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1. Introduction and main results. In this paper a Kloosterman-
type exponential sum is discussed and applied to the analysis of certain
nonlinear congruential pseudorandom numbers. During the last few years
several nonlinear congruential methods of generating uniform pseudorandom
numbers in the interval [0, 1) have been studied. A review of the development
of this area is given in the survey articles [2, 8, 9, 11] and in the monograph
[10]. One of these approaches is the inversive congruential method with
power of two modulus, which has been analysed in [1, 3, 4, 5, 7].

Let m = 2 for an integer w > 6. Let Z,, = {0,1,...,n — 1} for integers
n > 2 and write Z;, for the set of all odd integers in Z,,. For integers a,b € Z,,
with a = 1 (mod 4) and b = 2 (mod 4) an inversive congruential sequence
(Yn)n>0 of elements of Z7, is defined by

Yni1 = ay, ' +b (mod m), n>0,

where y, ! denotes the multiplicative inverse of y,, modulo m. A sequence
(Tn)n>0 of inversive congruential pseudorandom numbers in the interval
[0,1) is obtained by z,, = y,,/m for n > 0. It follows from [1] that these se-
quences are purely periodic with maximal period length m /2, i.e., {yo,y1, ...
-->ym/271} = Ly
In the present paper the sequence (x,,),>0 of nonoverlapping pairs of in-
versive congruential pseudorandom numbers is considered, which is given by

Xn = (m2nam2n+1), n > 0,

and has period length m/4. In order to assess the uniformity of the distribu-

tion of the points Xo,X1,...,Xm/4—1 in [0, 1)2, their discrepancy DS>4 is

studied, which is defined by
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Dip)s = 5up [Frya(R) — AR)],

where the supremum is extended over all subrectangles R of [0,1)? with
sides parallel to the axes, F},, /4(R) is 4/m times the number of points among
X0,X1,...,Xm/4—1 falling into R, and A(R) denotes the area of R. In the
following main results upper and lower bounds for the discrepancy ij} 4 are
established. Their proof is given in the third section. The method of proof re-
lies on the detailed analysis of a Kloosterman-type sum in the second section.

THEOREM 1. The discrepancy Dfi}zl satisfies
4
2 - - —
Din}4 < mm 1/2(10gm)2 + (0841)m 1/2 logm+ (1274)171, 1/2
+4(V2+1)m™!

for any inversive congruential generator.

THEOREM 2. The discrepancy DS)M

23/2
D@ S —-1/2
m/4= Blrt2)
for any inversive congruential generator, where
B_ 1 fora=1 (mod8),
" 13 fora=5 (mod8).

satisfies

Theorem 1 shows that DS} . = O(m~1/2(logm)?) for any inversive con-
gruential sequence, where the implied constant is absolute. In particular,
this bound is independent of the specific choice of the parameters a,b, and
Yo in the inversive congruential method. Theorem 2 implies that the upper
bound is best possible up to the logarithmic factor, since the discrepancy

(2)
‘Dm/4

at least m~1/2. It is in this range of magnitudes where one also finds the
discrepancy of m/4 independent and uniformly distributed random points
from [0, 1)2, which should be of an order of magnitude m~'/2(loglogm)*/?
according to the law of the iterated logarithm for discrepancies (cf. [6]). In
this sense, inversive congruential pseudorandom numbers behave like true
random numbers. Similar results have been obtained for the set of all (over-
lapping) pairs in the inversive congruential method (cf. [5,7]).

of any inversive congruential generator has an order of magnitude

2. Auxiliary results. First, some further notation is necessary. For
integers k > 1 and ¢ > 2 let Ci(q) be the set of all nonzero lattice points
(hi,...,h) € ZF with —q/2 < h; < q/2 for 1 < j < k. Define
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1 for h =0,
_ h
r(h, q) {qsin7T|| for h € C1(q),
q

and
k

T(hv Q) = H T(hj7 Q)
j=1
for h = (hq,...,hx) € Ck(q). For t € R the abbreviation e(t) = e*™* is used,
and u - v stands for the standard inner product of u,v € R¥.
Subsequently, three known results are stated. The first two lemmas are
special versions of [10, Theorem 3.10 and Corollary 3.17] and the third
lemma follows from [7, Lemma 4 and its proof].

LEMMA 1. The discrepancy D

/4 satisfies

m/4—1

Z e(h-x,)|.

heCa(m) T( 7m) n=0

(2
m/4

2 4 1
P 2ed 5

m

LEMMA 2. The discrepancy D satisfies

m/4—1
2
D? > ‘ h-x,
m/4 = (7 4 2)|hyha|m ;} e(h-xn)
for any lattice point h = (hy, ha) € Z* with hihs # 0.
LEMMA 3. Let t > 6 be an integer and ¢ € Z§. Then
1 1. ., (02676 force{1,7},
2 (k20 < I 082 T { 0.0341 for c € {3,5}.
k601(2t)

k=c (mod 8)

m/4—1

Lemmas 1 and 2 show that the exponential sums )"/

of interest in estimating the discrepancy Dﬁi} - Since {yo, y2, -+, Ymja—2} =

{y € Zm | y =1yo (mod 4)}, it follows at once that

e(h-x,) are

m/4—1 m/4—1
| Y e =| X el(huyan + hayanin)/m)|
n=0 n=0
m/4—1
=| 3 ellhyon + ooy ) /m)|
n=0
=| > eyt heayym))
yEZTYL

y=yo (mod 4)
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for h = (hy, hy) € Z2. This motivates the following definition. For integers
u,v € Z, £ € {1,3}, and a > 2 the Kloosterman-type sum

S(u0,620 = Y elluy+oy™1)/2%)
YEZLoox
y=¢& (mod 4)

is introduced. In order to evaluate these exponential sums in Lemma 5, the
mapping
D= (¢p1,¢0) 7> - 7% with D(y,2) = (yz,y — 2)
is studied in the subsequent lemma. For integers a > 3 let
N, ={(s,t) €Z2. |t=0 (mod 4), s=t+1 (mod 8)}.

Observe that @(y,z) (mod 2%) € N, for all y,z € Z with y = z = ¢
(mod 4).

LEMMA 4. Let (s,t) € N, for some integer o« > 3. Then there exists
exactly one (Y, z) € ZLoa—1 X Loa with y =2z =¢ (mod 4) and

D(y, z) = (s,t) (mod 27).
Proof. For integers a > 3 and (s,t) € N, let
My (s,t) = {(y,2) € Z3. |y =2z =€ (mod 4), D(y,2) = (s,t) (mod 2%)}.

Subsequently, it is proved by induction on « > 3 that for any (s,t) € N,
the set M, (s,t) contains exactly two elements, say (y, z) and (y', 2’), which
satisfy (v/,2') = (y+2971, 2+2%71) (mod 2%). This statement is equivalent
to the assertion of Lemma 4, since ®(y+2°"1, 2+2%71) = &(y, 2) (mod 2%)
for odd integers y and z.

For a = 3 the above statement can be shown by inspection, since N3 =
{(1,0),(5,4)}, M3(1,0) = {(£,£),(§ +4,§ +4)}, and M3(5,4) = {(§, € +
4), (£+4,£)}. Now, assume that it is valid for some integer o > 3. Let (s,t) €
No+1 be fixed. Then (s,t) (mod 2%) € N,, and the induction hypothesis
implies that there exists an element (ya,2a) € Z3. With yo, = 24 = &
(mod 4) and @ (Y4, 24) = (s,t) (mod 2%). Hence,

D(Yas 2a) = (s,1) +29(5, t) (mod 29*1h)

with suitable 3,¢ € Zy. In the following let (y,2) € ZgaH be an arbitrary
element. It suffices to consider the case (y,z) (mod 2%) € M,(s,t), since
otherwise (y, z) cannot belong to the set M,1(s,t). Therefore, by the in-
duction hypothesis, (v, 2) = (Yo, za) + 2* 71 (A, A) (mod 2%) with a suitable
A € Zs. Hence, one obtains

(¥:2) = (Yo 2a) + 2771 (A, A) +2°(7, ) (mod 2°71)
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with suitable y, z € Zs. A short calculation shows that
D(y,2) = P(ya + 27N+ 297, 24 + 271N +29%)

= P(Ya,2a) +2°(A+ Y+ 2,5+ 2)

=(5,t) +2°N+J+Z+5,7+2+1t) (mod 2°Th).
Therefore, an element (y,z) € Z3.,, belongs to Muy1(s,t) if and only if
A+ 7J+Z4+35=7+2Z+1t=0 (mod 2) which is equivalent to Z = J + ¢
(mod 2) and A = 5+t (mod 2). Hence, A = 3+t + 2\ (mod 4) with a
suitable A € Zsy and

(1,2) = (Yo + 291G+ 1), 20 +2°7HE = 1)) + 2%V, N) (mod 2971,

where X' = A + 7 (mod 2) € Z,y. Consequently, the set My (s, t) contains

exactly two elements which stand in the desired relation. This completes the
proof. m

LEMMA 5. Let u,v € Z and £ € {1,3}.
(a) If u+v=1 (mod 2) and o > 3, then
S(u,v,&2%) =0.
(b) If u=v =0 (mod 2) and a > 3, then
S(u,v,&2%) = 28(u/2,v/2,£2%71).
(¢) If u=v=1 (mod 2), then
1S (u,v,;8)] =2,

L[4 foru=wv (mod4),
1S (u,v,&;16)| = {0 foru# v (mod 4),

. _[8 foru=5v (mod ),
|S(u,v,€;32)| = {0 for u# 5v (mod 8),

and for o > 6
oy [ 2tD/2 0 fory =v (mod 8),
[5(u,v, &2 )|_{0 foru# v (mod 8).
Proof. (a) A short calculation shows that
S(u,v,&;2%)
= D (elluy+vy™h)/2%) +e((uly +2°71) + oy +2°71) 71 /2%)
YE€Lya—1
y=¢£ (mod 4)
= Y elluy+oy /21 +e((u+0)/2)).
yeZZ(xfl

y=¢£ (mod 4)
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Therefore the desired result follows at once from e((u + v)/2) = —1 for
u+v=1 (mod 2).

(b) Since e((u 4+ v)/2) =1 for u +v = 0 (mod 2), it follows from part
(a) of the proof that

S(u,v,62%) =2 > e(((w/2y+ (v/2)y~")/2°7")
yé’g%f;o_dl@

= 25(u/2,0/2,62071).
(c) Subsequently, the cases 3 < o < 5 are considered. A straightforward

calculation shows that (4n + &)~ = 12n + £~ (mod 2%) for n € Z, and
hence

S(u,v,&27) = | D el(uln + &)+ vldn + ) 7)/2°)

776220472

_ ’ ST el(u+3v)n/2072)
N€Lya—2
_[2272 foru+3v=0 (mod 2°7?),
0 for u+3v #0 (mod 2°72),
which yields the desired results. Now, the case a > 6 is considered. First,
one obtains

1S (u,v,&2) P = S(u,v,&2%)S(u, v, & 2%)
= > e((uly —z) +v(y~ " —271))/2%)

Y,2ELgo
y=2z=¢ (mod 4)

= Y ellu—v(di(y,2) ey 2)/2%)
Y= zy;,ge(%z d 4)

where the mapping @ = (¢1, ¢2) is defined as above. Since ¢(y + 2%, 2 +
2971 = @(y, z) (mod 2%) for odd integers y and z, it follows together with
Lemma 4 that

S (u, v,&2%)* =2 > e((u—v(¢1(y, 2)) " )a2(y, 2)/2%)

(¥,2)€Zgya—1 X Lo
y=2z=¢£ (mod 4)

=2 Y e(lw—vs 2 =2(> +> ),
(s,t)ENg
where the abbreviations

le > > e((u—uvsht/2%)

SE€EZocx tEZocx
s=1 (mod 8) t=0 (mod 8)
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and

Zz = Z Z e((u—vs™1)t/2%)

SE€EZoax t€EZoa
s=5 (mod 8) t=4 (mod 8)

are used. Straightforward calculations show that

Zl = Z Z e((u—vs™Hr/2973)

SE€ELocx TEZQ(X_:;
s=1 (mod 8)

=293 . Hls € Tpa | s=1 (mod 8),us =v (mod 2°73)}
2> foru=wv (mod8),
10 foru#v (mod 8)

and

22 = Z Z e((u—wvs Hr/2972)

SGZQQ TEZ;Q_2
s=5 (mod 8)

=4 Z Z (e((u—wvs™1)T/2%72)

5€Lya-3 TELL, ,
s=5 (mod 8)

+e((u —v(s+2%73)"Hr/2972))
=4 ) > e((w—vs Hr/2°7) (1 +e(vr/2)) =0,

8€Lgya—3 TGZ;Q72
s=5 (mod 8)

since e(vr/2) = —1 for any 7 € Z},_,. This completes the proof. m

3. Proof of the main results

Proof of Theorem 1. First, Lemma 1 is applied, which yields

@ _ 2 4 1 .
Dm/4§7+7 Z W‘S(hl)hﬂa?Sam)’,

where £ = yp (mod 4) € {1,3}. Now, Lemma 5 can be used in order to
obtain
@ _ 2 4 1
DY <=+ — ——|S(h1,h ;
m/4—m+m Z T‘(h,m)’ ( 1, 2a7§7m)’
heCs(m)
h=0 (mod 2*~2)

4w—3 1
P X i |Sheam)

v=0 heCs(m)
ged(hy,he,m)=2"
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2 1
T m + Z r(h,m)
hGCQ(m)
h=0 (mod 2¥~2)
43 1
— 27 —|S(h1/27, h 27, ;QW_V
+ m Z Z r(h,m)‘ ( 1/ ) 2(1/ 5 )|
=0 heCs(m)

ng(hl ,hg,m):2’y

>

4 w—3

= 27
o2
~=0

2y L )
m r(2¢=2k,m)
keC1(4)

1

.2‘41*7
T(27k,m)‘5(k1,k2a7€7 )’

keC,(2477)

ged(k1,k2,2)=1

2 1
7+ J—
m m

< (2\/§+1)+1>21

43 1
— 27 —|S(k1, k ;2977
+mz Z 7"(2'Yk,m)| ( 1, 2&,57 )|
~v=0 keC2(2°77)
klEszl (mod 2)
C4(V2+1) +4\/§+9
N m m2
S SERTIED SIS S
m r(k,2v=7) ey
y=0 kEC,(2°77)
klEszl (mod 2)
_4(ﬂ+1)+4\/§+9+% 3 1
N m m? m? r(k,8)
keC3(8)
k1=k2=1 (mod 2)
256 1 1024 1
Tz 2. r(k, 16) e 2. r(k, 32)

keC3(16)
k)lEkQEl (mod 2)
klEkz (mod 4)

w—6

4
= 9=y H(w—r+1)/2
>

v=0

_4(x/§+1)+4\/§+9

m m

64
raa( X
keCy (8)
k=1 (mod 2)

r<k,8>>2+inl?2<

keC32(32)
klEkgEl (mod 2)
k1=5kza (mod 8)

1
2 k)

keCy(2¢77)
]{215’6251 (mod 2)
k1=k2a (mod 8)

2 7”(1<r7116)>2

keC1(16)
k=1 (mod 4)
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o Z( 2 r(k??»?))( 2 r(k,132>>

de{1,3} keC1(32) keC1(32)
k=5ad (mod 8) k=d (mod 8)

et
2 0E a5 )

de{1,3}  keCy(2¢77) ’ keCy(2977)
k=ad (mod 8) k=d (mod 8)

Hence, straightforward computations and an application of Lemma 3 show
that

2
@ _ 4(V2+1)  236.66 2048 1
Dm/4 m T m2 + m2 Z Z r(k,32)
de{1,3} keCi(32) ’
k=d (mod 8)

s S (2 )

de{1,3} " keCi(2¥7)

k=d (mod 8)
A(V2+1) | 753
SAV2HD) 73
m m
0.15085
1/2 Z 27/ 2( (log277)* + log 277 + 0.072773)
1
- M
m
1
1/2 Z 9~ 3’Y/2< IOg qw— 7)2 + 0.15085 log QW=7 +0072773)
A(V2+ 1)
< =
m
0.15085
1/2 (Z 2712) < 7 (logm)? + log m + 0.072773>
_ M
N m
32 1 0.15085
@R nmie (W(log m)* + ———logm + 0.072773) .

Proof of Theorem 2. First, Lemma 2 is applied with h =
(B, (—1)B=1/2) € 72, which yields
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2
p®

m/a = WW(B, (=)0, 6m)]

where ¢ = yo (mod 4) € {1,3}. Since B = (—1)B=1/2g (mod 8), it follows
from Lemma 5(c) that

1S(B, (-1)B=D/2q, &;m)| = (2m)*/?,

which completes the proof. m
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