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1. Introduction. Let p, denote the nth prime number, 4, = p,.—
As n — o, d,/log p, has mean value 1, and numerical cvndence is consnstent
with Cramér's conjecture [2}:

(1.1) d, < (1+o0(1)) log?p,,
the best bound known is
(1.2) dy < pii"**.

(We use ¢ to denote a positive number which may be chosen arbitrarily
small, but £ need not denote the same number in each formula. The symbol
<« denotes an inequality in which an unspecified positive constant, depending
only on e, times the right-hand side exceeds the modulus of the left-hand -
side.) The Riemann hypothesis implies

(1.3) d, < pl”?logp,.

Erdds suggested that the proportion of the interval [1, N] covered by long
gaps between consecutive prime numbers tended to zero as N — co. Wolke
[17] proved that

(1.4) ood, < N,

By <N
dy > N1/

with @ = 29/30. The exponent has been improved by Ivié¢ [10] to 6 = 23/25,
and by R. J. Cook [1] to 85/98-+¢. Related results have been given by -
Moreno [14], Warlimont [16], Heppner [6], Ivi¢ [10] and Heath-Brown

[5]. Yn this note we use more powerful zero-density theorems for {(s). Our

results depend on the ‘Lindeldf exponent’ ¢ for which

s L A-if) <€ o
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Lindeldf’s hypothesis requires that (1.5) be valid for every ¢ > . The exponent
in (1.4) can be taken as

(1.6) fl == §4-2 max (¢, 41/266) ¢,

The number 417266 == 0.1541 ... could be improved slightly, but not below
3/20 by our methods. Note that 41/266 is less than Kolesnik’s estimate

[12] ¢ = 173/1067 +¢ = 0.1621 .,. for the Lindelof exponent. Assuming the
Lindeld{ hypothesis we may, however, take

(L7) 0 = 34,

If we replace the condition d, > N'2 in (14) by
(1.8) d, > NH21e

for any &, > 0, we have (1.4) with

1 41 215
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and on the Lindel8f hypothesis
”.10) (J" = 5-«}-1;1,

where ¢, can be made arbitrarily small. Results can be oblained for longer
or shorter gaps. Thus if we sum over gaps for which

(L.11) d > N2,
we can (ake
0 = 3/4+¢e.

As in Ivi¢ [10] our methed fails for o, < N1/,

I would like to thank Cook, Heath~-Brown, lvié and Wolke for making
unpublished manuscripts available to me. Heath-Brown also has new bounds
for {{s) which may lead 10 new estimates for the exponent # of (1.4).

2. Wolke’s miethod. For simplicity we consider the range
(2'1) N -‘EE 17ﬂ < pnﬂlAl *-E 2N1

where N is sufficiently large. A vesult of the type (1.4) may be deduced by

letting N run through the powers of 2 and summing over the various ranges.
Let as ugual .

(2.2) : f(x) = ZI Z: log p.
_ a1 pprime

P
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Our starting point is the approximate formula ([15], Satz 4.5), valid for
N<£<x<2N and for T < N,

(2.3) l,b(x)=x—za-3§f+0(N;z )

where ! = log 2N, and the sum is over zeros g = f-+iy of [(s) in the
rectangle 0 < f < 1, y| € T. To discuss gaps with

24  dy = Pus—p = h= 20N
we let
(2.3) E{x) = ¥ (x+'5x)—t//(x)—5x = -3 x &(o)+O(NE/T),
@
where
‘ L+4
(2.6) ()= [ wtdu,
1
(2.7) ' [6() < 0.

By (t.2) d, < N??, 50 that for a > 3 there is at most one ath power between
p, and p,,,. The number of squares in an interval of length d contained in
the interval (2.1) is

(2.8) £ 14d/2N12,

80 that

(2.9) W (x4 8x)— 1 (x) € ExI/IZN Y2 o
when

(2.10) N € p, € x < x+0x < ppuy < 2N.

Hence if N is sufficiently large and if h > 8%,

(2.11) E(x) € —dx/2

on a subinterval of {p,, pu+.] of length at least d,/2. We now write
(212) E(x) = Ey ()4 E; (05 (9, |

where for some & to be chosen, Ey (x) is the sum over zeros ¢ = f+iy with
B < «, E5(x) over zeros with § > « and E;(x) is the error term in (2.5). If

(2.13) T = BNP/h
with some sufficiently large constant B, then
(2.14) |E4(x)] < ON/6 < dx/6

for N < x < 2N. To estimate E,(x) and E,(x} we write as usual N {o,T)

§ — Acta Arithmetica XXXVIOL {
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for the number of zeros of {(s) with g 2 o, | € T By dividing the interval
« < ¢ £ 1 into subintervals of width 1/, we find

{2.15) E, (%) < 25! {Pa}] N'N(e, T).
The known bounds for
(2.16)

where A(o) increases from o = 1/2 to ¢ = 3/4, then decreases for o > 3/4,
Also N(c, T) is zero for

N(o, T) can be thrown into the form
N(o, Ty € T,

D
T Og NN

where D is a constant. Hence if for some ¢ > 0

2.17) T2 0, =

(2.18) TN g N1-e
then
(2.19) (TAYNY " < 1/12]
for « € ¢ < 0,, and

(220 |E; (x)| = dN/6.
We tiow have
(2.21) - |E{ (x)] 2 6N/6

on a subinterval of [p,, p,,,] of length at least d,/2.
We now estimate

N

222 JIE () dx

144 1+6

= (ANpFCHL_ et +L

= d(g)é 1ot~k
Hil uilgﬂz Q) (Q +Q +1 ue vﬂ dudu
9 2 {JH} 1

€ Tore sl 5 21 23 2041

ZZ oo +1 < ZN <t o, N, TN,

where we have used the fact that

{2.23) NO, t+1)=N{O, 5 < !

for 0 € t < T The maximum in (2.22) need not occur at the end?oints of
the range 1/2 € ¢ € u.

3. Calculations. With h = N'/2 we may choose any o {for which A{x) < 2.
By Jutila [11] we have Afm) < 24¢ for o = 11/14. If ¢ is an exponent for
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which (1.5) holds, and ¢ 2 1/7, so that 1/2+2¢ = 11/14, then A(x) < 2 for
o > 1/242c. This was shown in formula (10.19) of [8] using Haneke’s esti-
mate [4], which gives ¢ = 6/37+& for any £ > 0. The later estimate of
Kolesnik [12] permits ¢ = 173/1067+¢, and we may sharpen (10.19) of [8] to

(31) ’ N(a, T) <& T8e(l~0)(2o~1) +2

for an interval of values of ¢ about the point 1/2+42¢. We must now compute
the maximum in (2.22). Since by (2.13)

(3.2) T = BN'2 2,
we wan! the maximum of
(3.3) (o) = 20+ A(o) (1 —a)2.

3/4 we use the classical bound of Ingham [9] with
Alo) = 3/(2—0)4e.

For 1/2< 0 ¥
(3.4

Since’ A(6) < 4 and A(g) is increasing, the maximum on this range is
9/5+4¢ at ¢ = 3/4. For 3/4 € ¢ < 11/14 we use the estimate

(3.5) A(0) = 33 —1)+¢

from [7], which can, however, be improved slightly by the methods of the
author and Jutila (see for example [8] and [11]). The maximum of f(c)
on this range is again at the right-hand end point, 481/266+¢ at o = 11/14.
As remarked above, we may take A(0) = 2+¢ for ¢ > 11/14. The best
estimates obtainable for A4 (c) form a continuous function of ¢, whilst those
we are quoting are discontinuous at 11/14. The maximum of f{o) for
13/14 £ ¢ < o is now l+4a+e at ¢ = «. Hence we have

(3.6)

§2N*® d=~=~ 2N _
n I |Ey (x}|2 dx < 8*N**¢ 3 max (N*, N215/266)’
N

36 ayanliz 2

Y/

the sum being ovet n for which (2.1) holds. Taking « == 1/2+2c‘+9, we
deduce (1.4) with the exponent @ given by (1.6),

If we. assume the Lindeldf hypothesis, after Turdn and Haldsz [3] we
may take a = 3/4+¢, and A(v) = 2+¢ for 1/2 € ¢ < «. The maximum of -
flo) for 12 € o € o is 1+a+e at o = a, which gives (1.7).

If we sharpen the condition d, > h by taking h = N'/2**1 in place of
h = N' we may take any « for which A(x) < 2-+&s, in particular,
o = 11/14, and, if the Lindeld{ hypothesis be assumed, even o = 1/2+¢,.
This gives the bounds (1.9) and (1.10). Finally with h = N7/'? we want
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CAe) < 12/5, and we can choose o = 3/4+¢. In place of (3.3) we want
the maximum of

(37 1) = 2045 A1 ~0)

on the range 1/2 < ¢ < « with A(o) given by (3.4), and this is 14y
at o = a. As before, this leads to 0 == a+¢, and the exponent (L12).

References

(11 R ) Cook, On the ovenrrence of Targe gaps between prime mimhers, Glasgow Math, J,,
: 20 (1979), pp. 43-48.
[2] M. Cramér, On the order of magnitude of the difference between damsecurive prime
numburs, Acta Arith. 2 (1937), pp. 23-46,
[31 G. Haldsz and P. Turin, On the distribution of the roots af Riemann zeta and ullied
Junetions I, J. Number Theory 1 (1969), pp. 121-137.
[4] W. Hancke, Verschirfiung der Abschiltzung von U +in), Acta Arvith, 8 (1963), pp.
357-430,
[5] D. R. Heath-Brown, Ph, D. thesis, Cambridge 1977,
(61 E. Heppner, Bemerknngen tiber Lucken awischen Primeahien, Arch, Math, 27 (19786),
pp. 492-4%4.
{7] M. N, Huxley, On the difference between conseentive primes, Inventiones Math. 15
(1972), pp. 164-170.
[8] ~ Large salues of Divicklor polynomials, Acta Arith, 24 {1973), pp. 329--346, corrigendum
ibid. 26 (1974), p. 444,
[9] A E Ingham, On the estimation of Nz, T). Quarterly J. Math. {Oxford), [1 (1940),
pp. 291--292, )
{101 A Ivi&, On sums-af large differences berween consveeutive primes, to be revised for
Math, Ann,
[113 M. Jutila, Zero-density estimutes Jor Lofunetions, Acta Arith. 32 {1976), pp. 55-02.
[12Z] G. A. Kolesnik, On the estimation of certain trigonometric sums, ibid. 25 (
pp. 7-30.
[13] H.L. Montgomery, Topics in multiplicative aumber theory, Lecture notes in Math, 227,
Springer-Verlag 1971,
[14] C. I Moreno, The average size of gaps between primes, Mathemalika 21 (1974),
Pp. 96--100,
[15] K. Prachar, Primzahlverteilung, Springer-Vorlng 1957,
[16] R. Warlimoat, Uber dis Hafigkeit grosser Differenzen konselutloon Primzahlen, Monit-
shefte Math, 83 (1977), pp, 3963,
[17] 1. Wolke, Grosse Differenzen awisehen au ehanderfolyenden. Primzahien, WMalh, Ann. 218
(1975}, pp. 269271, '

Reeeived on 27, 1, 1978 {1036)

Note added in proof by ihe editor. In the reviged version ol [107] (hat has aleady
appenred in Math, Ann, 241 (1979), pp. 19, Ivié proves (1.4) with 0 = 2[5/266+¢ and
announces the value § = 3/44+¢ due to Heath-Brown,

icm

“Les  volumes

‘Die Binde IV und
folgende sind zu be-
zichen dutch

. A Polona, Krakowskie Prrzedmicscie 7, 00-068 Warszawa

1T Volumes I-II are
sont 4 obienir chez _available at

Volumes from IV on
are available at

Les volumes IV et
suivants sont a obe
tenir chez

Tomer IV u cneny-
I0ILME MOXKHO TOJY-
YUTEL 4epes

Die Binde I-III sind

_ Tompr L1117 Mostio
. #u beziehen durch

NOJYHHTR Yepes

Johnson Reprint Corporation, 111 Fifth Ave., New York, N. Y.

BOOKS PUBLISHED BY THE POLISH ACADEMY OF SCIENCES
INSTITUTE OF MATHEMATICS

. 8. Banach, Osuvres, vol, I, 1967, 381 pp.; vol. I, 1979, 450 pp.

3. Mazurkiewicz, Travaux de topologie et ses applications, 1969, 380 pp.

By

- W. Sierpifiski, Qeuvres choisies, vol, I, 1974, 300 pp.; vol. 11, 1975, 780 pp;; val. Iil,

1976, 68% pp. o
J. P. Schauder, Ocuvres, 1978, 487 pp.
H. Steinhaus, Selected papers, in print.

Proceedings of the Symposium’ to honour Jerzy Neyman, 1977, 349 p.

MONOGRAFIE MATEMATYCZNE

27. K. Kuratowski { A. Mostowski, Teoria mnogodel, Ird ed., 1978, 470 pp.

41, H. Rasiowa and R. Sikorski, The mathematics of metamathematics, 3rd ed., revised,
1970, 520 pp. : ) ’

43. ). Szarski, Differential inequalities, 2nd ed., 1967, 236 PP

44, K. Borsuk, Theory of retracts, 1967, 251 j3J:8

45. K. Maurin, Methods of Hilbert spaces, 2nd ed, 1972, 552 pp.

47. D. Przeworska-Rolewicz and S. Rolewicz Equations in linear spaces, 1968, 380 pp.
30. K. Borauk, Multidimensional analytic geometry, 1969, 443 PP )

S1.R. 8ikorski, Advanced caloulus, Funetions of several variables; 1969, 460 pp.

52 W, §lebodzinski, Exterior forms and their applications, 1970, 427 pp.

53. M. Krzyzanski, Partial differential equations of second order'1, 1971, 562 pp.

54. M. Krzyzanski, Partial differential equations of second order I, 1971, 407 pp.

37. W. Narkiewicr, Elementary and analytic theory of algebraic -numbers, 1974, 630 pp.’
58. C. Bessaga and A, Petezyiiski, Selected topics in infinite-dimensional topology, 1973,
© 353 pp. ‘ .

59, K. Borsuk, Theory of shape, 1875, 379 pp.

60. R. Engelking, General topology, 1977, 626 pp.

6l J. Dugundji and A Granas, Fized-point theory, in print,

‘BANACH CENTER PUBLICATIONS
. Mathematicsl control theory, 1976, 166 pp.

Vol |
- Vol 2. Mathematical fundations of computer science, 1977, 2359 rp
- Yol 3 Mathematical models dnd numerical methods, 1978, 391 pp.
- Vol 4. Approximation theory, 1979, 314 pp. :
Vol. 5. Probubility theory, 1979, 289 pp.
- .Vol. & Mathematioal stalistics, in print,
Yol. 7. Discreie mathematics, in print.
Val. 8. Spectral theory, in print.
Vol 9, Universal algebra and applications, in print.



