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Large values of Dirichlet polynomials
by
M. N. Iuxtry {Cardiff)

Dedicated to Professor
Carl Tudwig Siegel

1. Statement of results. A Dirichlet polynomial is a finite Dirichlet
series. It posesses a mean value on any abscissa ¢ = ¢ (8 = o--# denotes
a complex variable). Montgomery [6] considers the question: how often
ig the Dirichlet polynomial large in & bounded region. ‘Large’ here means
that”its modulus exceeds some bound T greater than the mean valne.
This paper improves Montgomery’s vesults for cerfain ranges of 7. The
technique used is to feed the Haldsz inequality (Montgomery’s basic tool)
back into itgell by means of an approximate functional equation for
I-functions. Iterating from Montgomery’s bound (1.6) below gives The-
orems 1 and 2; analogous results may be obtained from other bounds.
However, the iteration never gives results as good ag would hold on the
Lindelsf hypothesis. '

There is an application to zezo-density theorems, which we sketch.
The ‘Q*7" density hypothesis for L-functions is established in a weak
form for ¢ > 5/6, and the density hypothesis for [(s) for ¢ > 189/230.

We uge the ideas of Jutila’s proof [5] of the density hypotheses for
o > 7/8. Forti and Viola [1]have also improved Jutila’s results: o > 0.841...

“for L-functions, ¢ > 0.805... for (s). In a later paper we will combine

the iteration step with Forti and Viola’s method.
We congider Dirichlet polynomials of the form
i
Na(m)g(m)ym™,
N +1

{1.1) _ F(s, %) =

where y(m) is a Dirichlet charvacter. A general Dirichlet polynomial can
be broken into. sums of the form (1.1). We are concerned with estimates
for the sum

) " R{x)
(1.2) B = Zg; 21 D> [Bls(r, 1), )]
. < ymodg r=1

q
gezl fmod dg)
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where s{r, x) = o{r, x)-+Hit(r, y) is a complex number satisfying

(1.3) 0 alr, ) <1
where

(L.4) l == log NQ*T,

and

(1.5} 1< [y, ) —Hra, <7

the lower bound applying only for g, =y and #, #7,. The asterisk
indieates n sum over proper characters. Let

(1.6) D = Q1 [q,
Z_J,V
(L.7) ¢ = > lam),
N1
(1.8) R= Y DR
g=Q xmodg
gl (modgg) -

Tor each triple R, M, D of real numbers greater than or equal to 1, let
B(R, M, D) be the least positive real number for which

(1.9) : B<@*B(R, M, D)

- holds for every cholce of gy, @, T, of ¥ < M, of coefficients a(m} and
- gets of points s{r, 7) satisfying the relations above. It i easy to see that

(1.10) B(R, N, D) » max (R N'*, R).

The method of Halasz, as developed by Montgomery [6] gives the
hound
B(R, ¥, D) € RV N"ogl+ RDY;
the <« notation indicating an inequality with & suppressed absolute con-
stant. The factor logl in the first term can be omitted if ¢ = 1. If the
Lindelof hypothesis for L- funetions is true, we ean replace D'* in (1.11)
by D'NY* for any => 0.

Our method establishes a lemma.

LieavmA. Let & be any positive integer. Then

(1.11)

(1.12)

B(R, N, D)
< Rl[i leogl-{—RN”“lE + kis}leﬁljzi’c‘dl,’ﬁ {B(R, Dka]':, dDD)}l'%lz'H““,
where '
{1.13) A = max dyq),

g<0
2=0 (mod gp)

icm

(1.20)
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dy(g) denoting as usual the number of ways of writing ¢ as o produdt of three
positive integers.
The third term in (1.12) is not defined if ¥ > I; but in this case the

 first two terms are sufficient by (1.11).

Repeated use of (1.12) gives
(i.14) B(R, N, 1)

< R¥ N 1ogl -+ 2 K, R N DVin APtn 4 I, RN5n D7n, Azﬂ

where the exponents are given by the recurrenee relations

(1.15) Ciprgpn = B0 s

(1 16) ﬁi+],j+1 = %_%ﬁi,j:

(1.17) Visrirr = $8555vi5% .1
(1.18) Sitni41 = $Eii%p+ k12,

with (0, By, I3y, Byy,y) being derived from (0, By, I, B;) by the same
four relations, The initial values are

(1.19) (55 Bo,ss Yo,ir €0,5) = (¥, %, 0, 1),

(0, By, Pu: o) = (0, 0, ‘:1‘1 1),
§0 that (1.11) corresponds to # = 0. The numbers %, ..., k, are arbitrary

positive integers, &, chosen in the last iteration performed k, in the pennl-
timate, and so on. Moreover

(1.21) wy = 1k,

K l j ¥

Here again the factor logl in the first term of (1.12) and (1.14) is not
necessary if ¢ = 1.
We deduce a result about large values of F{s, y).
TuworeM 1. If
(1.23) | F(s, p)i = V
Jor each term in the sum (1.2), end if
(1.24) V> ¢, Ky G AN®n DalPn,

(1.22)

6y being a certain absolute constant, then
n

(1.25) < GGN V2 logHl+ D {enK, 6" V=L ANPin DY, nltim)Vein,
1 :

where ¢, is another absolute constand.
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X Q =1, g is unity and we write F(s) for #(s, x). The device in [4] of
dividing the range (1.5) for s into subintervals of length 7, where I,
satisfies (1.24), gives the following inequality.

TrnowEM 2. If in the sum (1.2) @ =1 and

(1.26) Ps)| =V
for each term, then

(1 27) R = (33@NV¢2 -+ G3G-NV_2T{If1’ nGLI.'i! V—-I NBn E'Hn}lffn -}

+ Z rc %K Glfﬂ V-1 WhamTt, n‘p Yuy {I( Gllz 7 IN‘UnZLn}“‘“?’a LT -

. 2{03% KMGW V= Nimprin}im ) lm(jglf 2=t NBnEay s vinllas ol n g
1

where ¢y 98 an obsolule constant.
2. Halasz’s inequality. Haldsz’s inequnality gives

(2.1)

BE< R D Y |H|

X171 Xosta

o (Fay p1)F 0 (Tay xa) F 0Py, 1) — 3 (rs, o), %1%2)]1‘

where the conditions on y anhd r are those in the sum (1.2), and

2.2) | Hs,z) = D b(myy(m)m=,
m=1 . ’
whers b(m) can be talken as any positive real numberg with
(2.3) bim)=1 for N<m<2N.
We construct the coefficients b(mn) as follows. Let

e 1 1 1

2.4)  J(w) = —— _ )
(2.4) (w) 2o(w—mwij(w+tmi) 20 dlotw)  d(o—mw)
Then
1 0 i a1
(2.5) e J{w)z " dew = ] vE
EL F(l—cosmloge) H o<1
Defining the integral function & (w) by
(2.6) K (o) = (6% + ¢ —e® —1)J (),
we have : :
' L b m, T ()
(2.7) peg K@) L(s+o, 1) Udo = ? e,
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where

(2.8)
A o m<S U or mzdl,

bim, Uy =11 it eUsm<eU,
}l—cosnlogm/U) it U<m<el or U< m<K .

For

(2.9) U N< U

these coefficients satisfy (2.3). We have (2.1) with .

Sdoa

(2.10) Hs, ¥} = Klw)L(s+m, ¢} Udw.

27

2—{ca

3. The transformation of the sum. We treat

2tino
1
(8.1) omi ) K(w)L{s+w, ) U%do
where
(3.2) § = a(ry, g+ o{rs, X2) F U (Fyy g0) — 48 {Fa, La)s
(3.3) X = YiZe

and y is a character modyg = [g,, ¢,] induced by some character p proper
to a modulus f. Let

(3.4) - M(s) = D p(d)pdae,
d

so that 8

(3.5) T(s, ) = H(s)L(s, ).

Sinee K(w) is an integral function, the integrand in (3.1) has no pole
unless y is principal, when I(s, ) is £(s) and there is a pole at s+o = 1.
with residue

Uo(q) Ulogl

<4 r

qitl -1 (41
Here o(g) denotes the sum of the divisors. One treatment is to take the
integral back to the line Rew == 0, where it is

(3.6) KE@l—s) H{1L—5)U** «

(8.7) , < S " log (f 18] + e},
where
(3.8) og) = D 1.

dig
{(&.f)=1
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We nse (3.7) when

(3.9) flitl< U,
and the estimate (3.7) becomes
(3.10) < 8(q) UV,

If {3.9) does not hold, we transform the contour integral (3.1) as

in the proof of the approximate functional equation in [3]. Since K (w)
is an integral function we may change the line of integration to Row
= —}— g, and then change the variable of infegration to « = 1 —s—e,
giving ‘
3/2+doa

1 _ , N
(3.11)  H(s, g) = — TR (1§ ) M (L) T (L — 1, ),

2me J
3f2~4oo
and we substitute for L{1-—wu, ) aceording to the functional equation

(3.12) L(L-1, y) = G(u, ) L(u, §),

where

i 7 D} (u+a))
t(y) =% PE1l—uta)’

a similar formula holding for {(s). Here & =0 or 1 a8 p(—~1)is 1 or —1.
If w = A+4v, 4 and » real, with 1* < |z, Stirling’s formnla gives

(8.13) G(u) = G(u, p) =

{3.14) G (1, )|~ (Flvlf2m) 0
We divide the range for ¢ into intervals
(3.15) T < < R,

and for f into

(3.16) P<f< PR,
‘Let

(3.17) Xy =4I = U,
and

{3.18) X, =¢"X,,
(3.19) Y, =T
We write

(3.20) WA= )T — 1, F) = @3ty F)+ ooty T)
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where o
(321) g, ) = (X, 05, 9) = D wl@yp(@d D pmym~,
dlg MEAX
(8:22) @(%, %) = @o(X, w3, @) = D p(@yp(@d* Y Fmym,
g m>EX

and X i3 X,, X,, X; or X, according to which term ¢* we consider in the
deconzposition (2.6) of K (w).
Four of the eight ferms resulting are of the form
334100

{3.23) Fretd (1 — s —u) G (u, p)pa(u, 9)du:

2mi )
3f2—doo

‘We move the line of integration to Rew = 2. The integral (3.23) is in
fact an error term. In the other four we take the line of integration back
to Rew = —3/4 and consider
—3/4+400

YL T (L8 —at)G{w, w)p, (v, v)du.

—3/d—i00

This integral also becomes an ervor term; but in moving the contour we
have sequired residues :

(3.28)  FG(L—8)py(l—5, )~ 1O —s+ml)gy (L~ -+ i, p) W —

— 3G (1 —s— i), (1 —s— i, ) ¥T°
from the poleg of J(1—s—u). As happened with &(m), for m < dX, the
residues from the four sets of poles cancel, giving

(3.26) D w(@dyp(@ya= )} {361 —s)p(m)m=" —

i G X <m<dX,
— 1@ —s-Fmi)p(m)m T T LG (L — s — mi) g (m)m T LI YT

where a takes the value 0,1 or 3. If  is unity there iz a pole of G(u) at
4 =0, and an extra residue

(3.27)  J(1—9)X (0, 1) < 1+ DTS (@) X, ¥, <€ S(g)(L+ )7

4. Separating the variables. Our next task is to write

-

{4.1) p(m) =y (m)ps(m),

where . is a proper character modf, and y. is a character moedf,, where
(4.2) hy = qif, ' '
(4.3) J1= i fhy,

(4.4) b= (1, §s) = 0:02/4;

{4.5) fo = @fh = 9.'!'9.’;-
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Tor each character g we write
(4.6) o =[[elnl,
»

where p[p]is a character modulo some power of p. Let p™ and p“ be the
highest powers of p occurring in ¢, and ¢, and & = max(a,, ¢.). I x[p]
is proper mod p* we put w.[p] = [Pl vulp] = xlp] IE o 7é ay z[p]
must be proper modp , sinee the ratio of two characters mod p*~ cannot
be proper mod p®. Only if o, = a, can y[p] be a proper character mod *
with b < @. In this case we define w, [p1 = w[p], vs[p] to be the prineipal

character mod p. The formula (4.6) now defines w, and w,. Noting that -

(4.7) Jig = I]‘_p%—%’
P

where the notation is as above with suffices p, we see that , is proper
mod f; and that v, is a character mod f, (induced by a character whose
modulus is the largest divisor of f, that is prime to &,).

In (2.1) we have a sum over g, and r.. We have already divided the
ranges by (3.15) and (3.16), and split up the soms into parts corresponding
to the divisors d of ¢, in (3.4) and subsequent equations. The condition
dlqs in (3.4) can be replaced by d[h,, since y(d) is zero unless (d, =1
‘We subdivide again according to the value of hy, for Ay and yz, together
determine y,. We replace the condition (3.16) by

4.8) o< i< P, f =0 (modf,),
Wheré

(4.9) Fo = Qol{dos 1)

and

(4.10) | cWMH < W< H,

where .

(4.11) H e T, qyjF

and F, and H are powers of ¢, giving a finer subdivision of the sum.

5. The reflected sum. In order to use Hilder's inequality we write

B (m) g (m)m e

]..
(51) { Z w 1!-8‘+bm1p( )}v -
’ a"xfmus;w"_x'ﬁf

dXy<m<d X,
where b is 0, 1 or —1 and

(5.2) . g (m)] < dy(m),

icm

-
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the kth divisor function of m. The range of summation can be written as
the union of at most 6k ranges M, << m < M,, where M, < 2M;. Since

(5.8) M, < DF®
we have
My
(5.4) D lg(m)Fm? < (log MY < (RS T
My+1

We deduce that
u o
55 I3 3

fiowp s My=mstily
< (P EE MR R(R, My, PP,
(IFET —k/ drT &k FE". T
Ry B(R, |—] , — )
< (S0 U, (T2, 2,

where the summation assumes %y, p., ¢ to be fixed, f; to satisfy (4.8), b
to satisfy (4.10) and s to be of the form (3.2) and to satisfy (3.15). We
swn over O(k) valnes of M, and apply Holders inequality to get

g () Wy P g 1S i

~1-ts--0mi

G.6) MMM ST (m)(m)m

fi w1 8 AN <mesdX,

N 2 [ arT I FQT Wk
El ef2 pl—1}k - Irlr 1 1 )} .
< aner (o) ele ()

‘When (3.15), (4.8) and (4.10) hold we have
{5.7) G{l—s+bxi) € P,

After multiplying together the estimates (5.6) and (5.7) (which corresponds
to taking & oubside the sum at ibs maximum value) we sum the ranges
(3.15) ‘with 7, running through powers of ¢ not cxeeeding 7, the
ranges (4.8) with F, running throungh powers of e'* not exceeding Q/h,,
and the ranges (4.10) with H running through powers of ¢'* which exceed
¢y- The total i :

] N 1/2 dQnQT k Q‘.’.r 1wy Uk
5.8 %l k]zlsRI-«I/Ic(___ {B R 247 - }
en 7) UV aw) 7

" Since @1k, and fh; < g, We can sum again over pairs (d, 7:]1 with &%,

Ryl g We see that the terms (3.26) summed over all pairs (i, (7, x4)) ave

(5.9) < k’“/EARI”Uklez{B (R (M)k QET)}Imlkz»ya
"Na¥N ! g

< k?c,l‘ﬂ. ARl—l[‘kl\Tl{ﬁl {_B (R, _Dic/_N'fc’ D)}lj?ﬂlk,'2+3l
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6. The contour integrals. After a minor change of variables we write
the integral (3.23) as
3-+4e0

f Vo7 (1 — g — )6 (w4 3, Py (X, w0l P, @) .

2—imo

1
(61) 5

7
We assurae (3.15), (4.8) and (4.10) to hold; then
{6.2) Gut-4) € PP+ oPF.
When we replace G(u -4 in (6.1) by the bound (6.2), we can sum over g
In order o apply Hilder’s inequality we write
(6.3) fpalutit, )t = D) pim)glmym,
dbxk<m

wheire the coefficients are not those of (5.1), but (5.2} holds for them,
We divide the summation into ranges M < m < 2.M, and we have

2Af

(6.4) 2 lglm)Pm= < M~ (log 3.
M1

As in the last section we have

M

(6.5) 222!2%(% Ypa(m) g (sh) m= =

fiovr s M4
< (log YRR pr=32p Ry M, F3Tfy),

where the summation assumes &, p, and g, to be fixed, f, to satisty (4.8), k
to satisfy (4.10) and s to be of the form (3.2) and to satisty (3.15), Clearly

(6.6) 2(10gM"2/" WY B(R, M, F2T/f,)
< Ud)fczfﬂ liz(dX) %M,B(R dk,z =l ﬁrzT/fO

the sum being over u geometrieal progression of values of M with firgt
term @ X*. Tglder’s inequality now gives

(6.7)
222 sl ki, )| < (BRI RVE(AX) TR (R, @ XF, 120,

i1 v s

a bound which is independent of %. Since

Arb-don '
1 |
(6.8) o f (1 — o) (Ty+ o du < 13,
2400 )

icm

with (3.7

(8.1) agpgatl,
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the sum over fl‘, y, and § of the integrals (6.1) is

T FZT Ik
6.9 Y=L R 1”“{B (R ar Ik ;)} A
e <r(2) v, DN )
i , AFTN\E TR\
< (kl)le-——IM_er{ﬂd——ﬁ/_lB (R, ( 1) , 1 )} .
N bis

Comparison with (5.6) and (5.7) indicates that the sum over the econtour
integrals is majorized by the sum over the reflected sums, and the same
upper bound (5.9) applies.

7. Proof of the results. Adding the estimates (3.7) for flf| =< U1
{5.9) for the refleeted sum and contour integrals and (3.6) and (3.7) for
extra terms which occur when y;, = y., we have shown that

{(7.1) max Z H (0(rys 22) + 0 (s, xa)+

A1TL zg, 7

< kla ARI—I,’IcN-Ijﬂ {B(R, D’C/,N}F,

it(rl? XI)“‘it(sz Zo)s XIEEJ

D)PFERS o Nlogl+ RN,
and substitution into (2.1) gives
(7.2) FE < G*RVEN1logl G RNYME+

+ e Glszl-—lleG 41121\71/4 {B (R, D"}Nk, D)}uzklk/ﬂz,

from which the lemmsa (1.12) follows. The induction argument beging
), which implies _
(7.8) B(R, N, D) € RY* N'"logl+ RDY1,

To prove Theorem 1 we need only check that the second term in (7.2)
can be abgorbed when N << D. This follows since

(74_) Ayl/%anz Al,’?—sz _DBRJE—F“%/L’ '[’Enxlﬂﬁwk/ﬁ»ﬂ

D\ Euf

8. The classification of zeros. We count the number N{a, T, ) of
zeros ¢ = f-+iy of L(s, y) in the reetangles
T< iyl < 2T

where ¢ > 1/2 and T will be assumed sufficiently large. Liet X be a large
integer to be chosen, and let

(8.2) Mis, z) = D ulm)gim)m=
meX
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be a partial sum for the reciprocal of L(s, ). We have
2100
(8.3) — Llotw, ) M{p+ o, ) Y I'{m)do
i

v W
-7 ) o gl ¥
— ¢ - bim)y(mim e
£ bim) gim) :
[T
where Y ig a large integer to be chiosen and
(3.4) Bow) = > pld);
a|m, d=X
the integrand in (8.3) is regular at o = 0 if g is & zevo of L(s, y), but there
isa pole at w = L—pif y(m) = 1, of residue

(8.5) ML, 1) Yer(d— o),

which is less than 1/10 in modulus if 7 is sufficiently large, if
(8.6) logX << log ¥ = 21

and if

(8.7) Iy 2= el

where ¢, is an absolute congtant. We note that there is an absolute constant
¢, sueh that
(8.8) > bm) x(m)mﬁ@mmﬂ’] < 1/10.
m el ¥

Splitting the range X < m < 6,1 into O(1) intervals I (»), the division
between I'(n) and T(n-1) being at 2"Y, we find that all zeros of L(s, x)
satistying (8.1) fall into at least one of the following classes.

Class (1, n): zeros p for which

(8.9) | > bmplmym=2e] = (61)

med (1)
Class (i, n): zeros p for which

(8.10) max | L(§-Fit, )M (3 it, )] > e, 20 YR,

B} =l

where ¢; is & suitable absolute constant. The existence of ¢, ¢, and ¢
follows as in [3].

We note that if zeros of {(s) alone arve considered, and if
(8.11) XMyt g P g0 T

for a snitable ¢, then clags (ii) is empty by Haneke's Theorem [2].
The following lemma is a consequence of Montgomery’s work [61.
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LuMwma 2, For each proper character y whose modulus does not exceed Q
let the sequence t,, ..., tp of B = R(y) real numbers safisfy —T <t < T for
ench v, and t. ,—t.=1 for v =1,..., BE~1. Then '

. R{x)
(8.12) 2 27 DB ity ) € QP Tlog® Q1.
2.0 zmodq r=]

To each class (ii, n) zero corresponds a point ¢ at which the maximum
in {8.10) occurs. Consider a subsequence of the points ¢ arising in this
way, chosen to satisfy the conditions of Lemma 2 whilst numbering ab
loast ¢;(2"7)~" times the number of clags (ii, n) zeros. By (8.12) the subse-
quence has at most '

(8.13) & QﬂTZS (znx——llz Ira—lp’z)~4,

members. Multiplying by 0(2"1) and summing over u, we see that there
are at most

(8-14) £ Q?-TXE Yi-dars
class (i) zeros. If
(8.15) XUt < ¥,

the number of class (ii) zeros is thus
(8.16) < s,

9. Zeros of L(s, y). We use Theorem 1 to estimate the number of
clasy (i, ») zeros. To avoid conilichs of notation we drop the suffix » in
Uy ny By, ebe., and write o for the abscissa a of (8.1). For simplicity we take
o = 1. We use Jutila’s idea and raise the sum in (8.9) to the ath power, .
where the positive integer « is chosen as follows. Let ¥y, ¥a, ..., be a de-
creasing sequence of positive numbers (which we choose in (9.11) below)
with ¥, = Y. The upper limit of the sum (8.9) is 2" Y. If = is positive

& = 2. If = is negative or zero, @ is chosen by

(9.1) Y, <2V Y

a1
The ath power of the sum in (8.9) can be split into & sumns of the form
(9.2) B(m)gz(m)ym™ = Flg—o, g).

2U 1 FEI U T

If (8.9) holds, one of these @ sums exceeds o' (61)™" in modulus. We apply -
Theorem 1 with

(9-3) a(m) = B(m)m™?,
(9.4) N = o%-1 74 < 908 Yo,
(9.5) G < (2" F)0- g (3gpyia”
(9.6) Vo= (60,
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the estimiate for G having been obtained in [4]. We apply Theorem 1
to a subset of the elass (i, ) zeros, containing & proportion 3> 1% of them,
chosen in such a way that two zeros of the same L-function differ by at
least unity in their imaginary part. The nmmber of class (i, #) zeros is
now estimated by (1.2D) as ‘

GNre S (G ANE Y
(9'7) < 'V:.'._ —‘:}J {4*7?_‘ (Q "F)le} ! !
providing that
(9.8) Vs K B ANEQD TR,
If (9.8) holds and if
(9.9) o> ¥k 5

for each i, the first term in (9.7) inereases and the other terms decrease
as N increases. Hence the expression in (9.7) I8
< Ygz_—lﬂn}a-a.ﬂ (Gl).’m (3&’:5)4“2 La +

+ 3 {a(60)° (3alf A XA DRTRINY,

(9.10)

in the notation (1.6). We now state the definition of ¥ ;: that
Yﬁ(a-}-l)(l-—a) (a-- 1)2(65)2(55-5‘]) (3 (a+ 1)z)¢(a+i)‘lz
= D{a(el)° (3al)ie AYU+Arae gl
7

(9.11)

When o = 2 we replace ¥y in (9.10) by ¥. This is possible even for posi-
tive n, because of the negative exponentials in the coefficients B(m).
Suppose now

(9.12) X1

for some fized &> 0. Then the ¢ whieh oceur are O(llogd|) and for I
sufficiently large, both ¥, and the expression (9.11) are decreasing functions
of a. Summing over #, we find that there are

(9.18) < Yo 2 Yg{llﬂ-&-ﬂi—o')lail)}';lu.,;lﬂ~l-(I'q]ub-ui)faf
' i
clags (i) zeros. _
Tet 14 denote a fixed power of §, which may bo different in difforent
formulae. Frem (9.11)

(0.14)
where we take the value of ¢ for which the term iz maximum, If

(9.15) Yy P DUH,

2
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then (9.8) will hold at each application of Theorem 1. If

{9.16) (29;— 20"+ 6, a > y;— D+ 2y, B—238, 1"+ 6, 1"

then (9.15) holds for D sufficlently large. The expression in (9.13) is
Gvifl—-0)

(917) Qy-ig‘wlzl_!_ yg—ﬁul_:i < Diz__kﬁm,

where we have assumed that

(9.18) Y < ¥

we must check that (9.18) is consistent with (8.15) and (9.12). Cleaxly
(9.17) absorbs {8.16), so that (9.17) is our upper bound for the number
of zeros of L-funetions formed with proper characters to moduli nob
exceeding ¢ in the region (8.1).

Tt (8.15) and (9.18) are contradictory, we determine ¥ by (8.15)
and make ¥, the maximum of ¥®*) and the value given by {9.11).
To satisfy (9.8) we require ‘ :

(9.19) Yie-B » DI,
which is possible for
(9.20) o> L2+ B+30)(2+48)

and D sufficiently large. In place of (9.17) we have the upper bound
(9.21) & YAV g pETi-agd
A% this stage we can replace the condifions (8.1) by

(9.22) o<, W<T,

the effect of this being only to increase the exponent 4 by two.
With & = 3 we have

(s Bory Y} = (142, 1/2, 0},

(@135 Pray yur) = (1712, 0; 1/4),
(05 Bl) TI) == (O’ 1/47 1/24)’

(9.23)

and (9.13) is
(9.24)

The inequality (9.9) requires ¢ > 1/2. The choice {9.14) is
(9.25) Y, = D,

and (9.16) is satisfied for o> 17/21 {= 0.809...). If

< YfLurlclﬁ + Y.I,E—MD'DSIA )

(9.26) o < 1/3+1/(2+43) = 5/6—0(3),
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(9.18) can be satisfied, and
ST N6, T, 1) € (@DFNNE

¢=<Q ymodag

(9.27)

upiformly in 17/2L+¢ < 0 < 3/6—5, where A depends on &. .

Tor o3> 5/6—¢ we can satisly (9.20) instea,d,. and (9.21) gives the
upper bound, & weak form of the density hy])othem;ﬁa.

Tor 3[4 < ¢ < 17/21 we must choose Y, to satisty (9.15):

{9.28) Y, = P36t
giving
(9.29) Z*N(c‘, T, 4) < (QZT)(!—U)I(EMG)ZA’

q< ymodq

which is still better than the Ingham—Montgomery exponent 3{1-—a)/
/(2 — o) and the Montgomery exponent 2(1—o}/o [6] for o> 45,

10. Zeros of £(s). For Z{s) Theorem 2 i3 available. With %, =1,
by =2, By =2 :
{23y Poss Voa) = (1/2,1/2, 0),
(55 Brsy Y1s) = (1/8, 0,1/4),
{atzg5 fasy Ves) = (1/32,1/4,1/16),
(ctags Boas Ves) = (1/64, 1/8, 9/64),

(0, By, I'y) = (0, 3/16, 13/128).

{10.1)

The result of Theorem 2 is contained in Theorem 1 if I' satisfies (1.24),
that is, if

138

(10.2) N > eI

where we have used
(10.3) GV~ € WP,

the exponents & being not necessarily the same; but oach can be made
arbitrarvily swmall if I s large enough. Theorem 2 gives

R < N2—25-|-a_,[_N(lltl—lstla),ll.‘i—l-aTI-l-s_I__N(2¢La—~36),’13-}-aml»!—g__l_
-+ N(ﬂ%-—zﬂﬂa)[lﬂ-}-sl?l-{«s -+ N(192ammm)m 0 Tl-l-e .

(10.4)

 Mhe term 4 = 0 exceeds the term ¢ = 1 for o < 75/89 (== 0.842...), the
term ¢ = 2 for o> B5/67 (= 0.820...) and the term ¢ = 3 for o < 149/173
{=0.860...). In the range ‘

(10.5) BB /87 < o < TH/89

icm
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we need only consider the firgt two terms in (10.4), and have in place
of (9.10)
(106) . & YE:}ZU)C&-'V:_I_ ngHlSéo-)aHSii-aTl-i-e.
Corresponding to (9.11) we put

(10_7) Iriﬁ(a-}-l)(l—u)—(11-1m154a)a - Tm.
As before, the critical value of N in (10.2) is
(108) N = Yﬁ - 1726{(2500——150_},
and (10.2) bolds for ¢ > 1—¢ only. Hence
(109) N(D‘, T) < 174-—4ﬂ+2+ T?.Q(l-—a)[(l]Sa-—?s)-}-t'
For the part
{(10.10) 53/67 < o< 189230 {= 0.821...)
of the range (10.5) we put
(10.11) X =15,
(10.12)

39/{4606-— -
YT o= TD,’{ it 340) 5’

chosen so that (8.15) holds. Then (8.16) and (10.9) give
(10.13) N (o, T) < T¥0-o(so=Tate,
in the range (10.10). Tor °

(10.14) 189/230 < 6 < 75/89

we replace (10.12) by

(10.15) . T = et
and have
(1016) .Z\T(O', .T) < sz-‘za-i-r

which wag proved in [4] only for o= 5/6. In fach for
(10.17) 75/89 = ¢ 3> 61/T4 (= 0.8243...)
we can use (8.11) and chose

{10.18) Y = e s (o i)

2 — Acta Arithmetica XXIV.4 .
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and obtain
48(1~15)

(10.19) N(O‘, T) & T37(20'—1) s-

The estimate (10.19) also holds in & short interval to the right of 75/89.
Since (10.16) was established in [4] for o 2 5/6, we have (10.16), a weak
form of the density hypothesis, for o > 189/230.

Added in proof. L. To prove (6.6) LB (R, M, I) was assumed. to be a de-
creaning funetion of 3 for o > 1. This may he false for M < D. The difficulty may he
resolved by redefining B(R, M, D) ox by moving the contour fio the right, inereasing
¢ to 1fe and permitting an extra factor M® in the upper bounds. The wpper hounds
substituted for B(R, X, D) give deercasing functions, and the zero-density theorems
are unaffected.

2. Jutila [On a density theorem of H. . Monigomery for T-functions, Acta Acad.
Sei. Fenn. Series AY 5201 hae new density theorems for L-functions, including the
density hypothesis for o > 5/6. Jutila’s idess will be discussed in the second part
of this paper.
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Zur Methode von Stepanov

von

Worrgarne M. Scammpr (Boulder, Colo.)

Hervn Professor €. L. Siegel zum 75. Geburistag gewidmet

1. Einlejitung. 8. A, Stepanov hat mit seiner nenen Methode einen
wichtigen Fall des Satzes von Hasse-Weil elementar bewiesen ([2], [3],
[41). Es sel ¥, der endliche Kirper mit ¢ Blementen, und es sei f(X) ein
Polynom vom Grad m mit Koeffizienten in F,. Ist nun % eine positive,
zu m relativ prime Zahl, wnd ist g > 4mP*n(n-1)%, dann hat Stepanov
gezeigh, daB die Anzahl 4 der Lisungen der Gleichung

%

y* = fl=)
in Hlementen a,y avs F, die Ungleichung
14 —g| < (3mn)*t g

befriedigh. Weiter hat er ein dhnliches Resultat fir Gleichungen 4* -y
= f(x) hergeleitet [5], wobel p die Charakteristile von F, ist(?).

In der vorliegenden Arbeit wollen wir aligemein Polynome f(X, ¥)
zolassen, die absolut irveduzibel sind, die also in keinem algebraischen
Erweiternngskdrper reduszibel sind. Wir werden die Methode von Stepanov
weiter fihren nnd das folgende Frgebnis elementar beweisen.

8ATz. Das Polynom f(X, ¥) mit Koeffizienten in F, sei absolut irredu-
zibel, und es habe Grad m > 0 in X ond Grad » > 0 in Y. Ist nun

(1) ¢ > ¥m-+1P(n+1)2 (%),
dann gilt fiir die Anezahl A der Lisungen der Gleichung
(2) flw,y) =0

in Blemenien 2, ¥ qus .Fq die Ungleichung
(3) |4 — gl < 2 Min(m®n, n*m)g"*.

(!) In einem Brief vom 22.6.1972 hat mir Herr Stepanov mitgeteilt, daf er
nunmehr Gleichungen g% +g, (B)g" 4 ... +g,(®) = 0 behandeln kann, fir die
der Grad m von g,(X) zu # relativ prim ist, und fiir die weiter der Grad von g;{X)
Kleinor ist als (i/m)m (1< i< n—1)."*

) Mit zusitzlichemn Aufwand konnte diese Bedingung gemildert werden.

* Bemerkung bei der Korrektur. Dieses Ergebnis erschien in Iav. Akad.
Nauk 388R, Ser. Mat 36(1972), 8. 683-711.



