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On the difference between a D. H. Lehmer number
and its inverse modulo ¢

by

WENPENG ZHANG (Xi’an)

1. Introduction. Let ¢ > 2 be an odd integer. For each integer x with
0 <z < qand (q,z) = 1, we know that there exists one and only one T with
0 < Z < ¢ such that 27 = 1 (mod ¢q). Let r(¢q) be the number of cases in
which x and T are of opposite parity. For ¢ = p a prime, D. H. Lehmer [2]
asks us to find r(p) or at least to say something nontrivial about it. For
the sake of simplicity, we call such a number = as a D. H. Lehmer number.
The main purpose of this paper is to study the distribution properties of
D. H. Lehmer numbers and the asymptotic properties of the 2kth power
mean

a /
(1) Mg k)= 3 (a—a)?
2|aa—fﬁl+1
where Y denotes the summation over all a such that (a,q) = 1.

It seems that no one has studied this problem yet; at least I have not
seen expressions like (1) before. The problem is interesting because it can
help us to find how large is the difference between a D. H. Lehmer number
and its inverse modulo ¢. In this paper, we use estimates of Kloosterman’s
sums and properties of trigonometric sums to give a sharper asymptotic
formula for M (q, k) for any fixed positive integer k. That is, we shall prove
the following:

THEOREM 1. For any odd number q and integer k, we have the asymptotic
formula

M(q, k) = !

(2k + 1)(2k + 2)

where p(q) is the Euler function and 7(q) is the divisor function.

e(q)g* + 04k g 1/222(g)In? g)
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For 0 < z,y < 1, define the distribution function of a, @ as
Fy(z,y) =#{a:a <zq, a<vyq, 2fa+a}.
Then we can deduce the following limiting distribution theorem:
THEOREM 2. For any odd number q > 2, we have
Fy(z,y) = 32y0(q) + O(q"/*7%(q) In® g).

From the theorems we can immediately deduce the following two corol-
laries:

COROLLARY 1. For any odd prime number p, we have the asymptotic
formula

1
M(p,2) = 50" + O™ n*p).
COROLLARY 2. For any real numbers 0 < x,y < 1, we have

F, 1
lim Fy(z,y) = —xv.
a—oo p(q) 2

2. Some elementary lemmas. In this section, we prove some elemen-
tary lemmas which are necessary in the proof of the theorems.

LEMMA 1. Let g be an odd number. For any integer n and nonnegative
integer r, define

q q

K(n,r) = Zare(an/q), H(n,r) = Z(—l)“are(an/q)

a=1 a=1

where e(y) = €. We have the estimates

qr+1 i, ‘
- Kin.1) =7 1q:r 0(q") z.fqln,
< m if g,
qT'

Proof. First we prove (2). For » = 0, from the trigonometric identity

g Se(T) =10 e

we immediately deduce that (2) holds.
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For r > 0, if ¢{n, then

a=1
q
1
_ Zar€<an> o Zare (a+ )n>
a=1 q a=1 q
q—1
+1
=(1- qr)e<> +» ((a+1)" - ar)e(n(a )>
q) = q
q—1
<q+) ((a+1) —a") < q"
a=1
From this we can deduce that
q'l"
5 Kn,r| < ————.
©) K0 II S i en/a)
If ¢ |n, then from Euler’s summation formula we get
q
(6) K(n,r) = Zar6<aqn> = Za’"
a=1 a=1
q qr—l-l
— T d ' — T
Ofx z+O0(q") T +0(q")
Combining (5) and (6) we obtain (2).
Now we prove (3). If ¢|n, then
q q
(7) H(n,r) = Z(—naare(a{;) => (1% < q".
a=1 a=1
If gtn, then
(8) H(n,r) (1 + e(Z))
n an
= 1+e<)> -1 “are(>
(e (5) (s
1
= Z(—l)aarqf,’(a;) + Z(—l)“ re<(a—; )n)
a=1
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Noting that |1 + e(n/q)| = 2|cos(mn/q)|, (3) follows from (7) and (8). This
completes the proof of Lemma 1.

LEMMA 2. Let m, n and q be integers, and q > 2. Then we have the
estimates

d d
S(m7n; Q) = Z e(md —|—7'l,> < (m’njq)1/2q1/27-(q)
d (mod q) q
(d,q)=1

where dd =1 (mod q), 7(q) is the divisor function, (m,n,q) is the greatest
common factor of m, n and q, and e(y) = e*™.

Proof. See [1].

LEMMA 3. Let r, s and q be positive integers and q > 2. Then
r+s

33w = R o

a=1 b=1
=1(q)

~

ab=1
where ¢(q) is the Euler function.

Proof. First notice that from (4) we get the identity

@ >

~

a=1
ab=1(q)
1l K G, L m(a —c) +n(b—d)
FN X M 3 (et
a=1 b=1 c,d=1 m,n=1
ab=1 (q)
- vy fam+bn
2 ()
m,n=1 “a=1 b=1
ab=1(q)
(S () (2 (5)
c=1 q d=1 q
1 LU
= i Z ZS(m,n,q)K( m,r)K(—n,s)
m=1n=1
14
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-1

»Q

1

+
q2

(]}

S(g;n;¢)K(—q,7)K(—n,s)

i
,_. =

1 g—1 q—1
+ qig ZS(m,n;q)K(—m, T)K(_nv S)
=1n=1
1
+ qﬁS(q, ¢; ) K(—q,7)K(—q,s)

where K(—m,r) is defined in Lemma 1. From (2) of Lemma 1, Lemma 2
and noting that 2/7 < (sinz)/x for |z| < 7/2, we get

(10) q125<q,q;q>K<_q,r)K<_q,s>

q r+1 s+1
(gt s
= Ginein TOW)
(11) S(m,q; ) K (=m,r)K(—q,s)

q—1 r
s q
< Y ¢ (m ) Pr(g)g !

m=1 ’Sln(ﬂ-m/q)’
g-1 1/2
< q r+s+5/2 Z r+s+5/27_2(q) In q.
m=1
Similarly, we can get the estimates
q—1
(12) S(g,n; @)K (—q,7) K (—n,s) < ¢""**527%(g) Ing,
n=1
qg—1 g—1
(13) S(m,n;q) K(—m,r)K(—n,s)
m=1n=1
-1 49— 1/2 ) m,n, )1/2 r+s
<% Z e
£ e |sin(mm/q)| [sin(mn/q)|
4—1 q—1 1/2
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Combining (9)—(13) we immediately deduce that

>

a

~

i’ b i + O+ 1222 (g) In? )
4 D(s+1) :

~ =

ab=1(q)

This is the conclusion of Lemma 3.

LEMMA 4. Let v, s and q be positive integers and q > 2. Then

q q
> > ()b = 0(¢" 2 (g) In? g).

(14) i/ i/ (_1)a+barbs

a=1 b=1
ab=1(q)
1 SRR ct+d r ys - m(a—c)+n(b d)
= Y Y e 3 o s
a=1 b=1 c¢,d=1 m,n=1
ab=1(q)
1 < 0 I ma+nb
7 2 ()
m,n=1 a=1 b=1
ab=1(q)
1 mc — nd
% ( Z( l)c—‘rdchse( >)
c,d=1 q
1 L4
5—222 (m,n;q)H(—m,r)H(—n,s)

q

where H(—m, ) is defined in Lemma 1.

Noting that |cos(mm/q)| = |sin(n(q¢ — 2m)/(2q))| and g — 2m # 0, from
(3) of Lemma 1, (14) and using the method of proof of Lemma 3 we easily
deduce the conclusion of Lemma 4.

LEMMA 5. Let ¢ > 2 be an odd number. Then for any firted 0 < x,y <1
we have

(I S ST = plg)ay + 0(g 2 (q) In? g),

a<zq b<yq
ab=1 (q)
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(ID) S ST ) = 0(g 27 (g) 1n g).

a<lzq b<yq
ab=1 (q)

Proof. For fixed 0 < z,y < 1, we define
an an
K(w,n, Q) = Z €<>, H(l’,n, Q) = Z (_1)ae(>'
a<lzq q a<zq q

Using the method of proving Lemma 1 we can get the estimates

=zq+O(1) ifq|n,

|sin(7n/q)| £ atn,
1
(16) H(a:,n, Q) < W

From (15), Lemma 2 and the method of proof of Lemma 3 we easily
deduce that

Z 21—122_2 (m,n; ¢) K (x, —m, q) K (y, —n, q)

a<zq b<ygq
ab=1 (q)

= ¢(q)zy + O(¢"/*7%(q) In” q).

This completes the proof of (I).

Similarly, from (16), Lemma 2 and the method of proof of Lemma 4 we
deduce (II).

3. Proof of the theorems. First we prove Theorem 1. By the binomial
formula, Lemma 3 and Lemma 4 we get

Mgk = 3 @-aF =33

a=1 a=1 b=1
2la+a+1 ab=1 (q)
1~ o LI et 2k
= §Z(a—a) —52(—” (a—a)
a=1 a=1
2 q q
1 Qk i / —1 1 ! a+a —1/(=\1
=53 () (X @ - S
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:;§§<?>@4y<@+£%£fi+l)

+O(¢* /272 (q) In® Q)>

2k 2%k
+O<Z < . >q2k+1/27_2(q) 1n2 q>
=0

S G

7

_ plg)
2 Z(i—l—l)(?k—i—i—l)

+ O(4kq2k+1/27_2(q) 1n2 q)

_ e(q)g** o[22
T 2(2k +1)(2k +2) Z;(_l) ( i+ 1 )

+O(4F?F 1272 (q) In® q)

~ 202k i(ggz 19) (_ 2?:2(_1)1'(%; 2) + 2)

=0
+ 0(4kq2k‘+1/27_2(q) 1n2 q)

_ o(q)g** (—(1 — 1)22 1 2) 4+ O(4k g2 +1/272(g) In2 g)
2(2k +1)(2k + 2)
2k
R A (L + O(4F 21272 (g) In? q).

2k + 1)(2k + 2)

This is the conclusion of Theorem 1.

Applying Lemma 5 we can deduce that

Fo(z,y) =#{a:a<xq, a<yq, 2ta+a}

DD IS

a<zq b<yq
ab=1 (q)
1 / / 1 I /
_ _1\a+b
=52 D 1-52 > (-1
a<zq b<yq a<zq b<yq
ab=1(q) ab=1(q)
1
= Sp(q)zy + O(¢"*7(q) In* g).

2
This completes the proof of Theorem 2.
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