icm

ACTA ARITHMETICA
XXVII (1975)

Fourier analysis used in analytic number theory
by

Tikao Tarvzawa (Tokyo)

In my previous papers [7], [8] and [6], I inadvertently used the second
mean value theorem
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unaware until recently, that I could not succeed in proving (1) effectively.
This theorem was used bo deduce the Dirichlet integral theorem
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or something like this. Hence arises the next question, namely for what
sort of functions the satisfactory vesult {3) could be obfained.

Tn thig note I shall introduce some new theorems which seem to be
useful for investigating analytic number theory, though some extensions
will be expected for these results (see [1], [6]).
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Siegel proved, for s> k-2,
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by means of the Fourier tiansformation (see [4]). My method introdnced
in [8] was wrong and I eould not follow this line in approach.

Winally I wish “to offer my sincere apology and also express iy thanks
to Professor Siegel, who has given me fruitful sources of Fourier analysis.

1. Preliminary lemmas. Let there Le an integrable function g{u,, ...
...y %,) over the interval
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First of all I shall prove the following
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To prove (6), we divide the interval [b;, ¢;] by points
bj=§j0< §j1<.--<§jkj:ej (1{‘-“‘/.?5‘;"?’}1
we denote by A the subdivision
In—1 fep~1
U U Fyeeedn?
Ji=0 Jﬂ_""
where
I = Wy v ) bj £ tj < g (1 =i 'H')}v
Ijl.‘.jn = {('tn ey tn)! ‘El;i] 5\: tl < §I,j]+‘l: R | Suj"_ ‘<-; t‘u < Sn,jn+1} ’.
and we write
0(d) = Max (&, .q1— &)
oieky —1
(1<i<n)
Now we introduce the step funchion _
Falty 4oy oo by -a)y,  {t, ..y fy)e 1,
sueh that ifs valoe is
.f(§1j1'1“"1"1: ceny 'Enjn"' &)
when {tl, ooy B) belongs to L s - Consequently,
(7) f {f/.’l(tl _i"'Ll} tn +mn) “.f(mlr AARE ] m-n)} XAI' (tl.} vae xi.u(tn) dti iy dtﬂ.
bl :
= 3 {f (G, 01 s gy i) =0y e B)) X
A
S,0p00 Snadptl
X f xxl( 1) - ( t,)dt, ..
S15 Suiy,
TFrom
41 gt
J v f Z/ll(tl) . in(tn,) dtl e dt’.\l
‘Fljl IEvn.jn
b1 f “n £y n & &y %
S L e A P I
137 iy L ‘an 51,11+1 20y ndp . &, fa7,  Fmdntl

P F ] s

Skl et Gy 11
1 <,
G S | SO
S0 Smdptl

Opgemnl O,
J S+

fn—Lip—11 fndpia



266 . T. Tatuzawa

{7) can be represented by. -
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only the standard term. when 0 << J,, ..., 0<f,. From the asswmphion
(8), (8) becomes
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Hence we geb the desived result (68) by making 5(4)—>
We often use the following relation to perform mduﬂtion:
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2. On the Fourier series. Lot Flt, ...
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is termed. the TFourier series of f(ay, ...
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TmeoreM 1. Let a function f(&, ..., 1,)

defined as (b} over the wundt

cube I be of period 1 for each variable. Then the Fourier series of f(ay, ..., @)

converges 1o oy, ..., #,).

Proof. From the definition, it follows that
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To prove (12), we divide the integral in the following way:
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We know from the second mean value theorem fhat
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where 0 < £ =5 o< 1/2. Noting this relation, we now apply Lemma 1 1"0
each term of the right-hand side of (13), veplacing y () by =(#). Fivatly,
by taking ¢; sufficiently small, we ean make
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sufficiently small in modulus, sinee 4 can do so in (6). Secondly, by taking
l; sufficiently large, we can make other terms of the right-hand side of
(13) sufficiently small in modulus, since B can do so in (6).

TaworeM 2. Let f(t,, ..., 1) be o funciion such that
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are of period 1 for each variable ond continuous over I. Then the Fourier
series of fl@y, ..., m,) converges o f(wy, ..., ). .
Proof. Noting the relation (9) of Lemma 2, and using Theorem 1 we
can deduce the desired result by induefion.
Trmorem 3. Let f(1,, ...,
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Proof. We only note that
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For the Poisson sumination formula the following formulation, due
to Bochner, iz convenient to unse (see [1], [9]), as well ay Theorem 3.

THROREM 4. Let f{iy, ..., 1,} be continuous and integrable over the whole
space T. If the series of the lefi-hand side of (14) s umiformly convergent
over the unit eube I otled at the beginming of §2, then the farmula (14) holds
whenever the right- -hand side of {14) 48 convergent.

Here T shall prove the following Theorem 3 instead of Theorem 4,
which can easily be deduced from the former, because such a formulation
will probably give rise to further questions in Fourier analysis.

TEROREM 5. Let (i, ..., 1,) be of period 1 for each variable and bounded
and integrable over the wwit cube I. If the Fourier series of f(@y, ..., @)
i8 convergent, then it equals f(a, ..., @,) whenever the function is continuous
at (@y, ... ik
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‘ For any given positive &, wé can take positive & (Ls=3j=xm) such thai
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is smaller than M (p, + 0P in modulus. Thus we obtain
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3. On the Fourier iniegra]s. Let f{t, ..., %) be integrable over the
whole space I'. The integral
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is termed the Fourier transform of F(®yy ooy @,). As i3 well known,
f.(ml, +e+y @) I8 bounded and continuous over the whole  space.
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by Fubini’s theorem. Replacing §; (1 = j <
to be oo in (6), we can infer

2} by 0 and letting ¢; (1 < j < )

Lim, f f {Fltay, oy bt w) —f(@, .00,
—00 2 _

(Iszg<in)

)} <

. X, (1) o
for the function defined as (8). Thus we get

TEEOREM 6. Let f(ty, ..., 1,) be o function defined as (3) over the whole
space T. Then the Fourier inversion formule

%1n{tn) dt] v dtn == ()

(15} lim j f (Bry enny B @ i@bT e tonbnd gy gl == f(y, L, @0,)
oo 3 —g
(Lf=<n)

holds.

Noting the relation (9), we also have

THeoREM 7. Let f(1,, ..., §,) be o funcltion such that
aﬂ]+--;+17n
attr ... ot

are confinuous and wnegmble over T, lee% the Fourier inversion formule
{15} also holds.

VACTRP tn)‘ (?j =0 or 1)
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The Diophantine equation ¥* = Dz* +1, I

by
J. H. N. Comy (London)

Ljunggren [4] has shown by a deep and complicated method that
the equation of the title, where D is a pesitive integer not a square, has
at most two solutions in positive integers », ¥. Elementary methods have
been employed for special values of D which specity the solutions more
dlosely ([1], [37). ,

Conditions of a simple type ha.ve been found under which there are no
such solutions ([2], [5], [6)). We prove

THEOREM. Let D s 2 be am integer such that 42 — Dv? = 28 has solutions
where ¢ = +1. Then neither y* = Da*+1 nor 3 = 4D2*+1 has a solulion
with & > 0 unless at least one of the equations X*— DY* = Ze or 4 X*—DY*
== 2¢ has solutions.

We shall require the followmg result Whmh is due to Nagell ([7],

Theorems 8, 11).

LL_MMA Let D > 2 be an infeger, nol o square. Then
1) if the equation w*—Dv® =2 has solutions in integers u, v then
there w exactly one eclass of solumons, which 4s therefore ambiguous; if o
= T+ V.D' i3 the fundamental solution, then ka? is the fumdamenital solution
of u?—Dp? =1;

(ii) ditio for the equation u®—Dv* = —2;

(1ii) ot most one of the equations u® — Do = —1,2 and —2 has solutions
in dntegers.

Proof of the theorem, Let a = U+ V.D" be the fundamental
solution of 4?--Dp? = 2z and let 8 = }at If either y® = Da'+1 or y*
= 4Da* --1 has any solution with # > 0, let # be the smallest positive integer
which provides a solution of either of them. Then

y+ar D" oor y 422DV =g, =1,
i.e.
g —pg"
Y

.

a2 or 2% =



