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Introduction. The following question was raised by Brdés in a private

‘communication to the author. Suppore fis a real-valued additive arithmetic

funetion such that, for all primes p,
(1) ~ fp) = (ogp)™

for some a > 0. Tor which values of ¢ > 0 does f have an absolutely
continuous distribution? In the same communication Frdss pointed out
that f has absolutely continuous distribution for a = 1. '

In this paper it is shown that f has an absolutely continuous digtribution
if0<a<2.

Notations and definitions. An arithmetic function f is said to be
additive it '

J(mn) = f(m)+f(n)

whenever (m, n) == 1. f is called strongly additive if, In addition, fsatisfies
F(@" = f(p) for all primes p and for all positive integers k.

A real-valued arithmetic fuunction % is said to have o distribution
if there exists a distribution function & such that the density of {m = 1:
h(m) < ¢} oxists and equals G(e), whenever ¢ iz a continuity point of @.

Throughout this paper we let p denote a prime nwnber.

The result.

Tunorem. Let f be o real-valued additeve arithmetio function satisfying
for «ll primes p, ‘ _
f(p) == (logp)~*

Jor gome 0 < << 9. Then f has an absolutely comtinwous distribution.

Prool Thatl f bag a distribution fqllows from Brdss-Wintner theorem
(see [2]). From the results of [1] it follows that the distribution of f is
abrolntely continuous if and only if the distribution of the corresponding
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strongly additive arithmetic function is absolutely continuous. So withoub
losgs of generality we assume thab f is strongly additive. The characterigtie
function L of the digtribution of f is given by (see [2])

- {J (1 — -;-(1 —exp it(logp)” ))) .

We shall now show that L is square integrable; the theorem thoen follows
from Plancherel’s theorem.
Now let £ > 1. We have

@ \T(20) [ [ (1 _2 (1 ~ —;—) sin®t(log p)~ )

< 1[(1~;sin2t(logp)““).
»

Let r be any positive integer. For n < #1+) and 0« b< o< m
define

Bn,t,b,6) = {p: b< t(logp)~*—nm < c}.

Clearly, pe B(n, t, b, 0) =logp > (t/(c+ "), We neod the following
estimate .

(3) 2% = logloga + B+ Ofexp ( ~dVloga),
il
where E and d are constants, From (3) it fbllows that, for ﬂ<‘ﬂl(1¢,)
1 (log ! ﬁl.og t ) +O(n™)
verlming ¥ © nrr e

= c—b +O®m™)+ 0wt

anm ’
Hence
‘ 1 o-b 1 1 i
CEEDS Z . > = -[~0(].)+O(t" j a,-fdm)

netti-H1) peBin,t,b,e) p n (k) # 1
_ (c—b)cr i 00
= a1y logt--0O(1). .
Let & be any integer' greater than 2. For j =1, 2, ..., 2k —1, define

A5, )

'=. U (E (n2, 27, LD z;’“)) (E (n t, n(l—(jzl),n_(].—éz))).

icm

Absolutely continuous distribution functions 403

. : i+ 1
Note that, for each fixed ¢ and %, the sets & (w,, t, %, ﬁtk ) W), n < Y
4% 1k

§ =1,...,4k—1, are digjoint sets of primes. By (2) and {4), we have

2k—1
L (26)]2 < exp(—.‘axri N \’ ) sin 217;)

jml ﬂezl(:r i)

%k—1
8rlogt UL
J—— qin 2 L—
< BXI’( Tea(r+1) jle ian ya)‘

SBince for j =1, ..., k-1,

q111~~'71~~— -- pind Jﬁ—lw =1 and sinﬂ% 2—23-“—,
we have ’
" (5) L (26 < exp( 2L log? — - 1ogt)
‘a(r+1)k Foa(r+1
= ex},(_____,m" (2- -'l—~) logt|.
a(r-+1) k

o 1
Now we choose + and b such that A (2——-——) = § > 1. This

a(r 1) k
is possible because a << 2. Thus by (B) we have

|L(8)]2 <€ exp(—dloglt]) == |t|~°,

for some 6 > 1. Hence L iz square integrable. This completes the proof
of the theorem. '

The author wizhes to express his thanks to Professor K. Ramachandra
for drawing his attention to the estimate (3).
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