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Ramanujan expansions of multiplicative functions
by

RicmarDp Warnmvont (Regensburg)

1. Introduction. We propose a proof of the following

THEORBM. Let f: N—C be multiplicative with =1. ] i
the conditions ? I =L L T g

1) 2 PHf(p)—1) converges,
r

(2) ) D M) —1P < oo,
lf(p)fnsl

(3) D @) —1l < oo,
)21

{4) > Xt < oo

P k=3

Then the Ramanujan coefficients

e ff) s = —= hm—Z'f (n)ey(n
ewist for all g and
| 2 A (f)ey(n) = f(n)  for all n.
If £ Fulfills (3) and the stronger conditions
® 2 -1r< o,

{6) ' 2219"‘[]” )i2 < oo,

2 k=2
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then _
oo . ) 1 —
D rD e =lm = Y ifme.
g=1 T

The fivgt statement is not new. It is to be found in an expository

article of H. Delange ([2], Théoréme 1).
F. Tuttas {[61) proved both conelusions under the sgtronger assnmp-

tions:

(7) -—Z fi{m) exists and is 0,
(8) D If(n)2 = 0(#).
n<=z

These are stronger indeed gince by the “first direction” of Elliott’s
mean value theorem ([3], [11) (7), (8) imply (1), (5), (6).

The proof we present here rests entirely on fthe “gecond direction”
of a more recent mean-value theorem by K.-H. Indlekofer and of Elliott’s
mean-value theorem (see Lemma 1 helow).

Notation, If some g: N—=C is given then we put §:= g»pu (the
convolution of g with the Mobius function ) and

Mig): _i]f.i Zg

2. Preparatory Iemmas. The function f: N~ C we consider is multi-
plicative with f(1) = '
LEnowa 1. IF f fulfills (1), (2), (3), (4) then DL(f) ewists and is given by

() =H(1-—%) (14 jp"“f(p"))-
ER k=1

If 1 fulfills (1), (5),

M) = H (1— 1) (1+ 5‘ p F@he).

Proof. The first conclusion follows from the fact that (2), (3) are
equivalent to the conditions

D plftm -1 < o and >
oyl ' I IEeT
combined with the mrin theorem of [4].

if this limit exigts.

{8) then BL(]fI*) exists and is given by

D) < oo

icm
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The second conclusion follows from FRliott’s mean-value theorem
([31).
Lenvnia 2. If F fulfills {3), (4) then

D) Y7o < e
D k=2 -

Proof. This expression is
<2 X M errehi+e Yt Y -
e ’ 21>

LuvmA 3. If f fulfills (2}, (3), (4) then M (If]) = 0.
Proof. If @ denotes the set of all squarefree numbers and § the set
of all squarefull numbers one has

w7 DN Ifm< 3T s il ) ifia)l.

nEx £ g}
s ggzjs‘

Therefore it is sofficient to show that
D e fs)l < oo and 11m'z“1 2 ifgn=o.

sz8 00 qeQ@
oot

The former follows from

Nofei<en (Y Y i)
ses o k=2

and Lemma 2. Now we turn to the second statement.

Let 4, B consist of 1 and those squarefree naturals in whose ca-
neonical produet all primes folfill [f(p)| <1, {f(p}] > 1. Then

¥ ) Ifa) = D) vt i) 2 f(a)i.
aeQ beR ’
ey by aézf.’b

Therefore it is sufficient to show
DBf(B) < o0 and hmz”lz \f(a) = 0.

beB . asd
assz

.The former follows from

D <exp( X p7if o))

beB pei3

and (3). New we turn to the latter statement.

o e At e e 5 518 e e et A 1 T8 e ) e mpe i o
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By (2) one has

2 o iflar< exp | Z 7N fo)) <

ned

From this we conclude

D If@)F = o(z)
asAd
asz

and this implies what is required.

LevMa 4. If F fulfills (2), (3), (4) then

M(f) exists = 2 n f(0) converges

na=]
and both numbers are equal,
This follows from Lemma 3 and
ot ) ft) = Y@ fiay+o(a 3 ifay).
ﬂéx d=z dem -
Lmvsta 5. Let f fulfill (1), (2), (3), (4) and let {m, ¢) = 1. Then

o

Bif; myq) = > n7f(m)

n=1
(nm)=1
n==0(g}

exists and {8 given by
8if; m, @) = [ nlss 2 [] nlss )
ptmg PPt

where we pul
n(f; p)i= X p7fe") (E=0,1,..).
. J‘=k .

Proof by mathematieal induction with respect to the number of
ditferent prime factors of ¢ (compare with [d], p- 30). We stalt W1th g=1.
Let the multiplicative function f,, be given by :

fioty it ptm,
ky
In(®) “[1 else.
Then _
2 |Fmy i m,my =1,
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Since f,, fulfills (1), (2), (3), (4), too Lemmas 1, 4 imply

[ ntim) =[] nalfus 90 = 308, = f,’ 7 ln) = 3 a7l(n)
ptm 2] . n=1 n=1
(rm)=1

Now let g = gr* where (¢, m) = 1 and r is prime, r1g, and a e N. Gue hag

u—l
~EFny ~1F B F gl —1f)
Z 2 f{n) Z n= f(n)— 2 f(2#) Eﬁh kY.
It . RS A=0 hszr™
(n,m}=1 . {nym)=1 (hymrfe=1
n=0{g) n=0(g) A=0(g)

From this and the indnction hypothesis we infer that 8(f;m, q) exists
and the recursion formula

a—1

~8(fymr,g) D r?f(f)

Brel

B(fim, q) = S(f;m, q)

from which we deduce the formmula for S.
Leamra 6. If f fulfills (1), (2), (3), (4) and (a,q) =1 then

lim m—lzf(n)e(% 'n) =8(f;1, 9.

TR

This follows from

o 3 st o (%) = di;u&) d-if(d)-ro(«g-%’ Fa)

together with Lemmag 5, 3.

3. Proof of the first part of the theorem. From Lemmas 6, 5 and

q)me'n)c 7n) »W‘_}mZ’f (—n)

a==1 n<x
(2,8)=1

we gee that o, (f) exists and is given by

() =[] nalf3 ) an{'f,ﬁ

pie . ohlg

Lemma 3 and (3) imply #,(f; p)-+0 for p—oo. Therefore there is some

Po = po(f) such that |n,(f; p)| = 1/2 for all p = p,. In particular the set .

Z:={p| no(f;p) = 0}1is finite. By P we denote the product of all p e Z.

e




116 ' - R. Warlimont

Then we have a,(f) = 0 for g 5= 0(P). Therefore we have to establish

o

2 alfgyn) = fn).
o)
We put
 Anelf3p) i pe o,
n(p) 1=
1 else
and obtain
aglf) = H n(p H “n(f3p)  for ¢ =0(P).
_'D

If for » fixed we define G,: N—C by

Gl) 1= go,(n) | [ (n(@) 0 (S5,

oFilg

we must show
oo

([T1@) Y ¢6.(0) = fim).

g=1
g=0(F)

It we define F,: N—( by

= D @0

qlk

. then one has B, — ¢, . Assume that
(=) Fy fulfills (1), (2), (3), (4).

Then Lemma 5 yields

Z‘ g_IGn nﬂﬂ{ ns ) HWI nffj

q_O(P) ptE
Therefore
(H 7 p)) 2 0G0 = [ [ 2()ne(Fas 2} [ | 1(0) 03 (Fa5 2)
0 (P} P piE .

= H (o3 p>+g{_ 6.5 (m)m(f; 2))-
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If 2 = g,(p) is given by p°|n one has

0 for j>e&t1,
9 ¢ g(m} =y —p° for j§=1¢41,
P—p for j<e
from which it follows that the factors in the product above equal f(p®).

Thus it remaing to verify (=).
If ¢: N—-C and F: N—C are given by

q)H ”"‘f’f’ and Fth):=26(q)

ohia ok

then 6, (g) = G(g) for (g, w) = 1 and therefore T, (k) = F(h)for (h, n) = 1.

Assume that

(x4) F fulfills (1), (2), (3), (4).

Then F,, fulfills (1), (2), (3) of course and (4) also sinece |F,(p")} because
of (9) can be bounded by & quantity which does not depend on k. Now
we Prove ().

We may assume that p = p,. Then

7.(f; P)
Vi
N 10 (f3 2)

Proof that F fulfills (1). We have

_Fw _ i
» Iz

F(p") = &Dd molfs p) = 1/2,

Fr(p)  with r(p)e= n? (112+

i (11:) 771)_
We have

S « Xl +27 @) <

by Lémma 2 and (3). . .
Proof that F fultills (2), (3). From F(p) = —pnitm = —p{Ll-+n)""'m
we {erive
1B (D) < Pl < [f@2)+2 )

and the implications

f 1 L ifw)l

iF(p)lé\l_élﬂﬂgﬁﬁmz;ﬁﬁf?’_
1 _ ifie)

H)I>l:'m"|>?ﬁ$_ p TR
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Now we have

Z’Np‘llﬁ(p)l% > plplt = X+ ¥

prami
» »
(F)i=t I 1<1Hp~1)
where
=" D P and Y= Y plple
|’?1§§11](27—1) iy |‘§_Ij}?("p—1)
p)i<t =1
We have
T< D o+
ylifte-1)
fip)i<1
> rfm)ert 2 Plnal2.
. P
Vini< b 1)1 N7
. ifimylst

The second term is

2 Pl <3 Z‘ Il < 00

19["12 <3

' by Lemma 2. We have

<2 X mi<2{ X 71w X inl) < oo

lf(p)|>1 |f(_p)|>1
Therefore F fulfills (2).
We have
2 pED) < »
s .
1{p) 1 p-llf@)lﬁngu(pw

The second term iz < oo by Lemma 2.
The firgt term equals ¥ -+ ¥ where

X: e Z Pl <

"IU(D)H!%J::II(JJH)
p~Ufmigng

@I+ D) Il

2D Inal < &0

»

icm
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¥ i 2 i Y o

n . B
»=1 f(p) Il 1/{p+1) 1fime=1i3
~Ufn) >ty

<3 X Uit Y o Yfie) < oo

. P P
lfip)i=<1 1Fa)=1

Therefore ' fuifills (3).

Proof that P fulfills ( ).
2 2@ < X tpim) Y o
2 k=2 » k=2
<1+ B FD)F Inel) < oo
e

4. Proof of the second part of the theorem. We have

N Q
0¥ M s~ Y af)em

=l g=1

=y Zlf )e—2Re |, 2 a(f) ¥ an)ca(m)

Q - N
+ Y e (IF Y e n)e(n).

q,r=1 n=1

We first let N— oo, then ¢—oco and obtain

<]

D el@lay (A< M(If12).

g=1

Now we have

[\ﬂs

ka}.p l
TR

# ()1, ()1 :(H n(z) 12) Z p(h) H

h=0(P)

-
]

i

Bach h €N with & = 0(P) has a unique representation % = mn with

g(m

)

=P and (»,P) = 1 where g(m) denotes the product of all primes

v
i
¢
&
£
t

¢
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dividing m. Hence the above e(iuals

2 N ‘f’ S
{ H ()] )(qu H | =) nl5p “((—%:ﬁﬂ nkn(p) )
f, ;
=(U ()i )(gg T ’ ‘)(ka nkfp))l)
=[] Z # (8" 1s(f; D)1
5 k=0
= n (1+ ZP"’( p’"‘)iﬂ))

. H (1_ _;5_) (1 Z 7)) = (A

by Lemma 1.

References

{11 H. Daboussiand H. Delange, On a theorem of P.D.T.A. Elliot on multaplwatws
funetions, J. London Math. Soc. (2), 14 (1976), pp. 345-856.

[2] H. Delange, Quelgues vésultats sur les fonotions multiplicatives, C.R. Acad. Be.
Paris, Ber. A, 281 (1975), pp. 997-1000.

3] B. D. T. A, Elliott. A mean-value theorem for multiplicative Sfunctions, Proe.
London Math, Soe. (3), 31 (1975), bD. 418-438.

[4] E-H. Indlekofer, A mean-value theorem Jor mulmphcatwe Jumctions, Math. Z.
172 (1980), pp. 255-271.

[6] L Lueht and ¥. Tuttas, Mean-values of maultiplicative Junctions and netural
boundarios of power series with multiplicative coefficients, J. London Math. Soec.
(2), 19 {1979), pp. 25-34.

. [6] F. Tuttas, Uber die Enfwicklung multéplikativer Funltionen nach Ramtmujcm
-Summen, Acta. Arith., 36 (1980), pp. 257-270.

 Received on 28. 11, 1980

and in revised form om 2. 10, 1981 (1236)

icm

ACTA ARTTHMETICA
XLIT (1983)

Sur les fonctions arithmétiques multiplicatives de module < 1
par

HUBERT DELANGE (Orsay)

1. Introduction. f étant une fonction arithmétique multiplicative
complexe telle que |[f{n)| < 1 pour tont # € N*, G. Halasz a étudié le com-
portement pour & tendant vers + oo de la somme ¥ f{(n)(Y). En modifiant

légérement sa formmlation, on peut énoneer sonn;ézsultat principal de Ia
fagon suivante.

Lune des deuw eirconstances swivantes o liew:

(8) (1/z) D, f(n) tend vers zéro quand z tend vers —rco, cmtremmt dit
la fonction f ;J;:;séde une valeuwr moyenne nulle;

(bY II emiste une constante complexe non nulle €, une constante réelle a
et ume fonclion réelle A définie sur Vintervalle (1, + oo et satisfaisant o

lim{ sup {A{t)—A(#)]} =0, .
Ts00 mtga?

,

telles que, quand  tend vers - oo,

2 3wy = o expid (@) + o(). )

-n<:z:

On voit imméidiatement que, dans le cas (b), {€] et a sont bien déter-
minés par le fait que, si F(z) = 3 f(a), on a lim|(1/z)F(z)| = [C] et,
T—02

nEL

A : .
pour tout 4> 0, lim Fiaz) = % Par contre, la fonetion A et la

z—ca AT (D) 7
constante ¢ clle-mdme pe sont pas déterminées: on peut remplacer A par
une fonction 4, gqueleconque telle que A,(x)— A () tende vers une limite
finie § quand @ tend vers +oco, en remplagant en méme temps ¢ par-
OI b Ge—ie-

) ¥ber die Mittelwerte multquhfmtwer sahlentheoretischer Funktmmn, Acta
Math. Acad. Sei. Hungar, 19 (1968), p. 365-403.



