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1. Introduction. In two recent papers (f4], [5]) results of Burgess
[1] wexe gencralized to obtain estimates for character sumg in algebraic
nutuber fields. It is the purpose of this paper to discuss some further
applications of these results,

Particular attention is paid to problems concerning quadratic non-
repiducs and primitive roots occurring in the values of polynomials. One
such problem is the following.

Let e Do a rational integer (positive or negative) which is not a per-
feet square, Lot e > 0 be fixed. Tiet p denote an odd prime and let = denote
the set of prijues p sueh that 22 —m = 0 (mod p) is irreducible. Let g,(m, p)
be the smallest positive o such that o*—m is a quadratic non-residue
(mod p).

Burgess [3] obtained the following estimates.

A. ga(m, p) <€ prwese,

B. Fox pem, gy(m, p) < pH2rere

| (The impliod constants depend on m and. &.)

One of the results of this paper is the removal of the restriction p e
in B. Thiz iy nccomplighed by considering character sums of composite
modulug in quadratic fields. _

In (2], Burgess obtaing estimates for various characters of compo-
gite modoluy and nges these to derive estimates for L-series. Such a program
seomg quite feasible for algebraic number fields but, for our purposes,
it gufficos to consider o particularly simple case.

2. Lemvya L. Let X be an algebrate number field of degree n. Let ¢ <D,
the ving of integors of K. Let p be a prime of the n-th degree in K and d a posi-
tive rational integer dividing p—1. Then,

a0 = 1 (mod pl-(Na)P=V = 1 (mod p)

where Na is the norm of w in K. In partiouler, if a is ¢ primitive root (mod p)
in O, then Nu is a primitive roof (tnod p) in Z (the rational integers). Also, a
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is & quadratic residue (mod p) in D if and only if Na is a quadrabic residue
(mod p) in Z.
Proof. It is sufficient to prove that

Na = a®"~ 0850 (mod p).

For a = 0 (mod p), this iy trivial.

Let ¢ be a primitive root (mod p) in . Then, since y is a generator
of the finite field D/(p), its minimal polynomial f over Z is of dogrec »
and iz frreducible (mod p). If a, iz the conatant coefficient of f, then Ny
= (~1)"ay.

On the other hand, considering f as a polynomial over Z/(p), ity
rocts are y, %, ..., y””'l and their product iy ( —1)"a,. Thus,

Ny = yl“””'"'“"z‘n"]’(mod 7).
Now, let o =9 (mod p), Then

Plog—ywy GE=1,..., %)

where ag), 'y{,;) are the éth conjugates of a and ¢ respectively. Thus,
Na = Ny ez (Ny) = ("= NE-0Y = (Y@ -Di0-1) a?*=DE=D04 p).

Lumma 2. Let @ denote the rationals and K = Q(‘Vﬁ) the guadratio
Jield of diseriminant d. Let p be an odd rational prime and y a veal proper
character (mod p) 1n O (i.e. & characler of the multiplicative group of reduced
residue classes mod p). Let Gy(m, p) be the least positive integer in the sel

{I¥al| aeD, g(a) = —1}.
Let 6> 0 and M > 0 be fived and assume |d| < (log™. Then,
Gy (m,y p) <€ pllzz/a_-l-a’

the implied constant depending on M and e. :

Proof. If p is prime in K, the result is to be found in [A]. T p sphits
‘in K, then the proof is a slight modification of which wo give a hriet
outline, :

As in [2], the character suo estimabe follows guite easily from the
crueial lemma (ef. Lemma 8 of [2] and Lemma 2,6 of [57), the only essen-
tial. ditference being that the parameter Q is forced to avoid the primoe
divisors of p. Unlike [2], the lemma ifselt follows onsily if & minor assump-
tion is made about & which ensures that the polynomials in question are
squares if and only i they are squares {mod p). This restriction on %
is easily seen to be satistied by the choice of b used in proving the theorem

_(cf. 3.1 of [B]). : ' '
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The derivation of fhe result from the character sum estimate follows
the clasyical method, an error term being introduced o account for the
integers not prime to p.

Lismma 3. If m is any énteger which is not o perfect square and

o = @byt (8 @, YeZ)

© then theve owisis a reprosentation

ks
@ ot [ ] (o} —m)es
ie1
Jor sowne non-negulive veZ, positing w, ¥y, ..., 0. all in Z and all < » ond
O1s v ey 0 Which are =1

Proof. See [8].

Torornn 1. Lef e > 0 and M > 0 be fiwed. Let p run through the
odd primes other than those which are dinisors of m.

A, )

gulm, p) <€ fpmlfws:

the dmplied constant depending on m and &.
B. Assume that m is sguare-free and |m{ < (logpy™. Then

galm, p)y < pHPrete,

the implied constant depending on M ond &

Proot. Case 1. wt—m = 0 (mod p) irreducible. By Lemma 2, there
exist o and ¥ with

mg_ygm < :plf2'|/—€:+s

sueh that a = -leyl/% is a quadvatic non-residue (mod p) in Q (V).

Lotting a® be the largest square divisor of m (in case B, «® = 1),
we may, by considering 4a®a, assume that 4 and g are rational integers.

By Lomma 1, £ —y*m is 8 quadratic non-residue (mod p) in Z. Apply-
ing Lemmu 8, thao result follows.

Oaso I1. a%~m == 0 (niod p) redueible. Let (p) = pp’ be the prime
docomposition of p in Q(¥m), and let (afp) denote the Legendre symbol

in (L)(‘l/fr.;Z). Dedine
( ) . (.,_,)(,._..,)
yla) == )

It is cloar that y is a real echaracter (mod p) in € (V). Fuarthermore,
is proper, for if not we can write y(a) = x,(a)y:{e) where y, is a character
(mod. p), x, 18 a character (mod p’) and ab least one of the g, say x,, is

3 — Arnta Arithmetiea XXV.1
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principal. Choosing ,8 and y prime to p and noting that p s p’, we may
write f—y = o—0o' where ¢ =0 (modp) and o = (mod p'). Now,
B+ = 0 (mod p) and, sinee f4o" =yt f - o' 5 0 (mod p). TTence

)£ £57) - ofe

-2

Sinee every reduced resxidue clags (mod p’) contains an integer prime to p,
this means that (f/p’) is principal, which, for p odd, is 8 contradiction.
Tarthermore, if o is the conjugate of a, then (afp’) = («'[p) o thatb
: Na
xlo) = |-
Since (Na/p) = (Na)¥-D2 = (N}~ (mod p) and since Loth (Nefp)
and (Na)?-Y" are rational integers, thercfore

y(a) = (-l—«gi) = (Na)? V2 (imod p),
Henee, if y(a) = —1, Fa iy o guadratic non-residue (mod p) in Z. Using
Lemma 2 to pick such an « and applying Lemoma 3 fo N, we gob the
result.

Remark. Analogues to Lemma 2 go through for complex charactors
and these together with Lemma L give resulta for kth power non-rosidues.
Unfortunately, Lemma 3 seems to have no nabural counterpart., Thug,
the best we can do is get “small” kth power non-residues of the form
&* —my* not necessarily of the form #*—

3. In this section we consider the analogous problem for primitive
roots. ' ‘
=3, Let I be the finite
Sield oj _fp"' elemmrcs .’ﬂhere emsts Pole ) ,.sucﬁ that of p > p, and of 0 i

any elewment of Lonol i Z/{p) then L has o primitive rool of the form 6.-¢

where reZ and
. 1 g p-n,lrl. -8
Proof. See Theorem 2 of [6].
TrmoREd 2. A, Let K = Q(Vm). Let s> 0 be Fimed and let = domole
the set of primes p of second degree in K which are not divisors of m.
- There emists p, depending only on &-suoh that, for each p = pyin w there
ewists o primitive root (mod p) in K of the form m -+ Vm, for some & <Z with

0 < @< plitte,
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B. Let K' = Q(m'®) be a pure cubic field. Let 6> 0 be fived and
let " denote the set of primes of third degree in K’ which are not divisors of m.
There ewists p, depending only on e, such that for each p > p, in o' there
ewists a primitive root (mod p) in K of the form z - m'® for some weZ with

0 < 1 < piltte,

Proof. For pen, the residue classes (mod p) in K form a field of p*
clements and ¥Vm does not belong to ifs prime subfield. Thus, A follows
immediately frorn Lemma 4. The proof of B is similar.

Applying Lemma 1, we get immediately

COROLLARY. A, Asswme that m is nol a perfect square and let IT denote
the set of rational primes for which p®—m = 0 (mod p) s irreducible. Bach
P> pole) in IT has o primitive voot in Z of the fow:.:z &% —m with

0 < 3 < pHPte,

B. Assume that m is not o perfect oube and let 11’ denote the set of ra-
tional primes for which x®—m = 0 (mod p) is drreducible. Bach p > p, (&)
in 11" has a primitive root in Z of the form o®—m with

L0 < g PPt
TIWOREM 3

. Let fla) be real-valued funciion defined as follows:

——E—~1/cu—i % Jor O<a<g,
10—}-3(& for E<a<ig,
fla)y == N
\

<
for E<a<s,
<

o i

for  i<a.

Let K = @ Vm have discriminent d. Let p be & prime ideal in K cmd
g{p) the smallest posilive integer in the sef

{|¥a] |a a primitive root (mod p) in K}.

Let &> 0 and a>> 0 be fized and asswme |@] < (Np)*. Then,

g(p) < (Npy@+s,

where the dmplied constant depends on
Proof. T p is a prime of the second degree, the bound

g(p) < |d}+ (Hp)*te

follows from A of Theorem 2. If p is a prime of the first degree with norm: Ps
then, for dip —1 and f a rational integer,

g% = 1 (mod p)ef% =1 (mod p).

@ and &
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Sinee we can choose a primitive root g, (tod p) in Z with. 3, <€ p'**%, 8,
1Y
will be a primitive root (mod p) in. K with

Npo = i < PP

This completos the proof for a = 1/15.

Tor a < 1/15, the result follows by applying the classical argumont
of Vinogradov (cf. Theorem 3 of [1]) to the character sum estitnides
in Theorems 3.3 and B.1 of [5] In these theorems we let ¢ == 32 Tor
@ > 1/28, we choose b = 3/10, while, for a < 1/25, we clwose b = (1L V) 4.

Remark. Applying Lemma 1 to Theotem 3 gives “small” primilive
roots of the form ?—y2m as p runy through the primes for which w#--m
= 0 (mod p) iz irreducible. ‘

4. Let o and m be relatively prime porifive integers and couwider
the arithmetic progression a-kmas (w==0,1,2,...). For p an odd prime,
define h(w@, m, p) to be the smallest prime in this progression which is
a quadratic non-residue (mod p).

The problem of obtaining upper bounds for h{a, m, p) soems in gen-
eral to be quite diffienlt and I cannot recall secing any mention of it
in the literature. It follows of course from the famous theorem of Linnik
on the least prime in an avithmetic progression that there exists an absgo-
Inte congtant ¢ guch that

I{a, my p) | (mp)c}’

where the implied constant is absolute.
We also have ag consequences of the above regults:
THEOREM 4. ‘
A. : b1y dy p) € plwets,

B. | h(1, 3, p) <€ previts

ihe implied constant depending only on s.
Proof. A. We consider character sums over the Ganssian, fioll Q{4).

Tet y be a real proper character (mod p) in O. Tor H 2 pt*H,

D) wlay = o(H).

aeld
N
_ Ag o runs through the integers of O having noym == H/2, (L8 a
xums through the integers of © having even norm =5 H, Thus,

D z(8) = o(M),
HeD
Nz
{1+1)8
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and so

D) z(B) = o(H).

e
NE<H
(14d)ta
Applying the usual argument to this lagt estimate, we get an ae®
with  g(a) = —1, Ne <€ pu@ere, and Na odd. Now, Na = a2-+y?
in & quadratic non-residue (mod p) in Z and iy divigible only by primes
which are =1 (4). Henece the resul. )
B follows by applying a similar argument to the ficld Q(l/:—é).
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