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COROLLARY 1*. Let & > 0 be given arbitrarily. Then for every a, 0 <
<1, there is an infinity of natural numbers j = j(a, &) to Fulfill
min |ap —g] | |
lin B2 (57 ).
=3 logp
In particular, the inequality |ofp —q| < (1+
solutions in primes p and q.

e)logp has infinilely many
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Generalizations of Ramanujan’s formulae

by

 YasusHr Matsuox4 (Nishinagano, Japan)

Ramanujan found the following formulae: For positive a, § with
aff = n* and.an integer » > 1,

4 ) ) e—m}

1 o {—-——w«g(l —2)
1—2
= ({85 ) t Me e,
(2 ~("—1){C(2"2 L g;m_ov(n)e 3"“} —

__( __'3)—(’—1){ (21’ 1) + T 0oy (,n) 6—27&5}

}'c Bk B2v—2k y—kﬁk
(2)! (20 —2F)!

— ~22(v—1) y
e
&k=0

= ¥ &, and B, are Ber-
dln
nouli numbers defined by ZB g% n! = p/(®—1). G. H. Hardy (3] gave

n=0
two proofs of (1). B. Grosswald [2] proved a more general formula which
contains both (1) and (2). Many variants of Bamamujan’s formulae are
known. The historical survey of the formula and ity generalization are
explained in [1].

Recently the author [4] presented as an analogue of (1) a formula
for the values of £(s) at half integers. Tn this paper we shall extend further
the Ramanujan’s formulae (1} and (2) to rational numbers. Our method
of the proof ig similar to that used in [2]. :

where {{e) is the Riemann zet:m function, o,(n)
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Trrorex 1. Let a be a positive inleger and » be an integer greater than 1,

and define for 2 > 0

—1 bod

N m_ﬂz Eat:’
G, (2) = {goa,z,_lm)e CE
a—1
__far 2 —2avta—I1—¢ _
1) ‘Zﬁa( na) 2oy —a+1+7) %
. I AT
x ]7 c(1+;) c(2v+~;)n m},
k=—a+1+r I=—a+1+r
Rgt0
where

a—1

ToplB) = Z H iy, Ml la=1—kya,

a—1 k=0
;’bH hptip="n,RpeN . mMLeN

Then for any positive a, § with af = =* we have

(3) Goola) = (—1)%G,,(8).

Remark 1. Ramanujan’s formula (1) and the theorem in [4] follows
from {3} with 4 =1 and & = 2, respectively.

Remark 2. The function o, ,(n) coincides with the ordinary divisor
function oy(n) when a = 1; ie.

g5 (0) = ay(n) =2 ar.
djn
Equation (3) implies especially
0, (27 7) = (~1)"G,,(27%%) (t=1,2,...,a),
which leads to the following

COROLLARY 1. Let o be a positive integer, v be an integer greater than 1
and r be an integer with 0 <v < a—1. Then

ot} J] (J)

e~

. layegel 14
- a ¥, 0,1

i=1 =1

k=-vg-t1+r

i= -a+1+r
kw0

a4
m22t+lal/mt +

a@,2r—1
oo

ﬂ XS E

where b, ., and ¢,,,; are rational numbers.

a_
_a(m) et Y n-n:}
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Theorem 1 is equivalent to the following

THEOREM 1'. Let a be a positive integer, v be an infoger greater than 1.
and define for Imz> 0

b

oa

Ty 1, S
- Oa 292 (W) 1
L1 —2v) L

a—1

+ (=1 2 a(2na) " T [ 9ay — a1 +1) %

ra=0
r
k !
— e M4
NIEE DK
Then the function satisfies the transformation equation

h=—a-+14r
Bow(—1[2)

Rl
Remark 3. E,,(2) is the normalized Eisenstein series of weight 2»

B, (2)

I=—g+141

= e E, (8,

dv o :
Biale) = Bue) = 1=z ¥ o (m)e™,
2 ne=1
which can be found in [3].
Proof of Theorem 1. If we write
o~ a—1—Fk
(4) D, (5) = a{2ma)"" I{as) H:(s+ )g( R +1-2v),
k=0
we have the following functional équa,tion
(9) D, (20 1 +1]a—s) = (17D, (s).

To show this we put
k k a—1—F%
op(8) = (27:)_31”(84-;) C(s—l— —a) ﬁ(s—;—-——g——— +1—2'v)
(k=0,1,...,6—1).

From the functional equation of the zeta function, we have

T + k
C08 —2—(8 .

T a-—1—~k)
§— 84—
€0 2 - @

q)k(Zv—i+ -i- —s) = (~1y 24(8),
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apnd thus

a—1

[] ox@v~141ja~s) = (-1 [ | pu(s).

k=0 Fe=sl

Using Ganss' multiplieation formula for the gamma funection, we get

H Pals) =

k=0

21)((: /2 —1/2@ (S

which yields (B).
We next consider the function

Gar (8 E G (W) VT (1 0).
The series converges sbsolutely in ¢ > 0 and m;uformly in any interval
§<t< oo with 6> 0, since

a—1

(6) Gaamy< D[] mbt<nsen

aEI k=0
I npmp=n
af (s

2t
T nymgy=
k:okkn
2n—-1)+2a—1 2p4+-1)—1
gﬂa(: )+2a ﬁﬂ.a(" ) ,

80 that

o

2 a2v——1 w})gmﬂ-:a}/ml < Z,na(zv-i-l) 1 —210]/M< 0o,

n=1 n=1

Thus we have

fga.,(t)ts dt = f 2 Ouoe—i n)g—.-mzfnfts 1t

a__
o 2 a,z-—l(’”’)f 3_2nmlﬂ'tta_1dt.
]

n=1

The inversion of the order of integration and summation can be justified

a.__
by the uniform convergence. Substituting ¥ = 2ra¥'nt in the last integral,
we geb

o B oo » u® g~1 au""l
!ga‘,(t)f dt =2°'a,2v—1(‘”')f3 ((21“1):;”) (2na)n

=1

— a(27a)~* {as) 2

n=]

a,zv-l (n) .
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Taking account of the inequality (6), the last series is abgolutely con-
vergent in the half-plane Res > a(2v+1). Thus

co

® a0
© a1 a—1

(=] (o] cQ —_T1—
ST v W u-sH'—I: ».s——mf—l+2r
= e e E l l g My,

fng=1 Ny _3=1 Mmy=1 Mg 1=1 k=0
a1
k —1—-%
=H€(8+~—)C(s+_———-“ —}-1—»21:)
A & a

for Res > a(2»+1) and se for all ¢ (by the identity theorem). By (4),
(7) and (8), we obtain

P (8) = [ @, (O a.

The definition (4) shows immediately that
‘We note further that

@, ,(8) is regular in o > 2.

(%) D, (04it) = 0(6 ) p<o<e 1> 1),

where b and ¢ are any fixed real number, and 4 > 0 is a constant inde-
pendent of i, whieh can easily be verified. Thus we can apply Mellin’s
inversion formula and obtain
2»+1/2g+400

@, ()t ds,

2r+1{2a0—10

1
(10) G (8) =

g

By means of (9) we can shift the line of integration to any position (o, —t oo,
oy +ic0). Taking 0‘0 = «14-1/2a, we obtain

(1) ga.( Z {s ﬂgﬂ;}a

cor=0

(@, (8)%)+ Re§ (B, ,8)6%)} +

—1+1/2a+fo0

bt @, (s)t~"ds.
27 i

—1+1/2¢~ico

If we gubstitute s = 2» —1-+1/2—8 and use the functlonal equation (5),
we geb

1 = 141/2a-1ica
12y —- &, (5T ds -
B wl41/2a—1i00
2¢+1{2a+icc 1
m(__l)avt—zv+l~—1!a a 8)( ) as = ( )m't—‘zv+1 lfaga ( )
2mg * 7\
27-}-1[2(1—‘100
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The residues in (11) are as follows:

q-l-r
‘ . k
Res {D,,(3)17°) = a(2nra) """ I'(2ay —7) n C(l—}— —) X
sm2r—rla B @
Lk;&()
a=1—¢ 1
X H £ (Zv—ir H) Trrle (0L r < a—1).
l=—r @
To caloulate the residue at s = —vfa we need the functional equation

of the zeta function, Gauss® multiplication formula for the gamma function,
and the equnation

a1
’ ke
(13} sin = 2"%g,
[
Thus
—1)r g—1—r 2 a—l—r
Res (@, (5)67%) = (%m)'—(—ﬁ)— H c(;)n 2:(1 o+ )t”’“
a=—rfa . Pt it
a0

= (=Y a@me) e M —ati ) [ ¢ (1 + %) *

E=—atltr
k#0
T l .
y H tlavt Zyoe 0 <r<a—1).
l=—atitr ¢
These calculations as well as (11) and (12) imply

a—- a—t—r a~1—r

9, (2 5 & (2ma) "2 [ 2ay — 1) L]_l (1 + )IH 5(2"’4- %) g—rtria _
Fes=0

a~1

—(—1)* Z a{2na) M Fe 1T P20y — @ 41 +7) X

r=0

k . l

X l l c(1+—) [ l :(2v+—)t”“+

4] &
kbm—i_;z:avrr {m—a+14r

+( ;_‘l)avt-;iv-lf-_l-—h‘aga.v (%) .
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Replacing 7 by a—1 —¢ in the firgt sum, we get

a—-1
fau(l) = 2 a(2ma) " eI 2y — a1 4-7) X
r=0
T k T l
X C(l -+ ~—~) C (2’,_}_ _“)t""ﬂl’-'Ha——l—r),'a _
kzifql” O adier @
a1
._( _1)av y a(zﬁa)—Eav+a—1—rf(2mv —a4+14+ ?") %
=
< | ;(1+£) [l c(2v+-i-)w=+
kﬂ;:&:ﬂ-lﬂ' @ T=—a+14r
' , 1
4 ( -“l)tw t—Ev—rIHI]ugaﬂ (_{) .

Setting t = (af=)*, 1/i = (f/=)%, we obtain the equation {3).
THROREM 2. Let a be o positive integer, » be an inleger greater than 1,
and - define for x>0

o0 a.
Fa,v (1) — m—aﬂ+(a+1)f {Z‘ T, 1"_71 "2'11"'-"@ —

a—1-—r

_Z(?‘T“ 1)r H C(%)IB 5(21,P1+%)mr}.

Then for any positive a, p with ef = =* we have

(14)  Fo,(o) — (=1 70F,,(F)

a r
58

a—1-—r a-—1-r .
S T o T e 5

=7 l=—r

a=l—r

. g
ZZ (Bl ™ e —a s 2cfbﬂ2z+T) ﬂ C(1F2b+3)x

b=l r=20
a~1—1 a _r
I\ el —at -t
<[] g(zy—2b+;) BAcE TRt

I=—r



26 Y. Matsuoka
Remark 4. Ramanujan’s formula (2) follows from (14) with ¢ = 1.
The proof of Theorem 2 shall be done in the same way a8 that of

Theorem 1, using the functional eguation

with
a—1
k —1—
W, ,(5) = a(2ra)~% I'{as) H c(s+—) c(s+ﬁ_1_k’ —~1 +2v).
i [ a
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06 oxnoit Teopeme A, IMapkozx
A. B. Coroxosopma (Tamrxent)

B craree [3] A. Illapxosy (A, Sarkozy) ¢ DoMomblo paspaboTasHaro
WM ,,AHANOTA [0 MOAYIIO 7’ onEOTO HepaBercrea K. Pora (eum. {2]) momywan
PesyIbTAT, EHTEPECHEM CIENCTBHEM KOTOPOTO ABIARTCR

Trormwa 1. Iycmp p — npoussowpioe HENEMHOE NPOCMOE HUCAD, X, —
Alo6olt xaparmep no Mmodyaro p. Tozda cyuecmeyem yeaoe &, MAKE MO

-H{D—8)2 _
(1) | 2 wm|>etp—1/p)
N2

uczl/n

DTy TeopeMy MOKHO YCHIMTH IAIIL 3a CIET YBENMIEHWA SHAYCHHA
¢. Ilosromy B paGore [3] craBmmeAa Bompoc 0 Hammydmedl HOCTOAHHOH
¢ B HepaseHeTBe (1),

B crarpe [4] Myl noKasaid papeHCIBO, M8 KOTOPOTO CieXyer, 9To
B {1) MOKEO B3ATh ¢ = 1/2, I aTo 3HAYeHMe, BooGme ['0BOPS, HAMIYTIIEe.

A mmenno, B [4] mokasana

Tropsma 2. IIycms p — awoboe HewémHoe npocmoe ucao, iy (m = 0;
+1; +2;...) — nepuoduvecras TNOCAEFOSAMEABHOCTID KOMNACKCHBIT Hlced
¢ nepuodom p. Toeda dan awbozo O < z < p—1 umeenm

o i .
@ ,,2 Zp’ | Y tusse]! = 1)@ —2—1) Y ttnl*+2(41)] "gz,,,j.

pox] Rm] F=0O frie= L

3amernmM, uYTo B caydae i, = y,(m) DaBEHCTBO (2) mpespamaeTcs
B PaBeHCTBO

»

a
M Y wk+i] = @—2-D+1),
k=1 j=0
xoTopoe uMeercs B Kuure M. M. Bunorpanosa OcHogs! meopuu wucer (ronpoc
1 " ® rumase 6). . ‘
’ ”lgfpn z=(p —)3)/2 n t, = yp{m) oTCHO7A CIEAYET 1) c e =1/2.
HokasaTenhcTBO OCHOBAKO HA WCIOIb30BAHMM KOHEUHEIX CYMM dyphe
B3AMEH WHTErPalOB B PACCYMICHHAX, AHATOTHIHHX IPOBOXAMEM B 2]
u [3]. .



