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1. Imtroduction amd results. For integrat v, » with @<l e < n the
symbol a(n) means the set of all integers of the Jumn 4 --sn, whera s i
an integer. Sueh a set will be called an arithmetio seguence with % dulns w.

A gystem

(1) 8= {an)}, J=1,2,...,k L <ng Sy Sy

of arithmetic sequences iy called a covering (O8) if every integer belongs
to at least one sequence &;(n,); the system Is disjeint if the sets a;(n,)
ave mutually disjoinb. A disjoint covering system will be denoted DCS
(see [L]).

A (S is sald to be regular if none of its subsysteros is a O3S (see [3]);
any DOS is a regular O8. The sequence a;(n} is essenidal in (1) if there
oxists some integer belonging to a;(m;) but to no other sequence of (1).
In a regular OS all the sequences are essential.

The aim of this article is to show some properties of gystems of
arithmetic sequences. We are conecerned with properties proved for the
cage of digjoint systems in some previous articles,,

TarnornM L. Let (1) be o covering system and a.(n,) an essenlial se-
quence of (1), If

) ‘

n, = [I Pt (the standard form)
Bruk

then

L]
3= "*'%1 oy (g =~ 1)

The validity of an wpalogous result for the case of DOS has been
conjectured in [4] and proved in [6]. Obvionsly, it (1) is & DOS or & regular
08 then any sequence is esqentml and Theorem ] cant be applied to any
modulus.

In [7] the statement of Theorem 1 was ;p:cmred in the case where '
the secuence 4, (n,) is disjolnt with all the remaining sequences.
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- Tt can easily be shown that for a non-essential sequence the state-
ment of Theorem 1 can be false.

The author has conjectured the following stronger statement (gee
(81): If (1) és a DOS and NV = [Ny, By +..y Ny] 48 the least common multiple
of My, Mgy oovy Wy, them from N = [[pft ths tnequality

b J]
>3+ a1
t=1
follows. This has been proved in [2], where eoverings of groups by cosets
are gtudied. It is possible that for the cage of & non-digjoint but regular
system the same holds.

Tf § is o system of arithmetic sequences then f(n) means the number
of sequences of § to which the integer n belongs; fg(n) is called the cov~
ering funciion of S. It is easy to verify that fy{n) is & periodic function
with & period which is a divisor of N = [ny, gy ..., By}

The following theorem generalizes a result of 8. K. Stein.

THEOREM 2. Let 8 = {a(n)}h,j = 1,2,..., % ny < mp < ... < My
T o= 1{b(m)},§ =1,2y 00, tymy <y <...<my. Let M be the least com-
mon multiple of numbers ., Nay .oy Nyy My, Mey oovy My, If

(2) o felw) =fn{w) for all v =0,1,..., M1,
then :
(3) - | . § =1,

to, b= Ry 0y = by, my o =my for j =1,2;...,k
_ In [5] Stein proved that if § and T are disjoint systems — Doth
with distinct moduli — fhen

4 Ua' (1) = Ubj(mj

]mpllf's equality (3), However, if the Wf,tems 8 and T are disjoint then
equations {2) and (4) are equivalent (since fy(v) and fn(v) are periodic
functions with a period which is & divisor of M ) and hence Theorem 2
implies Theorem 5.1 of [5]. ‘

From Theorem 2 we get some interesting consequences,

Suppose the numbers =, < n, < ... < ny, are given. Then putting
o =0,1,...,% —1(j=1,2,..., k) we can construct P = n,n, ... %y
“systenis of arithmetic sequences having n,,%,, ..., 7, a% moduli. Denote
these systems by

() 81y 83y -1 Bp.
It two systems from (5) have the same covering functions then (by
Theorem 2} there exist at least two equal moduli. This is a geheralization

of the well-known fact (proved by Davenport, Mirsky, Newiman and
B.»ado — see [L1]) that no DCS with distinet moduli exists.
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(Indeed: if (1) is & DOS then it can easily be shown that the system
(6) by(’nj);

is o DCS again; hence systems (1) and (6) have the same covering function
and thus the moduli »; cannot be distinet.)

On the other hand, if n, < #y < ... < 0y, then systems (5) are distinet.
(Indeed: if % v then S“ and 8, h&ve — owing to Theorem 2 — dlfferent
covering functions.)

h5%+”mm%” F=1,2,...,k

2. Proofs of Theorems.

Proof of Theorem 1. Denote by N the least common muyliple
of Ny, My, ..., m,. Suppose N == pftg, (t =1,2,...,8) with (g,p) = 1.
The sequence a, (n,) is essential in (1); therefore thers exists an integer — say
b, — which belongs to a,(n,) but to no other sequence of (1). Consider
the numbers

(7} ' . b +upitg = A, uy,y 7)), _
'—1; Y = 0, 1, vany Oy “"‘“1-

Zat(Pz —1)

fual

where ¢ =1, 2, ..
There exish

ey ==1,2, ..., P

numbers of the form (7) and they are digtinet. Now wg shall show some
properties of numbers (7).

(a) Numbers (7) do not belong to a,(n,).

Indeed: If wea,(n,) then #—b, is divisible by #», and hence it is di-
visible by pit for any ¢ = 1,2, ..., 8. On the other hand, A(, w;, y) b,
= u;pitg, is not divisible by pi“ becd.us*é ¥ < oy and (g, p) = 1,

() TE A2, wy, y)ea;(n,) then pit¥' divides ny. ”

_ Snppoae the contrary holds and write n; = Kp, where (K, p) = 1
and m& < 9. However, %, i3 then a divisor of ‘

wpltg, = Ak 1y, y)— b,

and hence b,ea;{n;), which is o contradiction since by () we have » s j
and b, has been chosen so that it does not belong to any other sequence
of (1), )

(e} If y, %9 or 'wy # u; then the numbers & = A (1, %, 9) and
¥ = A, 4, v;) belong to distinet requences of (1),

We shall prove this indivectly, buppose a and y belong to a.{n.).

Thon

@ ey, ¥ =a+Hn, K, H integers.
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These 'equaﬂi*bias imply
(8) (z—b,)—(y —b) = Ln,, L inbeger.

If y, >y then pit divides u,pitg = @—>b, and by (b) it divides

also n,. However, the number y b, == wpliq, is not divisible by plt,.

which eontradicts (8) (if y > y; then we argue similarly).
I y, = v, but u # w, then owing to (b) the potence p}*™ divides
‘n, but does not divide the number

_ (m—'br) — (glmbr) = (’M, "_'u;).péthM

which contradicts (8) again.

(d) If ¢ # v then » = A{; uy, ) and ¥ = 4(v, 4, p,) belong to
distict sequences of (1). ‘

Suppose this does not hold and @, y belong to a,(n,). Then we get
(8) again, However, y--b, is divisible by ¢,; thus pl*™ iy also s divisor
of y—b,; by (b) pv" is-also a divisor of »,, This contradicts (8} again,
because 2 —b, = w,pitg, is not divisible by piti.

Thus according te (o) and {d), for different triples £, «,, 4, the numbers

A (3, uy, ;) belong to distinet sequences of (1). We have said above thatb

there exigh ‘ ‘
N &

Nay(p,-1)

) =1
such triples. From (a) it follows that no number from (7) belongs to a,(n,)
and hence the proof is finished. :

Proof of Theorem 2. According to (2) for arbifrary complex
2 we have '

M- M-
D Fsw)e® = D fa(n)e".
e Y=l

Reordering both nides, 'we obtain:

k . ! .
. z (&% 29+ L PR Y E (z”i bty zbj-]—,ll-f-—mj) .
g1 i=1

‘ . : 2L . '
Now, if 2z o exp (—-~ g), g being an integer, then the last equality

implies "
' k [
b oM o . B .
o N 2 N 21
LaTogM] LT 1
J=1 Fm=l -

‘Buppose k=1 and b is the smallest integer for which

(10} oo (g p) 7 By g (it _y .
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(11) we have
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. Then from (9) (dividing by 2 —1) we have

k—h -
2%

1 12
(11) 2« . ——Z 1"

F= je=l

We can suppose #y_j = my_y (in the opposite cage we argue similarly).

‘ 2mi
Let z approach the number exp(ﬂm ) It ny,_, > my_y then from
k—h

2%h—h > 0
which is impossible. If n,_, = my_, then (by (11))

2t — zbt--h 0 3

O 2mi
exp Gp.p] = €XP " b njs

h—h {7 )

hence

which is possible only if ay_; = by ThUs @ g (M) = b,_;(my_y), which
contradicts (10). Hence for all 4 = 0,1,...,¢—1 we have

B (Pgp) = by (M n)5

i.e. all fhe s.equences of T algo belong to 8. However, § cannot then eon-
tain any other sequences (see (2)) and thus § = T and the proof is finished.
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