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ACTA ARITHMETICA
XLV (1986)

Concerning a conjecture of R. L. Graham
by

Jack LamoreEaux and Anprew Porrington (Provo, Utah)

Graham [1] has conjectured that if a; <...<a, are positive integers
then
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‘Many special cases of this result are known (see Wong [3]). Simpson [2] has

shown that no counter example can contain a prime in the sequence.
It is the purpose of this note to show
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Tueorem. If a; < ... <a, and <n for all i, j then no a; can be a

(ai: aj
power of a prime.

Proof. Suppose that god. {a;, ..., a) =1, g =p" for some prime p,
1<k<n and

)
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(ain aj)

Then the numbers a, ..., a, are all of the form

<n, I<i,j<n

sy=ipm it Igiga—-1, 1<j<m+l

Form the (n—1) x(m-+1) matrix § =(s;;)."

Our proof will be complete if we can find a matrix 7, a permutation of
S, so that at most one distinct element from each row of T can lie in our
sequence. Let ¢ denote the following function defined on 1, ..., n—1.
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, where plli+l, i [E_;]<i<n-—1
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It is easily seen that ¢ is in fact a permutation of {1,...,n—1}. Put
T; = (oY P (@))p"*7; then T =(T;) is a permutation of §. Fix /; then at
most one number of the form T; can be in our sequence.

Put
kl' = G'i_ ? (]).
LemMA. If i > then either
kipm+1—i — kjpm-f-l—j
or
kJ pm~—j+! ‘ -
(kjpm‘_;-f—i, kipm"1+l)/ '
Proof. By the definition of s, we may assume without loss of generality
n—1
k; > [——] and (k;, p)=1.
p
Now
bt ke ki
(kjpmwﬂ, k; Pm-'H) (ij‘—Js ky (s, ky)
we distinguish two cases:
(@ If k., =n—1 for some j<r <i.
(i) Not (i).
We estimate (k,, k).
() ky=n—r, where 1 <r; < r—j+1,
]
—— |5 )
k; :—p-p-a——— where 1 € sgi—r.
Then
(ki k) < (" hey, k)
n—1.
- (o5} en)
p
=(n+p'-a,n—ry) some lgaxgyp
L ps—a+r; < pi-r)+(r—J)
< p(i—))
Therefore
i pi= (”"‘(‘_‘f)?lfnj >n-1
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since (R;, pp=1 for all p, i—j except p=i—j=2 by considering the
deri_vgtive of (n—x)p* " !/x. For the case p=i—j =2 it is easily verified that

=n
(kis k}) k
(1) k;, = jpa where 1 < sgi—],
Then
Hence
kip'™ kyp'd
Z =k, ~1.
Uik~ ig APzt

This completes the proof.

A&ded in proof. Recently M. Szegedy has settled the question of Graham for all sufficiently
large #: M. Szegedy, The solution gf Grahan's common divisor problem, Hungarian Academy of
Sciences. Preprint 27/1985.
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