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On the distribution of integers with a given mwmber of prime
faciors

by
G. Koruswik and B. G. STeRAUS* (Los Angeles, (alif.)

1. Notation. The letters 4, j, &, I, m, #, g with and without subseripts
denote natural numbers. The letter p with and without subseript denotes
2 prime. The letter ¢ stands for a fixed positive congbant, though not
necessarily the same eonstant when used in different eonbexts,

Let n = ppt... p; be the standard factorization of m. Then

oy (@) = I{sz-l- e R =k, n < g
mp{w) = I{%Ui =...=jpl =k n<g ”}‘r
or(®) = I{W’l t=Fkn< m} |9

¢ = o4-it, o, real,

Ps) = Zp_a:

gis) = P(s)—log

s§—1"'

g(s; 'm'rjla "'7jg) == g(s)mP(jls) ‘P(Jq‘g)ﬁ )

R . 1 R .
G (M3 F1g 0ary Jg) = _d'g_ﬂ“(‘s_"g(si My J1s -'-:.?.q})

Sewl

Ip(w} = loglog(®)
7o = {log (It -+ ) 7 (L (121 + 9) 77,

Coim = [ %7 (logty"dt = I'™(n+1),
0

An,m,.‘l = ( *l)m—j (?) Gn,m——:fi

@ i3 a real number = 10,

1
¢= 1 g

~* The tesearch of the second author was supported in part by NSF Grant No.-
MOCS 76-06988. . .
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by = f’o(lagm)slﬁzz(m)vslsa
N = feloge] —1,
T = exp (c (logsmflg(aﬁ))m),

R gtands for an error term with 2 bound of the form
mexp(mc (log*® 1, (» ))”5)

2. Introduction. L. G. Sathe [2] obtained asymptotic formulas for

o (@), m{z) and g (x} which ave wvalid for k < 1,(»). His expressions are
of the form '

k

m ; al, (2)*
(2.1) (k—1)1logw 2 oty (&) 0 ( k!{logx)? )’

7=0

where a; ave congbants independent of @. A. Selberg [3] gave a much
simpler proof of the same results.
In this paper we prove that the above funetions o, 7, ¢, can be

expressed in the form
N
Iogm 22 o logm

for all k=< %;, where the constants b, depend on the function but are
independent of o

In case & =1 the forrmnlas (2.2) are the known ones for = (). As
in the case k =1 the remainder term can be improved to O{a'*+)
under the assumption of the Riemann Hypothesis. If & iz small compared
to l,(w) then the leading term in (2.2) is al,(#)*~*/((k 1) !loga) as in (2.1).
If % ig large compared. to I,(x) this is no longer the ease, but the remainder
term remaing small compared to the principal term.

(2.2)

3. Lemumas, We need the following Lemma 3.12 of [4], p. 83

3.1, Lmvma. Let f(s) = 3 a,n"° converge absolutdly for o> 1 and
=1

lot |a,] <X @(n) where D(n) is o positive nondecreasing funetion. Assume
that there exists an a>> 0 such that f(o) < (0—1)"" for o>1. Then
for svery a > 1 we havs

-

(3.2) Ea ff)——uds-:—o( Y o)+ D2 o)

= I(a—1)

For our applications we may restrict attention to the cage where
0<a,<1 and where ¢, T are the values of Section 1. In these cases we
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have
- a+4T
1
(3.3) E . f £ s)——d3+R
2w

N

34. LEMMA. Let Q be a region in the strip 1242 < o<1 which
contains no zeros of [{s). Then g(s) == P(s)—log(L/s—1) i3 analytic in 0.
If 2 lies in a region o > 1—cr, then g{s) < log([t|+9) in Q.

Proof. We have

1 i1 o 1
log{{s v - el .
gi{s) 2 pE = mi — P (ms)
Thus
o 1
Pls) — - ‘
(8) = log£(s) ;T = P (1as)
and
o 1
3.5 = log({(s -1 _
{3.5) g(s) = log((s ~1}&(s)) — Et p” P (ms)

where the first fonction on the right is analytic in any region in which
£(s) # 0 and the second funetion is analytic for o> 1/2. This proves the
first part of the lemma. To prove the second part we note first that

(3.6) Z—P('ms) E 2 mmw) €1, seq.

=2 M=2

In order to estimate log((s —1)¢(s)} in 2 we need the facts (see (11.7),
P. 87 of [17) that {(s) 3= 0if 6 > 1 —¢r; where ¢ is some absolute constant
and that

{3.7) L(s) < (log(it|+9)* foxr o=1—2er,.
Also, it g, =1+ (¢/3)r,, 5, = 0,+it then

[Tbee o T rihee - 22 i
l‘l‘Pﬁ% {{o,)

n
Finally we need the estimate
x4

{3.9) r? (8o}

CRINISENIES

o0

A(n)y 00cl{m) ~ (e 1 .
<) (G)zlf‘f’ —of XD e e

7“0 a0 @ Gy —
1

=1

We now wish to apply Lemma y from [4], p. 50.
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LmnarA y. Let f(s) be analytic in |s—8,| < v and satisfy
Fiflsl <6, M>1  in fs—sy) < r.

If 1 (8a) [ f (80}l << M v amd f(8) # G in the domain o > o—2r, 8 —gt <

where 0 < v’ < 3]4 then '

[f’(S)
f(s)

We set f(8) = £(s), r = 2er,, ' = #[5. Then by (3.7}, (3.8) and (3.9)
we can choose M <€ I,({t|4-9) and obtain

M
< "“;‘— fOT

[s—8y| <o,

1

(3.10) -%- (s)

=1 G'r
o — 7.
15 ¢

< (K| +9)  for
Integrating (3.10) we get
[log Z(s)—log£(so)| < {3—solry " Ta(Jt]+9) < L(Jt]+9)
and hence, using (3.8), we have
(811)  |log{(s—1)¢(9)| < llog(s —1)] +|log & (so)l [+ Lo 18]+ 9)
' < log (|t +9).

The lagt part of the lemma now follows if we subshitute {3.6) and (3.11}
in (3.5). m

332, Lovwa. Zef 0 < a< 1. Then

1 m
1 \" » .
(3.1%) f(log 1_3) (1—s)2°ds — WZAnmjlz(w)J-{-Snm
= 7m0

[

whers

(3'14) Anmj = ( ”1)”1"3. (’;‘b) Cn,mﬂi
and '

ma
3.15 om-+1 1 3
( ) !Sﬂ,vm{ < IOg{E 2("”)

Proof. Make the substitution 1-s == zfloga to get

1
1 m
(8.16) f(logl S) (L —s)"x*ds

@ {1—a)log = 1 m
_—_— o e, —T
(loga)™+! {log . "Hz(m)) e dv

(1—a)log

@ m o .
~ (loga) 2 L@y (=1 (T) (logz)™~izte"dr.
i . _
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Now write

{1-—-allogz

811 [ (ogry" r"e
1]

o0 [
= [ (logz)" Itz — (logz)™ v "dr = €, oy — Ty eye

Q {(l—a)logx

I we infegrate by parts we get

(8.18) I,y = (log 7)™z~ *dz

(1—a)log=
= —g 7" (IOgT)m_‘jl Fla— a)logx + W’In— 1,m—j + (w"’ _".?) In—l,m—j’—l
= "' (1 — a)"(loga)" {log (1. — a) + Ty (@)~ +
+ ﬂln~1,m~—j + ('m’ —J) In»—l.m—j—l .

Now
~ 1
319) I, i, ;= T Hlogr)" ey <« ———— 1, . .
( ) 1, ] (e dhog (1 - a)logm ym—7
and
1
(3'20) In—l,m—j—l <

(1—' CE)].OgCU (IOg (1 — CC) +lz(ﬂ9)) In,m—j.

Thus, if #» <1/4(1—a)loge and m < 1/4(1— a)logw(log(l —a)+1(#), it
follows that nl,_; ,;+ M-~ ;< £ ey and (3.18) yields

(3.21) Ly ey < 22°7 (1 — a)*logo)™{log (1 — a) + Ty (2)) "
<< 22° M (loga) iy ()™,

Substituting (3.17) in (3.16) we get

(3.22) f (log 118)7”(1 s

a

o= aag—zw j {—1yn-7 (";‘) (Crumeg — Lo} b (@Y

~ Uogaytt

where, using (3.21), we have

a

log =

Sl < @%ﬁ Zw“‘l(logm)”z (?‘) 1, ()1, ()] = gm+! Ta{m)™.
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3.23. Lumma. et f(s) be maiytéo n the closure of the domain @ whieh and therefore
is bounded by the avcs [y, Iy, Iy, I'y, where ¢ < a <1 —cry and
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)k— (log 2z +m‘)k] v¥(e) do -
1l—vo o

18

Fy= {8 =atit] —T<t<T}, N m [(

- . k sed? i
y={=04+iT| 1—-erp < o< a}, (10g ) ot 1{;1:{-;:6 )se“"dﬂ—l-
’ &
Iy ={s = o(t)+it] o(t) = win {l —on, a3, -~ T <1< T},
o’f (8)
:{3=u~ifl’| l—orn =< o< al. +0( Zf( ) — =)
]mr' -
Assume that |f(8)| << M in the closure of & ond let If we let e—0 then the second integral tends to 0 like e(logl/e)* and we
geb
F(s)|™ . . . k2 ! A
(__8_. L Ty m =0,1,...,N; (3.25) I — Z(2l+1) (i) f(log ) » f(a) P
. i=d
(N+1)
{(,f_(i)_) Ly, for a<s<gl. ( Zf a*f () ds)
$ S s )
Then . .
We first estimate the error term in (3.25)
1 1V #f(s) 2 N, L™ 1 \kafls)
{3.24 = —0 | llog —— a8 = B, ——
B2) Teon f( o8 s~1) PR T :’q 21 n Goga T (3.26) Pf(log sml) p ds‘
el = 2
#° T (log (1 jo —1 + 4TV (o + 41
+ 0 (MR—I— loga Z 20y () + =) + < o+iT ’
J]Im“(logT)
o &4 A g ————(a—140cr)< HE.
. T4 (2))* max (Cyiim = ¢
e (e e T O T
Similarly
whers s
. o (3.27) f (Iog = ) 3{@ dsl < MR.
_ 2 % N1 1ol Iy
Bmﬂ. - (_l) —‘T’LTZ (2z+1)( 1) An fo—2l—1, 000 ¢ Also
. I=10 s
. o , _ . . (3.28) f log —— | 2 4
Proof. The integrand in I is analytic and single valued in the domain # s§—1 §
9’ obtained from @ by deleting a civcular disk [s —1] < ¢, 8 < min {l —a, : P ety
2¢—1} and & branch-eut ¢ < s < 1—e We normalize log(1/s—1) so that < i f & |10g (a{t)—l—}—it) ‘kdt
log(1Ja—1) > 0. Then arg(l/s —1) = —= onthe upper edge and arg (1L /s —1) i l—oB)+i

= r on the loewer edge of the cut. Now

< ~Jf1 ' (log TV < MR.

k .8 k
f(log ) CI) a4y — o
a1 s§—1 s - Thus the error term in (3.25) is of the form MER.
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Now the principal term in (3.25) is
kf2

039 ) ot S g ™ s
! #=0 «

={

Uy,
W as] 1y e VLT )
+6 1)1 !(logl_u) (1 oy '0%do}

where |8} 1. Now, by Lemma 3.12

Tef2

1 & 19 A;(_l)na’”
(3.30) 12-‘(2”1)(“1) . (%“}'

wa {)

1 1 \b-E-t
af(loglmc) (1 —oY2°do -

1
4t 1y Nela )
—— 1— der k.
+6 (¥ 41! !(Iogl—a) (t =)o)

| k(2 N (~1) a: E—2l—1
k — ’
- 2(2“‘1)(_1)%212 ! : (logay»+* Z Anp-si-silo(@) + B,
I=af) =0 J=0
where the error term satisfies, according to (3.15) and (3.16),
/o N I, | "
k 2 nl or—si-1 k—21—1
(331) B <2(23+1)n (Z—%I A
=0 =4
" E—a3l—1 b2l 1
o ) 3 P
+ (N+1)! (10g.‘1&')N+2 - 7 ! N+1LE—=2l—5—1 2( )
< a (21 (;[7) + TE)IC M + & — (IE (.’,E) +1 + n)k__amf\_'__ 5
logaw © ° Lt ! (fog z)¥+2 (¥ +41)!
X max Oy iyl
osim<k

Substituting (3.30) and (3.31) in (3.25) we get (3.24).
3.32. DerivitioN. Given a finite or infinite set of variabies By, Dy e
then we define the symmetric formal power series

7

g 4, "
Cyalosen sl mil$i3 cee Ty

where the sum is extended over all I-tuples 4, ..., i; of distinet indices.

Note that if some of the exponents a,, ..., ¢ are equal then each monomial.

occurs several times in §,
We therefore define

ar”

1

Olay, agyoenytty)) = —no
(81) @y .., &) - my iyt ...,
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when the set {a;,..., &} consists of j distinet elements oocurring with
frequencies my, my, ..., m; respectively, and

S:p----az =0(ay, ..., )8

al,...,az

28 the symmetrization of the monomial xf‘rf' szz
3.33. Lexnra. We have

(3.34) Sy, g

1 ( __1)m+E y
- 2 m! L
m=1 Fpbas i =1

D)o =101 D 88, Sy,

where the last sum is over all partitions of the set {a, ..., a;} into m sets
With Jiy <.y Jr elements vespectively and Ayyoii, A, are the sums of the
slemenls in those seols.

Proof. By induction on 7 The lemma is obvious for i = 1, Now assume
the lemma true for [ — 1. We clearly have

'Sa,ESal,...,al_l = Sal,...,al_l,ai_l_Sul+a1,a2,...,ag_1 e Sul,...,a.zqz.a.;__l,,_a;
and hence

o . 7 — — r—
(330) Sal,...,a; - "SalSal,...,al_l Su:l«}«ag,az,...,al_l e Salaﬁg_z:al_1+ﬂz‘

Using the induetion hypothesis on the right side of (3.30) we get all the

terms in (3.34) in which one of the factors & 4, 18 84, from the first term

on the right of (3.35) while each term with a factor § 4, here 4, —aq, + ...
- Ty ey ocemxt in exactly j of the latter terms in (3.35). Hence _

(3.36) &,

v lly
-1 .

(_1)?n—rZA1 . i

- S‘HZ“T Gi—1)! ... (3,,1—1)12841... 8, —

m=1 : FyFee g =I—1
I

(w1)1:z+l—1 . .

S il (=D x

=1 Iyt iy =11
x 2 (le_il~l-a,;SA2 re SAm_}- vee +]7n‘sr41 ree SAm_ISA+a;)

where A, ..., 4,, refer to sums of partitions of {61y ooy 4}

Reordering the terms on the right of (3.36) we get (3.34) where the
terms in the first sum are 8 a8 84 with A,,,, = a; while the
terms in the second sum are § g oo By SraSa, 4100 84, yielding all
Partitions of {a,, ..., a;}.
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We write, using 1 <oy ... < o

(3.37) Sap.m

i

_ Z D (g, eoey g5 Ayyoeny A8 o
=l A+t dp=a1+. oty
aysidy <., Q.d[m
where
(8.38) D@y vy 3 Asy-ery Ap)
= C(agy ooy @) (=1 DG =1

The swm being extended over all pza,rtitions of {a,, ..
..., where the sum of the elements of & is 4; (¢ =1,.
iz the cardinality of &7

From now on we are interested in the case m;
and define

8,

., &} into setgsfy, ..

(jm _1) L

=:’p’:3; ’5:1,27 one

(3'39) Pﬂl ..... ﬂ.z('g) - Sz]_, @y
1.
= 2 D(tgy ey g5 Asy ey Ay)P(A15) .. PAy8)
S O PR I :
apsd <., Sl
gince P,(8) = Flas).
3.40. CoroLLARY. We have
— An)— . (n—1
falsy = RO _p )
Vi) [
n=1 E
k A
1 —1ymth ) C | A ) _
=— - IV P
— D 2 DUt s P Plias)
m=1 1t tim=5k
j (—1ymt* 3 Pjss) oo Pfus)
- Tm! T
m=1 s e tip=t Ja Ju
or, if we wrile D(L, ..., 1371, ooy Jn) = Dyldas ooy Gin)y then
k
(341) L) = D) Dyors - Fu) P (5:8) oo P(Gins),
m=1 1€i <. Kl
Jien tip=k
Dyl ooy ) = (=1 e
e jl"'.?-m

-

.., m) and j;

icm
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3.42, CorOLLARY. We Lave

o1 o, (%) — o {n—1)

fols) = = = DBy o)

n=1

where the last sum is extended over all partitions of k into positive integers
@yt oy (0L <K ag)

Tkus, by (3.37’) {(3.38) we have

(843) Ju(s) = D) D D(ay, ooy 5 Ay, oy A P(As) ... P(A,5)
a A

= D B4y, oy 4,)P(4y5) ... P(d,5)
A

where the last sum is over all partitions 4, + ..

of k and
1 ---yAm) :Z!D(au .
1]
where the sum 48 over all G+ 4 =L {(I1<a

m 1 e K fy) which agre
sums of partitions of A, d,, ..., 4,.

3.45. CoroLLARY. We have

2 A Qk(”*l) _
== ZZD (@, ..

N +-A-m (1 \<., -A], Q_‘ san “<-. Am)'

(3.44) AlA

85 Ay 4,)

3 -

1 R AR = A

ity ..,uk(s)

, Gy A AP (4,8} ... P(4,g)
= ZF(AU ey A P(As) . P ()
'Z.?h;ﬂ"& the last sum is extended over all m-tuples 1 < A, ... €4, 1<<m<k
H
(3.46) Fldy oy dy) = D D(ay, ... a5 Ay, .00y 4,)
a

where the sum is over all i+ o o= A4 ...
which are sums of portitions of A4,, A,, R T

347, Levma. For each k < ky we have

p)

€<y,
bt =Fk
l<meslk

+d, I<a<...

(3.48)

ka(jl:: '-':jm)i < ]/Es
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{3.49) D B4y, ., 4] < VT,
4‘!1+-<-+Am=k
1)y
(8.50) \F(Ay, .00y A0 < VT
Aptotdy<d
1<m=k
1€ <L Sy

Proof. From (3.41) we get

. 1
E]Dic(h: vy dmdl = 2j1---jm <

kg1

< Z (log #e,)™

me=1

%

(250

m=1 ' =1
< (log g << exp (kols () < VT

which proves (3.48). From (3.44) we get
MIB Ay, oy A) < Bmax B4y, ..., )i

[ DHagy oy .'II'Am)i

= kmax a3 Ay, -

4 gyt ta=k
l=ay<. <y
1l<k

< KB < Icf,k” < oxp (3kologhy) < VT
which proves (3.49). From (3.50) we get

SIPy, ey 4 00 Al
Dy, .ens

m)j < -*lkmlx ‘f(
< ﬁkm&x! Z

ayt-.- +ak£41
1o S0y

Ay Ayy ey dy)

< ATARE] < AP0 < VT. =
4., Theorems
4.1, TaporEM. For & < k, we have
N k-1
)mﬁgzzbmn( ) 0&‘)”
where
o1
‘—1 . . - -
bnm(nk,) =ZZ(;) Z Dk(15"‘?11315"'7Ju)an(Qf;l;JIJ"'}Ju)
=1 g=0 Fybne Hig=E—i H

lajis. iy )
o2
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and
—1y G2
BooAg; e s J) = 7l @, (1— =451y - ?.71.L)Z(A}I+1) “1)‘75‘41,; - =T,m

Proof. We first note that all three functions JarFor f, satisfy the
conditions for f(s) in Lemma 3.1 since |m(n ) —my(n—1)| < 1, |oy(0) —
—on=1)I<1 and |g(m)—g(r—1) <1 and |f.(s)<|2(o)], If(s)]
<), ()< 1E(o)l and 12(a)i < 1j(oc—1) for o> 1.

Thug, by (3.3) we have

a+iT 5
4,2 7 &Y = — -f?—- S
{4.2) (@) = o A Jals)—ds+ R,
By (3.41) this yields
1i a+iT 3

43) mlo) =5 D) Dl endd [ PGs).. Pl L ds R,

iy a—1T §

1 deeHiy=k

For those terms on the right of (4.3) with J1 2= 2 we have

a+iT ms
(4.4) Jfl’(jls).. P(j) s
a--q
a—jT 34T atil 3
=l{- [ + )P' o Pl -
(= [+ [+ [)e6s.. 2602

3/4—iT  3/A—iT afAt i

ma
<5+ #*log T,

ginee (P(js)] < 3 1/p° < P(3/2) <logl(3/2) <1 when o>
Thug the eontribution of thege terms is bomnnded by

34, j=

20104l ( -+ oon) < VE (47 +log) < &

by (3.48).
Thus (4.3) beeomes

[1
) 1 & . :
*5)  mo) = o— > g CDu(Ly ey 1, Gy, ey 5 X

S N i S ]
1<j]£;o||€ju
rz-{-_ﬂ" s :
I . E) $‘
X [ P($P(js) .. Pjs) —do + B
fmdT

13 — seta Arithmetlea XXEVIT
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We now apply Lemuma 3.4 to oblain

(4.6) L1, ) du)
a-+iT!

1 vyt ¥
=5 | PPl .. Pl s
a—1T
1 1 ! @
- log ——— 15) oes P(4,8) —
) (s +g<s)) P(js) . PGs) 2 s
I a+iT
1 <1y 147 . . &
“’E%(q)a;&’ (10313—:__1') g(saz""%.?la---sju)Tds-

Now for ¢> 1 —or,, where ¢ is the constant of Lemma 3.4 choser
small enough go that er, < 1/8 we have

g(83T—a;515 -y Tl < (calOg(IH -+ 9)7 < [0, Jog (T + 9)) ==

where o, is & eonstant such that |log (8 —1)£(s)) | < edog(jt] +9). Applying
Lemma 3.23 to the right of (4.6) with f(s) replaced by g(s; a5 41, ..., Ju
we have

(45'7) Il(jl? ey .?u)

i N k-1

Z()IOngZ]Bnm USRI ITRETIN N (logw)"_

g= n={ =0

where

(£8)  Bou(g;1551 -y Jud)

a, (1 — . )
—_ (_1)n ( Q3 .71: !Ju Z (2%-{_1) inz‘i-A-n,g-zi—l,m

fol)

and

v
& e (b5 915 005 Gl

4.9 H <R 2 21 e

(4.9) < +lﬂgwn0 ! ( a(fv)—l-'rc)

& IaN+1(z'_Q§j17 '--1ju)| ¢
+ (]_ng)N'i-Z (N+1)! ) (la(m)‘{—W"H-) 012?1(3;! |ON+1,€|-

By Oauchy’s estimate with o > 7/8 and ¥, = max [tog ((s —1)¢(s)}| we

la—11<<2M4
have

(410) [0, (B—g; 0y ooy S < MEWISY,  mo=0,1, ..., N41,

On the distribufion of integers 195
and
" .
e N 414 w)!
(@10) (Oynd = g0 <ZETFOL gy
N+1

Smce we are interested in the case i< g<k < N we may pick ¥ = ¢
in {4.11) to get

N4+ Wil
(012) [0yl < SN

QN \i+ifs
(N—I—l) ( . ) < (N +1)1 N7,
Bubstituting {4.10) and (4.12) in (4.9) we get

N+1

2 7
i n -g I !
F <R+ log Z (Q) ,4.? 8" HM1(1 ~ a)® (2, (%) + )7+

=0 n=g

H
& 1 .
* WZ (q) 8" MLl (2) + m+ 1A 1)1

E—U

—a) Z (é) M2 (3l () 4 )14

n= g=0

i

+gog,,‘f—)m8”<zv+1)!2(;) M [t @)+ m 1)
a=0

B
< B+ a7 log

Toag (Mt (@) +m)
ﬁ?‘msN(N )My + N (s (2) + w41

Binee N = [eloga]—1, 1 < ky = e(logm)l,(z)"% we get, after
choosing a = 7/84+1/logw

(4.13) B < R+mu-'rs+m1+clng8+clogc+clz(x)—clz(m)+a(1) < R_|_m1—l/100 < R,

if ¢ i chosen as a sufficiently small constant.
We now substitute (4.7) and (4.13) in (4.5) to get

k
W14 m@) = D' D Dylly sy Lidiy s i Ty eoer ) R
I=1 gyt o=kl i

2€fl< g]‘u

Iogm 22() .Z DLy ooy 1y g0y oy )

=l g=0 Sy ikl
LI Sy
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N k-1 l ( )m
. &
ZZBHM Q! ’.71:1 . -79u)(—}j.:')”g'zu—)7l+E
n=0 M=

N k-1

o (@)™
logw Zz 10;) o

n=0 m=

)
1 1 T 1
{4.15) — ( ) ——
| RRaCTN o 7R el
Jia
k [1} k
1 1 e
. 1 ol
=3 2(1)(23- |
g=1 I=1 J=2
<R lﬂgk:)gz <LkR < R,
Note that
1 1
bo,p-1(p) = I ao(0) % Cpy = m:
By p—a () = = {(—Cu+2—g(1))
1
’(“k‘—g)—*( Y2 +EP2)4HEP(3)+ ..) = elb—1}Bg 41-

Thus, if % » I,(») then the firgt term is not the leading term. However,
it k <k, then we have

E..

%
n(Va) > kVa
logu

and

k
n o :'z(l/:g)—"k k }/m ‘ i e
) > | (i/w))>(_?_) > gs ) > ogar ™

> mexp(—c(log“w/lg(w)“)) > B.

Bo the principal term exceeds the error term in this case.
4.16. THEOREM. For k< k, we have

S <l
o(@) = +R

ﬂ‘m.

lgm

=0
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where
bnm(“k)
k I ! ;
=)D Bl LA ADBun(i L Ay ey ).
I=1 g=0 Ayt =k—g I

sy, =y

Proof. Ag in the proof of Theorem 4.1 we hawve, using (3.43),
a-+il

1
{(£17)  aplw) = i a_fT f,,(S)—ds+R
1 a4iT "
“5m D By 4) [ Pldw) . P(A)d+E.
Ayt tdy=k air
14y <5 Sy

Ag in the proof of Theorvem 4.1, using (3.49), we can include the contbri-
butbion of ali terms on the right of (4.17) with 1 < 4, in the error term R.
Thus

(418) o,(@) =

P
k a+ﬂ:‘T 7
XZ Z B(ly...,1, 41, ..., 4,) J P(sP(4)... P(Ay5)—
121 Ayt hody=i—g i asir

2{&1%..-3\:—4“
£ Au)II('Ali Lrey Au)'I"R'

By (4.7) we have

)lfA'l}"')

i
(419} o) ngZZL’ 4,) é’(;) X
N k-1 Zg(m)m I
X ZzBm(q;hAu---,Au)(hg—m)n‘ aa

n=t m="=0

The proof that F < R proceeds exactly as (4.9) using the estimate (3.492). m

The comments made after the proof of Theorem 4.1, that the leading

term By ;. (c,) ol ()" loge dominates if & is small compared to I.(®)

and that the principal term exceeds the error term for % < k) remain
valid for Theorem 4.16.

4,20, TerporEM. For k< &y wo have

N k-1 I ("
log ZZ bum () (log =)™

gr{z) =
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where
mn Qk) = 22( )
i=1 g=0
x Z By oy 1y Ay oy A) By (0515 4y, .00y 4y).

2 G Sy {
I+4;+otdy<logaflog?

Proof. As in the proef of Theorem 4.1 we have

a-+id
1 i
491 - f Sl -
W) ats =5 [ LT+
1 a+id ms
== F(dy .y A) fP(Als)...P(Aus)———ds—f—R.
LA <y a=ip §

Note that the sum in (4.21) is infinite. However, all integers n = pi'...

p,, < o sabisly a,+ ... ta, < logaflog2. Thus (4.21) remains valid if
we Testrict the summatlon on the right of (4.21) to 4,4+ ... 4,
< logaflog2. If we substitute this bound in (8.50) we get

ogw

(4.22) P4y, ...

)i<( )1/T<T“W

At tdy<loga/logs

lgu<k
1€ Sy,

Using (4.22) we can include the contributions of all terms on the
right of {4.21) with 1 < 4; in the error term RE. Thus

(£.23)  o(2)

&
.
xz P, .1, Ay eeny AYE{A,, ., A)+R
i=1 EL: LA i
T+dy bt d, <loga/log2
]
W1/
logm ZZF(I Slth "A“)% (Q) *
N k-1 l(a})
% D) D Banlti by sy ey ) 20
n=0 me=l ( ogm)

where B < B, using (4.22). m
The remarks concerning leading and prineipal terms arve again valid
for Theorem 4.20. .
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