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Thus

(b) 1= (1~ A}»~—(:~D 13 40(1‘??).

Combining (a) and (b) we see that

B E =yl + D =05 )

Rimilar (and easier) calculations give

(81) X = (e

lo
(32) X =0 (7;{?; :

Relation (29) combined with relations (30), (31) and (32) gives the desired
relafion (28) and hence completes the proof of Theorem 1.
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On an extension of a theorem of S. Chowla
by

Tavasmiey Oxapa (Hachinohe, Japan)

1. Intreduction. In [4] 8. Chowla proved that if p is an odd prime,
then the (p—1)/2 real numbers cot(2rafp), & =1,2,...,(p—1)/2 are
linearly independent over the field @ of rational numbers. Other proofs
were given by IL Hasse [5], B, Ayoub [1], [2] and T. Okada [8].

The purpose of this note is to show the following theorem, which is
an extension of ¥, Chowla’s theorerm mentioned abowve.

TrmoruM. Lot b oand g be inteyers with k> 0 and ¢ > 2. Let T be a
set of p(q)/2 representatives mod g such that the union (T, —T) is a complets
set of vesidues prime lo q. Then the veal numbers D*'{cotinz)|, py,, a6 T
fwa linearly independent over Q, where ¢ is the Buler totient funetion and

----- = /de,
In the case k= 2, this corresponds to the result of Fl. Jager and
H. W. Lenstra, Jv. [6]. '

2. Preliminary results. We puf

ke e .
DF Ymcotwe) if 5 is not an integer,
ch(z) e (--ZTE’L)
0 if & is an integer and ¥ is odd,
B, il # i3 an integer and % is even,

where B, in the &th Bernoulli nnmber. Then we have the following partial
fraction decomposition of Fp(z):

1 T (2) = k! j" 1
) T (gmE (2 +my’
T 0
where the dash  meang that the term with » = —z iz omitted if 2 is an

mteger. (If & =1, we interpret the sum as grouping the corresponding
positive and negative terms together.)

2 -~ Acla Arithmetlics XXXVIU 7. 4
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Tet y be an arithmetical function which 15 periodic modg. Then we
have from (1)

(2) . - *
oo g—1 bl - 1 ad ' 1
i) Z‘JL‘; ST NP T S

Z 7,75‘“*2 vim (ng - m)* qZ v ) > L (mig+n)t
R o =0 =0 e

Ly =

- "(%?‘1" \' p{m) By (_,..)
g fib )

If we put

St
4 H

where we write e{w) for then w, i8 also periodic modg and the
following inversion formula holds:

q—-1

u MR
v = ) o) o[ )
From this we geb -
g--1
’ re(mn 27k m
(3) Y‘ ﬁ‘ﬂ”i,, - \”T palm) Z o (o /‘I S ﬁ.(__.fi_).-zw*(m) pk(__),
nk k! q
n =-oc we= (J Trn— 00 w0
where
0 if & =1 and # is an integer,
4 Pula) = Bylz—[#]) otherwise,

k! va e(n)
T em)f Liowf
P 00

is the kth Bernoulli funetion, B, (z) denoting the kth Bernoulli polynomial
(ef. [9], p. 16).
Leitmrr p be the characteristic funetion of the seb {ng--d| # =0,

. 1 b _ ,
41, 9, ...} and noting that pu(m) == 7 af - q , woe have from (1)
and (3)

b k! ¥ 1 l’x'q N
yA et L e D e
® F ’“(q) (i) < Gig+ayF T @i 3
. qz_'*la mb m
q £ 7 "\

icm

‘Then the Galois group of G (&) over Q is given by the mappings o,:
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(1P, (), we have from (5)

__l b\
(6) 7, (wq’) (1T, (q)

We say that o is even (resp. odd) it p{—=n) = p(n) (resp. %{—n)
== —u(n)) for all integers n. We note that if both % and y are even (or
odd), we have

Sinee Pr{-—a) w

e win) . = ()
(7) NTREL L N2
Liow W

Mo — o0 o=l

We ghall need the following lemma in the next section, which follows
easily froin the wellknown Frobenius determinant relation {ef. [7], p.

- 984, Th. §),

Lmyma. Let G be o findte abelion grouvp and let H be o subgroup of G.
Lot & be o chavacter of H and let A be the set of all characters of & whose re-
striction {o H is equal 1o A, Then for each (complex valued) function f on @
with

flah) == A{h)f{a)

detf(a™"b) = =1 (Zx f(a)

a,bed’ yed nel

(a @G, he H),
we have

where T 4y a complete representative system of G by H and
conjugate of .

7 i8 the complew

3. Proof of Theorem. Lot § denote o primitive gth root of uniby.
= £,
where ¢ runs throngh a complete set of residues prime to ¢. Since By (x)
is a4 polynomial in @ with coetficients in @, it follows from (4) that Py (x) € Q

for all @ e @. Hence the equation (5) shows that Fk( )e 0(2) for all
. DY\« ab . ;
integers b and that (Fk (—q—)) = I, (—E«) To prove our theorem it suffices

b
o show that K, ( )) beT are Hoearly independent over Q.
q
Huppose that there exist ¢, e Q@ sueh that
\ b
>‘1 ("blﬂk ('ﬂ) = 0.
hel ’ :
Then applying the mappings o; (@ € T), we have

® | Zabr, (%)=0,

bsd’



@
344 ! T. Okada Im
where @ is defined by @a =1 (mod g). Now (8) together with (6) calls
for the application of onr lemma with
G: the group of reduced residuc classes mod g,

H=4{, -1},
A(—1) ~( )’°
A: the set of all even or odd Dlrmhlot eharacters mod ¢ according

as k iz even ov odd,

fb) = f’”(g)

T: the set occurring in owr theorem.

We obtain

(9) det 7, ( )
e e

o)

Here from {(2) and (7) we have for any y e 4

Y R WA
(Cﬂ)lf (““) = > (93‘.‘ j ( ) - (ZTT’A';)R L

uelf! it ll

From this and (8) we have

b Blg® \MOR 4
wnl) <o) [0
t bt i q (2 T‘”'
This together with (8} shows that ¢/, = () for all b &7, which completos
the proof of our theorem.

@, e

4. Corollaries. Let @, denote the gth cyelotowie polynomial.

CororrArY 1 (cf. Baker-Birch~Wirsing [3], Th. 1} If v s @ non-
vanishing arvithmetioal function with period ¢ such that (1) v 4s even or odd
according as & is cven or odd, (il) p(n) = 0 4f (n, g) > 1, (ili) D, is irreducible

over Qy(1), ..., p(q)), then
Z _w("g)_ #10.
7

w1

Proof, We Lave from (7), (2), and the conditions (i), (ii)

i1
% y ’)b Zri)® 1 X "
21 win) 3 w I ) \ ) I =
’Hx /u'q ‘) o i
el “‘ ~ee o= +

S (Em) 1 T b\ ‘
SI EZ{w(bm(g)W( na (=2

Dt I
. (m) Zq) ( )

el
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Woe see from the condition (iii) that the gth cyclotomie field Q(f)
ticld Q {w(1),

b
that 1!’,,,(3), beT, are lincarly independent over Q{p(1), s 9(Q)-

and the
y w{g)) are linearly disjoint over ), so our theorem implies

Hence

- b
S (22

q

. bed! .
as requived.
CoroLLARY 2 (cf. [3]; Cov. 1 to Th. 1). Let (¢, p(g)) =1 and let 4
be the seb of all even or odd Dirichlel characiers 1od g according as k is even
or odd. Then the wumbers Lk, v}, y € A are lnearly independent over (3.
Proof. This follows immediately from Corollary 1 on noting that

any
‘)U == mex

et

with rational e, fulfills the conditions of Corollary 1, since @, is irreduecible
over the e{g)-th eyclotomic number ficld and the matrix [y(a)](a e T,
y € 4) iy nongingular.

In conclusion the anthor would like to express his thanks to the referce
for higz kind advice regarding the improvement of this note.
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