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Effective simultaneous approximation of complex numbers
by conjugate algebraic integers

by

G. J. RIEGER (Hannover)

We study effectively the simultaneous approximation of n — 1 different
complex numbers by conjugate algebraic integers of degree n over Z(y/—1).
This is a refinement of a result of Motzkin [2] (see also [3], p. 50) who has no
estimate for the remaining conjugate. If the n—1 different complex numbers
lie symmetrically about the real axis, then Z(y/—1) can be replaced by Z.

In Section 1 we prove an effective version of a Kronecker approximation
theorem; we start with an idea of H. Bohr and E. Landau (see e.g. [4]); later
we use an estimate of A. Baker for linear forms with logarithms. This and
also Rouché’s theorem are then applied in Section 2 to give the result; the re-
quired irreducibility is guaranteed by the Schénemann—FEisenstein criterion.

1. On the Kronecker approximation theorem. Let k € N:= {n €
Z|n>0}hveN UeR, U>1,i:=+—1, e(x) :=exp(2miz) (v € R); let
p1 < p2 < ...< pg be primes and

u, €Z, 0<|u,|<U p,eR (v=1,...,k),

Withv_1:=0, -1 :=0,7 :=1, 5o :=0, v, := (u,/v)logp, (v=1,...,k)
we have

k
(1) F&)y="> ety —By).
v=—1
For PEN, b€ Z, BER, B>0let
b+B

Ti= [ |f@)*"dt.

b
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The multinomial theorem gives
P! i
P _ . :
f(t) - ZZ ﬁe< Z ]V(t%/_ﬁu)>'
j-1+...+jr=P v=-—1
]VZO (V:_1’07“'7k)
For a € C denote by @ the complex conjugate of ; we have |a|? = aa.

For x € R we have e(z) = e(—z). With

j:(j*17"'7jk)ezk+2’ j/:(j/—17"'7jll<:)€Zk+27
k k
SG.3) = > Ge—dvs TG =D (v —i0)By
v=—1 v=—1
we get
b+B
P! P! . .
J= S .. i [ eSGIt - TG dt
T J—=1te e Tk gt Dt ;
§u>0 (v=—1,...,k)

jlit..+i=P
j, >0 (v=—1,...,k)

We subdivide the multiple sum according as j = j’ or j # j’. We have
53,3) =0, T(j,j) = 0; but
S(3,3) =0 = exp(5G,i)) =1
= exp((jo — o)t L p T =1
=4, =7, (v=0,...,k)
(by vuy ... ur # 0 and by Lindemann)

=j=i (b S =y il = P);

v=—1 v=—1
we found
i=ji & SG,i)=o0.
This gives
b+B
[ e(SG.iNt-TG.iNdt=B (=),
b
b+B 1
e(SG, Ot —-TG,i))dt| < ——+ i#3).
| [ eSG.3t-TG.9)) Tsagy G

b

For j # j’ there exists by A. Baker (see [1, p. 22]) an effectively computable
number C'(k,px) > 0 with

1S3, i)t < A := (2PUw)C*P)
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We obtain

J=B > .Y <]1|P">2

jo1+...+jx=P
Ju=0 (v=—1,...,k)

Ju>0 (v=—1,..,, k)
i+ +i=P
Ju>0 (v=—1,..., k)

where in the second multiple sum we have dropped the condition j # j’; to
the first multiple sum we apply the Cauchy inequality and observe

YD) 1 (PR,

j-1+...+jx=P
Jv2>0 (V:_lv""k)

This gives

= (i ) X, )

j-1+...+j=P
ju>0 (v=—1,....k)

since the last multiple sum equals (1+ ...+ 1) = (k+ 2)F, we have
B A
I> | s — — | (E+2)?7.
_<(P+1)k+2 71’)( +2)

For some 7 € R, b <7 < b+ B, we have

[f(D)l = sup [f(D);

b<t<b+B
this gives
J < BIf(r)*Y.
We choose
B := A(P +1)2,
This gives
2(]D+Bl)k+2(k +2)"" < J < BIf(IP",

702 b+ Do (~ 5 2 1og(z(r+ 1)

k+2
2P

> (k +2) (1 - log(2(P+1))>.
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But log(2(P + 1)) < 3log P (P € R, P > 11). Setting
k+2)%log P
(k+2)°log P _

- 3P 1
we obtain
lf(D)] >k+2—-2u.
(1) implies
k
ft)=1+e(ty, —B,)+ Z 6(t’m - ﬂ#) ;
=0
iy

the triangle inequality and |e(z)| =1 (z € R) give
lfO)] <Ek+|1+elty —0F,) v=0,....k teR).
We obtain
[1+e(ry —Bu)l >2—2u

and consequently

sinT(rn — )] < V20— 12 < /205
denote by h, the nearest integer to 77y, — 8,; we have

v, — By —h,| <1/2  (v=0,...,k).
Using

[sin7z| > 2|z| (x €R, |z] <1/2),
|sinm(x + h)| = [sinmz| (z€R, heZ),
we obtain
27, — By — hy| < |sinw(ry, — By — hy)| = |sinw(ry, — B,)| < /21
(v=0,1,...,k); for v = 0 this implies
|7 = hol < V/k;

we replace 7 by hg and with

we get by the triangle inequality
lhove — By —ho| <p* =1 +~")v/p (wv=1,...,k).
Let w € R, w > 1; we are interested in the inequality

lhoyy — By — hy| < 1/w
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with an effective estimate for hg. We have

v <Ulogpg, p" <3U/ulogpy,

<(k+2)2 *<~._3U(k+2)10
TP 0 M SE T loshee

The choice

P = [(3wU(k +2)logpr)*] + 1
implies P > 11, p < 1, p* < 1/w. By b <7 < b+ B, becZ, hy € Z,
|7 — ho| < 1 we have b < hg < b+ B+ 1. By substitution, a bound for B+ 1
of the form (2Uvw)¢ can immediately be found. This proves

THEOREM 1. Let k e Nyv e N, U e R, U>1,beZ, weR, w>1. Let
p1 < ...<pr be primes and

uy, €Z, 0<|u,|<U, p,eR (v=1,...,k).

Then there existh, € Z (v =0,...,k) and an effectively computable number
C'(k,pr) > 0, depending on k and py, only, with
v 1
(2) ho—2logpy — By — hy| < —  (v=1,...,k)
v w

and
b < hy < b+ (2Uvw)< FPe)

Theorem 1 is an effective Kronecker approximation theorem. If p; <
... < pg are the first k primes, then C’(k,py) is an effectively computable
C"(k), depending on k only.

Let meNandr, € Z,0<r, <m (v=0,...,k). (2) is equivalent to

m
<—;
w

(hom + ro)—uy log p, — <6l,m + 79 v log p, — 71,) — (hym+1,)
v v
we write this as

(3) ho“ ogp, — 0, — hi| < (v=1,...k).

1
w'

Theorem 1 implies

COROLLARY 1. Let ke Ny v e N UeR, U>1,beZ, w' € R, w' > 1;
let p1 < ... < pg be primes,

u, €Z, 0<|u,|<U, B, eR (v=1,...,k);

furthermore, let m e N and r, € Z, 0 <r, <m (v=0,...,k). Then (3)
holds with h!, =r, mod m (v =0,...,k) and

b<hy/m<1+b+ (2Uvmaw’ )" Fpr) |
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2. On a theorem of Motzkin. Let n € Z, n > 1,

H’Z—Zﬂ 2" a2 4 4 an1 € Cl2],

d(f) = ;§£{17 |zj — 2|} >0,
D(f) :=sup|z|,  K(f):=supa;|.
We have d(f) < 2D(f) and
i< ("7 ae D@y <@epnr G=1n-),
K(f) < (2+D(f)"".

LEMMA 1. Let g € N,

g
=[[z-aj)eClz], d(F)>o0,
j=1

F*(z) € C[z]  with leading term 29 ,

0eR, 0<o<1d(F) (<1).
Forje{l,...,g} and

B, (F) := <2<|Z(ﬂ2>) . K(F'—F) < oBy(F),

there exist a; e C with

F*(aj) =0 and |of

Tl <o

furthermore,
g
2)=][Gz-a)), dF*)>dF)/2.
j=1
In short: a small change in the coefficients of a polynomial implies a

small change in its (simple) roots.

Proof. Let j € {1,...,g9}, 2 € C, |Z — ¢j| = p; then |Z| < |a;| + 1 and
|2 —ag| > d(F)—o0>d(F)/2 (k#j). We get

(F* = P)E)| < K(F* = F)A+[3 + ..+ 37
< K(F* = F)(ag] +2)77,
FEI=E- ol [T -anl = o U5 )

k#j
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and therefore

[(F* = F)(2)] < [F(2)]
By Rouché’s theorem, there exists exactly one o € C with |a] — ;| < o
and F*(aj) = 0.
Let
| an N
B(f) = <2(D(f)+2)) = jzl}f{fn_l B;(f)-

Define ¢; € R by a; = cgj—1+ico; (j=1,...,n—1). Denote by p; the jth
prime; we have p; < (25)? (j =1,2,...). Let

41og(4n)?
0ER, 0<o<d(f)/4, ==B(fo, vi= [g(ﬂ 1.
Then
21 < €
v 08P 2
and there exist u; € Z such that for
N 2u; +1
= —"—logp; #0
we have
c;i—cil<e/2 (j=1,...,2n-2).
Let

aji=cy; 1 t+icy;  (j=1,...,n—1),
ff(2)=2"14a2" %+ +a .

Then K(f* — f) <e. By Lemma 1, there exist z; € C with

n—1
fre=1lc-2), l5-zl<e (G=1....n-1),
j=1

hence

2] —2zi| > d(f) =20 (0<j<k<n),

d(f)/2 < d(f) =20 <d(f*) <d(f) +20<3d(f)/2.
Let ho € Z, 2}, :=a] — ho, ¢5,,_1 =0, ¢3,, :=0, a} :=c5,_; +ic5,,
9(2) = [7(2)(z — )5

with

bj:=aj ta;_4(ho—ay) (j=2,...,n)
we have

g(2) = 2" —hoz" " =be2" 2 4 .. 4 by
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with
. * * * * *
foj—3 = —Cgj_1 1 Cgj_3C] — Caj_2Ca,
A * * * * *
Paj—2 i= —Cyj + Cyj_9C] + €55 3¢5
we have
« . N .
bj = (hoczj_g - 52323) + Z(hocgj_z - ﬁ2j72) (j=2,...,n).

Let w € R, w > 1; we apply Theorem 1 with £ = 2n — 2 and obtain h; € Z
(j =0,...,2n — 2) such that for

g (2) == 2" 4+ ho2" ' 4 (hy +iho) 2" 2 4 ...+ (han_s + ihon_2) € (Z]i])[2]
we have

K(gr—g) <2/w.
By Corollary 1 with m =9 we can guarantee

hg=hi1=...=hgyp_3=0mod9, hopn—o =3mod 9.
By the Schénemann—Eisenstein criterion for 3 € Z[i], g* is irreducible over
Z[i]. Now
n—1 n—1
ho >b:=[2n(D(f) +1)] > 0= hg > 2> (Jzj]+1)+1>2) |z +1
j=1 j=1
n—1
> |57 2|+ el 4+ 1= latl + 12l +1
j=1
= |z —z|>1 (k=1,...,n—1);
hence

d(g) = d(f").
Let 0 € R, 0 < 0 < d(g)/4; we have

Bj<g>:(2(d(g)))n_l G=1..n-1)

]z]’f|+2
~ aif) "
> Bl = <4<D<f>+s>> |
let, )
1S

By Lemma 1, there exists ¢; € C with
g*(CJ):Oﬁ ‘C]_Z;‘<U (]:1,,71—1),

hence
GG — G| >d(f*)—20 (0<j<k<n).
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Let n € R, 0 <n <d(f)/4, o :=n/2; then

G — Gkl > d(f) =20 —20 >d(f)/2 (0<j<k<n)
and obviously o < d(f)/8 < d(f)/4,

o _dlf) _dur) _dlg)
27 8 4 4

In ¢} we certainly have

0 < |2u; + 1| <20(K(f) +1) <U =203+ D(f)" .
In Corollary 1 we have

0<b<hg/9<b+ (2Uvw)>C" =2,

substitution gives
|hol < 2(2-20°(3+ D(f)"'w)*?";

but
log(4n)?

B(f)n

so the estimate for |hg| takes the form
[hol < (L(n, d(f), D(f)n =)™
where L > 0 is increasing in n, 1/d(f) and D(f). For

O<ov< -16;

124

S:=suplaj|, S :=suplaj[, S":=sup/|b
we have
S'<S+1 (since K(f*—f)<1),
S" < 8"+ 5 (|hol +S’)  (by definition of b;),
|hoj—1 + hoji| < S"+1  (j=1,...,n—1) (since K(g* —g) <1)
and g* is effectively computable. This completes the proof of
THEOREM 2. Letn € Z,n>1,2,€C (j=1,...,n—1),
d:= jn;gc{l, |zj — 2|} >0, D:=suplz|,neR,0<n<d/4.
Then there exists an effectively computable polynomial g*(z) = z" +
e12" " + ...+ e, with e; € Z[i] and with the properties:
(i) g* is irreducible over Z[i],
(ii) its suitably numbered roots (i, ..., (, satisfy
G —zl<n (G=1...,n—1).

This is a refinement of a result of Motzkin [2] who has no upper bound
for |-
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THEOREM 3. If in Theorem 2 the set {z1,...,2,—1} is symmetric about
R CC, we havee; € Z (j=1,...,n) (and (1,...,(, is a complete set of
conjugate algebraic integers).

Proof. In the proof of Theorem 2 we have

f(Z)ER[Z]v a;:C;j—l (j:17"'an_1)a

f*(z) e Rlz], {1,...,z;_1} symmetric about R,

zh=a] —hg €R, g(z) €eR[z], g¢"(z) € Z]z].
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