icm

" ACTA ARITHMETICA

XXXV (1979)

A note on a formula of van der Pol
by

d. VAN DE LoNe {Amsterdam)

9, Introduction. In [4] van der Pol stated that
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Replacing & by aﬂt, it follows from (1) that
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showing that the evidently periodic function in the left-hand side of (2)
is actually a constant function.

After thig observation it geemg natural to ask for all positive eon-
stants a and p such that the periodic funetion f,,;: B—+~R defined by
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(3) Fap(t) = Z L (teR),
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is actually constant as a function of .
In Section 1 we pregent an elementary proof of {1) and make a remark
on the functional equation for the zeta-funetion of Riemann.
In Section 2, using some theorems of Bolr, Landau and Putnam
concerning the non-trivial zerog of Riemann’s zeta-funetion, we prove

the main result of this note, namely that f, , is constant if and only if

« = f§ = (log2)/k for some fixed positive integer k.

1. Elementary proof of van der Pol’s idemiity and a remark em the
functional equation for £(s). Because of the identity
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Differentiating both sides of (3) we obtain
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or, equivalently,
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Letting #-+c0 we find
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Tn a similar manner one may derive
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from the identitv _
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Combining (8) and (9) it follows that
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whieh is equivalent to (1). . _
Remark. Formula (8), which may serve to make the well-known
formula {ef. [3], p. 23)

12) - I(s)¢(s) —_=f (;z—i—l —i«) #lde (0 < Bes< 1)

almost frivial, may also be proved ag follows. From .
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and from thig, using Euler’s formulas for sinz and eos 2, 1t i3 easily seen
that {8) holds.
Tt is well known that (12) may be used to prove the functional equation
for {(s), by observing that the function
1 1
f (ﬂ'}) = anf o - —
&1 VY 2=x
ig gelf-reciprocal for sine fransforms, i,

£t V ff('n sintrde.

This well known faet, often proved by means of complex integration
methods, may be proved in an clementary way as follows:
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which is crucial in {14) may be cbtained divectly from (13) as is shown
by Euler and Schriter ([1], pp. 204-207). Putting things together we see,
following Titchmarsh ([3], p. 23), that the functional equation for {(s)
may be based almost entirely upon (13).

2. Foumier analytical approach to van der Pol’s identitf. Tn the

previous section it turned out that the periodie funection
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.18 actually constant.
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The question arizes whether there are any other geries of a similar fype
with & constant sum.

In this note we will only consider this question for the functions
f = f.p defined by (3). It is easily seen fhat the functions f, ; are well
defined on R, ave periodic with period 1 and may be represented on R
by their Fourier series.

Before earrying out any Fourier analysis on the functioné fup we
will show direetly that there are indeed some constant funetions f, ,
different from the ease a = § = log2.

PrROPOSITION. If f, 5 48 constant, then the functions @,z R C
(k =1,2,3,...), defined by :

Rl a4t

Al 3
qqk,a,{:‘('i) = 2 cn #

Py J;{nﬂ)
[

(teR),

+1
where
tpeC and ¢, =0, foralmelZ,
are also constant.
Proof.
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COROLLARY. If a=pj
i8 constant.

We now observe that f, ; is eonstant if and only if all Fourier co-
efficients :

= lcig2/k. Jor some posiiive integer % then f, 4
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are simultaneously equal to zero.
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These Fourier coelficients may he computed as follows:
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' o
where & = —ﬁ— -4~
Hence, in order fo have that f, . is constant we must have

a v
(§ = — + i3 98 ZN{0}),

f
since the [-function has no zeres at all. This may be rephrased by saying
that f, 5 16 congtant if and only if the set of zeros of (1 —2'°)¢(s) contains

211:3[
a subset of the fDll‘ﬂ 1—_ S+ —

ﬁ lnEZ\(O}. .
Since the zeros of (L—2""%)5(s) come in conjugate pairs we may just

a8 well say that f, ; is constant if and only if the set of zeros of (1 e 218) 5
2 lm '
ﬂ j =1 ’

(1—23"7%)¢(s) = 0

. . o . a
» {{8) contains an arithmetical progression {E +a Denoting 73;

by ¢ we consider the following five cases.
Case 1. o> 1. Sinee £(s) 70 and 1—2""° £ 0 for Res> 1 it is
clear that f, , cenmot be a constant funetion.

Case 2. ¢ =1. Since {(s) = 0 for Res =1 and 1—2""" =0 only
u'T?[b

at the points s = 1 —i—

5 re £, it is easﬂy peen that f, , is & constant

log2

function only if (¢ =) = % for some positive integer &.

Oase 3. $< o< 1. Bince 1—2"* =0 for Res <1 and since the
number of zeros of £(s) on the line Res = ¢ having ordinates (in absolute
value) not exceeding T > 0, is o{T) ([3], p- 202, Theorem 9.19(A)}, we
may conclude that the set of non-trivial zeros of {(s) st the right of the
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critical Jine Res = § does #nof contain an arithmetical progression. I
follows that fu ;-8 not constant.

Case 4. ¢ = %. In this case we invoke & theorein of ]?utnmm [2]
saying that the seb of zeros of {(s) on the critical line Res = % does not
contain an arithmetical progression. It follows that also in this ease f,
connot be constant, :

Case 5. 0 < ¢ < }. Becanse of the funetional cqusbtmn for £{s) thig
case may be rednced to Case 3.

Summarizing, we have the following

TEHEOREM. If a and § are positive consiants and f, 2 R—R is defined

log2

by (3) then [, is @ consiant funclion only in case ¢ = fi = , where k

8 any positive integer.
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Let p(n) denote Euler’s totient function and V{n) the number of
distinet prime factors of ». In this paper, we shall study the quantity
V((ﬂ, qo(n))) which arises naturally in group theory. For example, letfing
G(n) denote the number of non-isomorphie groups of order #, we have
by a classical result of Burnside that G(n) = 1 if and only if V(n, p(n))=0
(ie. (n, p(n)) =1). Brdos [1] showed that the number ¥, (z) of n<
satisfying the latber eondition is

1) Fyla) = [14+o(1))ae™" floge
where v is FEuler’s constant and we write log,x =log®s, log,n =

log(loga_lm)g‘. More generally, we ¢an define Fy (%) to be the number of # < 2
for which G{n) = k. The authors [2] have shown that for each %,

F(2) <€ x/log.
The proof depended cssentially on a weak form of the following result
stated by Brdss in [1]: for each &> 0, the number of n < o that Inil
to satisfy
(14 &)log,n
is o(@). (A proof of this was supplied by the authors in [2].)
Tt is an intercsting number-theoretic problem to estimate the number

A, (@) of n< e for which Vv, p(n)) = k Our main result here Is the
following theorem.

(L —g)logen < Vin, p(n) <

TaworeM. For each k=0, we have
(L-+o(L))me”" (logm)*
) _ _ Apl@) = Elogga ’

The proof will require several lemmas and intermediate results, The
first two lemmas are due to Erdds [1].
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