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On the 2-primary part of a conjecture of Birch
and Tate

by
JERZY URBANOWICZ {Warszawa)

o~
1. Introduetion. The conjecture of Birch and Tate states that

B2 Ogl = wplp(—1),

where O is the ring of integers of a totally real number field F, {5 is the
Dedekind zeta function of ¥, K, is the functor of Milnor, and

wp = 2 H o,

lprime

Here n (1) is the maximal integer 2 > 0 such that F' contains the maximal
real subfield of the cyclotomic field Q ().

The conjecture has recently been proved for abelian fields F by
B. Mazur and A. Wiles [87], up to the 2-primary part. In the present paper
‘we investigate the divisibility of wz{z(—1) by powers of 2 for real quad-
ratic fields F. It enables us, in view of a paper by J. Browkin and A. Schinzel
[3], to prove the 2-primary part of the conjecture for infinitely many fields.

I wish to express my sincere thanks to J. Browkin and A. Schinzel
for many helpful suggestions and ideas used in this paper.

2. Notation. Let I = Q(l/—ﬁ), where D is a positive square-free
a

integer, and let d be the diseriminant of 7. Denote by (—lf) the Xronecker
symbol, and let Py(z) = a*—a2--1/6 be the second Bernoulli polynomial.

It is easy to see that wy = 24k, where & = D for D =2 or 5, and
: =1 otherwise.

For a positive number » and a positive integer n let 4 (z, #) be the
number of positive integers < x that are prime to n.

YWe know that

man m
1) A (T’ n) = (),
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where m =1 or 2, and ¢ is Euler’s totient funection,

2 o(n) it 5> 0,

' 4
(2) A(ﬁ;}—,’)b) =
—ZL— g(n) & (—1)P=mRI=2 it g — 0

for 24n and m =1 or 3, where @ (resp. y) is the number of prime factors
of n of the form 4¢-+1 (resp. 4¢-+-3),

ma m mn
(3) A( 8 ,n) —§¢(7L) =R(—8——,n),
0 fos>00rz=0,y>0,2>0,
E N . (n=1){n—3)/8 oy +u—2 3 "> 0,
E Ak 7 (=1 2 fr=0,9=20,2=0, v >0,
S 742(__1)(17.—1)122y+s—3 it 2 = 0’ Y > 0 2> 0’ uw = 0

(2r+7) (L) RU-3 if 5 — 0, y> 0,2 =0, 4 =0
tor2¢nandm =1, 3, 5, or 7, where z, ¥, 2, « are respectively the numbers
of prime divisors of » of the form 841, 8¢—1, 8t+3 and 8¢—3,

r = (_1)(‘111,—1)(77:,—3)!8, 7y = ( _1)(m—l)/2’
and

(4) A(M )~A(mﬂ,n) 3o,
7 a pr

I=-—mn mod r
1<l<n,(ln)=1

for 24n, 0<m<r—1 and r =2, 4, or 8 (see T. Nagell [9]).

3. Formulas for wy{,(—1). From the functional equation for {p ib
follows that

ava
Gr(~1) = = p(2)
C. L. Siegel [L1] proved that
(5) ) = = V(%) 2, (1)
"2 =5 Z(T)P(i)

be transformed to the form
(Diﬁl)lg

2kD —| P,
s ( 1 )P‘
I=1
2D~1

4D 1
kD — | P,

In view of P,(s) = P,(1 —a) a,nd(_(;—):( dl)forl 1< d, (5) can

it D =1 mod4,
wplp(—1) =

) it D% 1modd.
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For D =1 mod 4 we evidently have
D
D

N (——) 1=0.

La\1

I=1
Hence in view of (3) we obtain

E oo
welp{—1) = ) ‘l:;_; (——) 1 for D =1mod4

and after transformations

{6) wplp(—1) = —

{Since D = 1 mod 4, we have

y ( ) I =24—2DR,
where
{D-1)/2 {D-1)f2 D
- e il ¥
4 Z ( )z and B 2 (z)
=1 =

On the other hand,
D-1 (D~—1)/2 (D-1))2
)

S Y S

1=1 =1

(D-1))2 (D-1)/2

._J(D

1=1

||
@l 19
S
+

=
W
l'
;:,‘

and

Finally, for D =1 mod £ we have

D—1
2 2 O (D —4D
“la—-2|= =4— —| P B
4(D)A 2(D)DB A—DB, ie T;f(l) )
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For D = 1 mod 4 we have

D D
Ll (2 ) fori<i<D
(21——1) (2(D—Z+l)—1) o

and Z (f;l) =0.

Consequently, _
wplp(—1) =2k > (91—1) (D—91+1) if D == 1 mod 4
1<i<npe Y
and after changing indices
(D-1) D
4 ‘,'Z (D—-ZZ)Z if D =3 mod 4,
=1

D
2k —_— (2] — I = .
;:(D_erl)(z 1) if D =2mod+

Next, let h =1{(Q(Y~D)) be the class number. It is known that
or I =3mod 4
D-1 (D-1)/2

for D =1 mod 4
(D-1)/4

h =2 (— ,
Ld D
and for D = 2 mod 4

' . (D D
I = Z (—1)t-ne (T) or y —Z_) for D>2

1<i<D 1<T<'$/2
2t I=1mod 4
(see [2]).
Consequently for D = 3 mod 4+ we have
(D-1)/2 (D-1)/2

2 (7=l - (5 & )

( ) 31 2y S g1

==\ 2= L =)

D D D 1D (D)
(D-3)is

ol S )

=1
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Hence from (7) we infer that

(D—3)/¢

(8) wplp(~1) = —2Dh ((_;)_) ~1) +16 E (—D—)z for D = 3 mod 4.

l=1
Similarly, transforming (6), we obtain

@) wplp(—1)
(D-14 27.'(

(3 [ & o

since in view of

A
} (_D.) =0 for D =1mod4,
I=1
we have
R
D | D] L \p/J

=1 I=1

Finally, for D = 2D', D> 2 we have
D D D
e (P N pyese (2 ZV(p—-1
D (e (Z)l M (-1 (Z)z ,S(Z)( )

1s211§D I%Ifly . 1<21fl1)’
" D v (D
= >1 = 1)”“”‘ +1] (T) 1—-D Z (T)
1@’ <€D’
oyl 2
D 1
—s N (2)i-p (__) — - Dh
et 1 11 b
1< << D
I=3mod 4 {=3 mod 4
_s N ()R
14 4
1<)
I=3mod 4

5 (D 1
— 2 —} —-—Dh
D+2) (z)
1<ISD
1=3 mod 4
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since
D D
) e (1)U 2
(D—l) (—1) (l) (247)
for D =2 mod 4.
Hence from (7) we infer that

. DY 1+1
@0 wrip(-1) = —16 > (T 55 +20+2) 2) o
lsl<Dr 4 1<ISD !
I=3mod 4 1=3 mod 4

for D =20, D> 2.

4. wplp(—1)mod 8, mod 16, and mod 32.
THEOREM 1. Let © (vesp. y) be the number of prime factors of D, D > 2,
of the form 4t-+1 (resp. 4i-+3). Then '

wplp(—1) = l @(D) mod 8 if >0,
p(D)+2Ymod8 if 3 =0.
Proof. If D =1mod 4, then from (6) it follows th‘a,t
(D%I%B (D—-1)/4 211
wrip(-D) =4 2 (T)’ =¢ ) (T)

=1 I=1

I

=1

o=y D
\ |
4 _>_J (—17) E4A(—;—,D)mod8.

If D = 3 mod 4, then from (7) it follows that
(D=1)/2 (D+1)/4

wplp(—1) =4 2 (%)l — N (2l1;1)
i

=1
{D-1)/2 (D-3)/4

{2 52 G

fuf0) (2.

Finally, if D = 2D, D > 2, then from (10) and (4) it follows that

wplp(~1) = Dh = 4D" (—?)24 D (3)
prauwy d

< [1
<i<D’ 1<i<D’

I=1mod 4 1=1mod 4

_ 2 o m
e R R e

i

=1

(=13
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where m = —D'mod 4, m =1 or 3. Now, in view of (1) and (2) the
result follows.
THEOREM 2. If D = 3mod 4, then

wptp(—1) = —2Dh ((—D—) ~1) mod 16.

Proof. The result follows from (8).
TaEOREM 3. Lei D = —1mod§, and et x, 11, 2, u be respectively the
qumbers of prime divisors of D of the form 8t +1, 8t—1, 8t+3 and 8t—3.

Then
if >0 or @ =0,y>0,2>0,u>0,

gytut: if e =0,9>0,2=0,u>0,
wplp(—1)—2¢(D) = il -
Ut if 0 =0,y 2 0,2>0, =0,
outl ife=0,9>0,2=0uv=0,
where all congruences aere mod 32.
Proof. From (8) it follows that

(D-3)/4 I (D+%)18 -1
wplp(—1) =16 Z (3)1516 P ( = )

I=1 l=1
SNESS BT LA BE

Now it is sufficient to apply the result of (3).
THEOREM 4. If D =1mod 4, then
wplp(—1) = 2Lk mod 16.

Proof. Since D = 1 mod 4, we have

=14 (D-1)/4 D D
> ('%)H >, (211)1)15 > (8Z—4)+ Z (81—6)
= =i - 1<1< D18 . 1<d=<Dis
D D
- > @)- 2
1<l<D 1<I<D
1=11mod 8 1=2mod 8

)l

" 5,5)-4(20,)

i

.
——
Ool =24

s

|
p——
=~
——
| =a

(see (3) and (4)).
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Now from (9) we obtain

Wplp(—1) = h mod 16. »

Since in view of Theorem. 1 4|wzlz(—1), the result follows.
THEOREM §. Let D = 2D', D > 2, and let x (vesp. y) be the nuwmber
of prime factors of D of the form 4t+1 (resp. 41+ 3). Then
(D' +1)p(D’')+ Dh mod 16 if >0,
D" +1)e(D')—(D'+1)2 +Dhmod 16  if » = 0.

Proof. If D =2D’, D> 2, then from (10) and (4) it follows that

2(D12) Z (’%) 1 Dh

1<I<D’
I=3mod4

m+1

wplp(—1) = [

wplp(—1)

fil

=2(D+2) (A( D',D’)—A(—?—D',D’))—l—l)hmodlﬁ,

where m = D'mod 4, m =1 or 3.
Now, in view of (1) and (2) the result follows.

5. Divisibility of w;(z(—1) by powers of 2.
THEOREM 6. We have

8lwplp(—1),

uiless D =2, p or 2p, p = +3 mod 8 a prime, in which case 4 |wyplp( —1).
Proof. If D = 2, then (7) implies that wgulp(—1) = 4.
It D = p or 2p, where p is an odd prime, then
(i) for p =1 mod 4 we have in Theorem 1 © = 1, ¥ = 0, hence

O0mod8 if p =1mod3,

Wplp(—1) =p—-1 =
s ? 4mod8 if p = —3mod §;

(ii) for p =3 mod 4 we have in Theorem 1 # =0, y =1, hence
Omod8 if p = —1mods8§,

Wplp(—1) =p+1 =
ple(=1) =p 4mod8 if p = 3 mod 8.

If D has at least two odd prime factors, then from Theorem 1 it follows
that 8|wglx(—1).

On the 2-primary parl of « conjecture of Birch and Tate

-1
-1

THEOREM 7. If D = +£1 mod 8, then
16]wplp(—1),

wnless D = p = u—2w* o prime, 4 >0, % =3 mod 4, w = 0mod 4,
or I =pg, p = q = 3 mod8 primes, in which cases B||wplz(—1).

9
Proof. If D = —1mod 8, then (;) =1, and from Theorem 2 it
follows that 16 |ewpip( —1). D v

D =1mod8, and D has t > 3 prime factors, then from Theorem £
and 24k (see [2]) it follows that

Welp(—1) = 2h = 0mod 16.

D =p=1mod8 is a prime, then h = A(Q(/ —p)) = 0 mod 8 iff
p=u*—2w?, >0, w=1modd4, w:=0mod4; otherwise evidently
44 (see P. Barrucand and H. Cohn [1]). Thus Theorem 4 gives the result.

If D = pg =1mod 8, p, ¢ primes, then 7 = 0 mod 8 unless p = ¢
= 3 mod 8. In this last case we¢ have 4|} (see E. Brown [41] or A. Pizer
{107), and result follows from Theorem 4.

THEOREM 8. If D = —1 mod 8, then
32wplp(—1),
wnless D = p = Tmod 16 a prime or D = pg, p = —g = 3 mod 8 primes,

in which cases 16 [wglp{—1).

Proof. We adopt the notation of Theorem 3. Let D =p = —1mod 8
be a prime. Then # =2z =« =0, y =1, and from Theorem 3 it follows
that

wptp(—1) = 2¢(D)+4 =16 mod 32.

p+1
8

Thus 16 |weip( —1)if p = 7mod 16, and 32wz Lp(—1)ifp = —1 mod 16.

Lot D =pg = —1mod 8 be the product of two prime factors.
Then evidently w =y =1, 2 =4 =0 or & =y = 0, 2 =« = 1. In both
cases from Theorem 3 we obtain

wplp{—1) = 2¢(D) = 2(p—1)(¢—1) mod 32.
Now, if « =y =1, then 16{(p—1)(g—1), and wplp(—1) = 0mod 32.
Iz =u =1, then 8|(p —1)(g—1), and 16 |wplp( —1). Finally, .le.t D have
at least three prime factors, ie. @ --y-+s+u > 3. Since 23+ V+#+% (D),
it follows that 32|2¢ (D) with the one exception: » =u =0, y+2 =3,
when 16 || 2¢(D). In this case from Theorem 3 we obtain
wplp(—1) = 2p(D)—2U = 0 mod 32.

In all other cases, from Theorem 3 easily follows that wplp(—1)
= 0 mod 32.
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TeoreM 9. If D = 3mod 8 has at least two prime factors, then

16fwrlp(—1),
unless D = pg, j}, q primes, (2;—) = —1, in which case Slwplp(—1).

Proof. From Theorem 2 it follows that
welp(—1) = 4Dk mod 16.

Since 21~ 1%, where t is the number of prime factors of D, it is sufficient
to consider the case t = 2, i.e. D = pg. From the result of H. Hasse [7]

it follows that 4| if (-1;—) —1, and 2]h if (%) — _1. This proves the

theorem.
TuroreM 10. If D = —3 mod 8 has at Teast two prime factors, then

16 {wplp(—1),

unless D = pg, p, q primes, (ﬁ) = —1, p % —1mod 8, in which case
8lwplp( —1). 4
Proof. Since 2|k, where ¢ is the numbc: ~t prime factors of I} (see
[2]), in view of Theorem 4 it iy sufficiens to consider the case D = pg.
From the results of E. Brown [4] or A. Pizer [10] it follows that:

If p=¢=1mod4, then (g) = 1 implies 8|k and (%) = —1
implies 4||k. I p = ¢ = 3 mod 4, t-h;zn (%) = —1,p = —1 mod 8§ implies
81h, and (—p—) = —1, p = 3mod 8 implies 4 || Thus from Theorem + the

q

result follows.
THEOREM 11. If D =2mod 4, D =2p, p = £1mod 8 a prime or
D has at least two odd prime factors, then

16 jwplp(—1),

unless D = 2p, p = +1mod 8 a prime, —2p = w*—2w% w >0, w =1,
3mod8ifp =1mod8andw 2= £1moddifp = —1mod8, or D = 2pg,
p, q primes, p=q #1mod8, or p= —g=3 mod 8, or p = lmod 8,

g= +3mod8 and (A) =—1, o0 p=—-3mods, ¢=—1 mod 8 and
(g) = —1, or p =3mod 8, ¢ = —1mod3 and (%) =1, in which cases
q
8llwplp(—1). i
Proof. Since 2!|%, where t is the number of odd prime factors of D
(see [2]), in view of Theorem 5 it is sufficient to consider the cases D = 2p,

p= +1mod8 a prime or D = 2p¢q, p, ¢ primes.
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From the result of H. Hasse [6] it follows that for D = 2p:
(1) 4|k <=p = +1mod8§,
(ii) 81h <« —2p = w*—2uw% w>0, w =1,3mod8§, if p =Imods
and w = +1mod &, if p = —1 mod 8.
From the result of A. Pizer [10] it follows that for D = 2pq:
(iii) h» =4mod 8 if p=3mod8, ¢= —3mod8§; p= —3modSs,

g=—3mod8; p =1mods, ¢g=3 or —3mod8 and (ﬂ) = —1;
g=—1mod8, p=3 or —3mod8 and (2) = —1; I = 0 mod 8 other-
wise. q

Thus from Theorent 5 the result follows, since Wy {p{—1) = 2ph mod 16
for D = 2p, p a prime and
[41h i 2> 0

18h Ex=0 for Di= 2pg,p, q Drimes.

Slwpip(—1) =

6. The conjecture of Birch and Tate. We quote here some results
on the Sylow p-subgroups (,05z), of the group K, 0 for a number field F.
THEOREM 12 (B. Mazur, A. Wiles [8]). If p is an 0dd prime and F is an
abelian fotally real number field, then
(K. O_F)pl fwplp(—1).

TumorEy 13 (J. Browkin, A. Schinzel [3]). If F.= Q(VD) is a real
quadratie field, D = 1 mod 8, D > 2, then (K,05).l > 8, unless D =p
or 2p, p = £3mod8 a prime, in which cases (K,0x), = Z 27 3% [2Z.

THEOREM 14 (J. Browkin, A. Schinzel [3]). If F = Q(VD) is a real
quadratic field, D = +1 mod 8, then [(K,0p).| > 16, unless D =p = 4*—
—2?, a prime, w>0, # =3mod4, w=0modd, or D =pg, p=¢
= 3 mod 8 primes, in which cases (K,0z), = Z|22DZ4[2Z@Z|2Z.

THEOREM 1i. The conjecture of Birch and Tate:

E,0p| = wpllp(—1)|
holds for ¥ = Q(}/ 1_7), where
D=2, por2, p=1+3modld a prime,
or

D =p = ut—2u? a prime, u >0, u =3 mod 4, w = 0mod 4,

or
D =pg; p=gqg=3mod8 primes.
Moreover,

wptp(—1) = |K,0pmod8 if D = £1mod3,
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and
wplp(—1) = |K,0p mod 16 if D = +£1 mod 8.

Proof. If D = 2, then K,0p = Z/2Z2®Z[2Z,i.e. |[K,05 = 4 (see [5]).
The result follows immediately from Theorems 6, 7, 12, 13 and 14.

In view of Theorems 8, 9, 10, 11 one may expect that the following
conjecture holds.

CoxgeCcrrrE. (i) If I =Q( (VD) is a real qua.chmtm field, D =
—1 mod 8, then (]’ e} =32, unless D =p = Tmod 16 a prime or
D =pqg p=—qg==3 8 primes, in which cases (I,0p), = Z/2Z®
PLZIBZ.

(i) If 7 = Q(l/j)_) is & real quadratic field, D = +1 mod 8 has at
leagt two prime factors, then |(K,0).| > 16, unless D = pg, p, ¢ primes,

mod

(f_) = —1, and p¢g =3mod8 or pg= —3mod 8, p == —1mod8, in
q
‘which cases (K,Og)s = Z/2Z@DZ[2ZDZ|2Z or Z[2ZDZ[4Z.

(i) If F = Q(l/ﬁ) is a real quadratic field, D = 2mod £, D = 2p,
p = +1mod8 a prime or D has at least two odd prime factors, then
[(H;05),l = 16, unless D = 2p, p = 41 mod 8 a prime, —2p = u>—2w?,
w>0,w =1 3mod 8 if p=1mod 8 and w = £1 mod 8 if p
= —1mod8, or D = 2pgq, p, g primes, p =¢ = 1modS8, or p = —¢

=3mod8, or p=1mod8, ¢g= 43 mod § and (—1—,—) = —1, or 9
= —3mod 38, ¢ = —1mod8 and (%) = =1, 0or p =3mod8, g = —
) - 1, in which cases (K,O0y), = Z/2ZDZ[2Z®Z|2Z or

| S 0

mod 8 and (
Z12ZDZ[4Z.
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