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On the class numbers of certain quadratic extensions
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J. B, FrmprAnoer (Princeton, N. J.)

1. Recently Armitage [1] has given an example of an algebraic
number fleld K whose Dedekind zeta function f-(s) possesses a zero af
§ = 4. Serre [3] hax given another such example, ‘obtained from
Q(V5, Vil), by adjoining @ where & = (5 +V5)(41--V205). We note in
partienlar that this field is fotally real.

These examples provide motivation for the following resulis.

Turowss, Let K be an algebraic number field of degree n for which
Lxl(d) == 0. Let ' be o quadratic extension of K heving diseriminaent d and
Dederind zeta funetion Cp(s) == Ee(s)Dis, y). Let & > 0 be arbitrary. Then,

L1, %) > erld| 7 (log (@), _
where ¢ (as oll fubure o) dencles a posilive compulable constant depending
(ot most) on e and K.

Conorrary. dssume in addition that K is totolly veal and that F is
a totally imaginery quedratic extension of K. Then, if I denoles the class

number of I,

h > 6, (log [d)*~*.
2, We shall have need of the following facts:
TUndeyr the assamptions of the theorem we have: :
(A) L(s, x), being an abelian L-series, is an entire function.
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Iexe a denotes an. integral ideal and Nya denotes its norm (over Q).
{0y For fixed o, with } = o >0,
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whers ¢, is dependent on o. (Ses [2], Theoren 4.)
Under the additional assumptions of the corollary,
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(D) b > e L1, z) |é.
(See [4], 1. 224.)

n+t2
3. Proofs. Let f(s) = [[(s+j). We consider the comtour integral
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Since F is a quadratic extengion of K, every ideal a of K is also an ideal
of ¥ with ¥pa = (Nga)2

Therefore,
1 (NKa)z)"“ -
o M ~ > elog X (by (B)).
10 Y o1t JogX  (by (B))
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On the other hand, from (A) it follows that {z{}) = 0. Because of this
and (C), we find, on shifting the line of integration to ¢ = —1—1s

s
T <eL(L, 5 X+ (o ('If) ){

1
provided that we assume (withount loss of generality) that s< G Choos-

S I
(log |afy*¢-—="7
(D), the corellary follows immediately.

ing we get the theorem. Combining this with

4. Remarks. It would of course be of great interest to pull back the
information of these results to the imaginary quadratic extensions of 0.
Unfortunately, this does not seem an easy task. '

It seems that it should be possible to improve the exponent of log |@|
in the results. It follows from the functional equation that the order of
the zero at s = } is even and hence > 2. Given that the zero is of order )
one could try to choose f(s) to be a multiple of 8" and achieve the exponent
2r—e If > n+2 then the choice f(s) == & is sufficient to this purpose
and the proof goes through. If, however, r < #n+2 then other factors are
necessary to make the integral at —}—1e converge, and it is not obvions
how to introduce these tactors in a way that will count the ideals with non-
negative weights.

I am pleased to record my debt to D. M. Goldfeld for several informa-
tive discussions on class number problems.
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