 3/8 of log x will be replaced by the slightly weaker 3/10.
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