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Polynomial values with small prime divisors
by 7 '
DieTER WoLEE (Marburg /Lahn)

1. Introduction. Let f{z) = a,a”+...+ a2+ a, be an irreduneible
polynomial with integral coefficients and Suppose @,z 1, (@, ...,y @) = L.
Let p(n) {g(n)) be the largest (smallest) prune divisor of n {(p(l) = q(1)
= 1), Write, for 2<Cy < o,

. e
@ Yo, y) = Plf,00) = Y L, w=g—
frss y
pltn))<y
Hmyrova ([5]) proved ¥

Inz
Inlnz

(2 Yz, y) < a(f)mexp(_uln%), i egus

© A similar inequality was shown for the function

(3) Yoz, u) E 1.
r<T,rRrIme
pif(r)<y

T4 is the purpose of this paper to improve Hmyrova's results as follows.
TarcerEM 1. (1) For (nz) < y < (Inoy* (4 = 8047 we have

Y(w,y) < vexp(—gulnut0(ulnlnu)).

(ii) For (nay* < g <o we have
. U
¥z, y) <mexp(~—gu]n (?))-

(The constands implied by the symbols O and € may depend on f.)
THREOREM 2. For (Inzf <y <2 and >0 the inequality

Yalz, ¥) < olf, o) (@) exp(— (1— e)gulny)

holds, (11 (a;) is the number of primes < x.)
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By the same method one can prove results of the following kind:

()  Yieta®, )—¥(=, 9 < é(f, a)a® exp(——g%lnu—{—O(uln_lnu)),

if 0<ae<l and (oY <y<y

Z 1< c(a)mexp(—uk(lnuk—l—ﬂ(lnlnuk))),

nEL
p{nk+l)<y

g1

{5) Fla,y, k1) =

In (%)
ny

fo<a b , and (el < y <ot

0T <k, uy =

2. Some Lenumas. Let
gruence f(z) = 0modn.

Lenva 1.

(i) o(n) is a multiplicative funclion,

(i) o(p®™) <1 for all primes p and ¢ = 1,2,

(iii) ¢(p**') = 9(23“) for p >;00(f ) and & =1,2,

(iv) ZQ(P =Inz(1+o(1)),
i
1
o 3ot = EfrrofL)
For a proot, see Erdijs, [4]. ‘
LEMMA

g(n) be the number of solutions of the con-

2. For d ' we have, uniformly in d,

1 ' :
2 1 @ jfug)) {1 (1“ 9(p))+w.,_1.
At PR a PO i i

(f(ﬂ}) =pld)

Th_is is proved by Selberg’s sieve (see Barban, [1]).
3. Proof of Theorem 1, ().

3.1. In the following let # be sufficiently large. Secondly, we may
| asgume y < z™l, Wnte

(8 ¥y = Y1
B G nE
o))<y
and
. it S
(7) L=y = 0] =1, 2)

For we(nf2, 2] we have

(®) . )2 < f(n) < 2a,mv

icm

(13) ¥y Laem™E L
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We may write

fln) = d ...
Because of (8) we have
(9)  d=0'"  (1>C=0()>0)
Let u = p(n) be the smallest number » for which (9) holds. Hence

2g
1= Z ¥, say.
re=1

3.2. Let us start with the case g = 1. For #n counted in ¥, we have

flny = d;h

d,, where p|d, implies pel,.

for at least one » < 2¢.

20

(10) ¥z, y) - Z Z

=1 Tf2<Cn
H(n}=u, p(i(n))<1i

where  p(dy) <y, g(h) >y, 4= 08",

Put:

and, it d, > #',
dy = dydy

where d, < 2%, p(d) < ¢(d) = ¢, and d,¢° > o' (¢|d,, ¢°T dy).
We distingnish two cases
Toplf2
(11) Ld<C—, I.d=C .
Y1 Y1

Tn the first case we have, because of {9),

1/2

o) =omodp®, p<y, P

The contribution of these » to the sum ¥, is

y O e @)
< 1= 2w > P .
nEGE 2;1<:p"‘<:c

F{n}y=tmodp®, <Yy

1a<w1,:v>p“>y1
By Lemma 1, (ii) and the assumption on g, this is
& gt 138 < g nu
Hence, if we write
' ' e

12 2, =
(12) Yoy

H

we obtain

Mo1g

f2<ne
pz<n<z
: :n1<d1(n)<a:11'2
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_pul - _
<oy ) 2 Ll=oeL gy
:z:1<d<wI/- (]

pldy<yy atfin), gz(;’( ))>p(d)
3.3. We have

w e D s
h o <d<st p<a
pfd)*’(ln:c)m difiny

+ > 2 2
2T S=0 ) < dgali2 ,;ﬁm)
. k]

P I Y 1} (f (”))w(d)

1= 11;1"1_{_2117,],1,“ say.
7

Using p(d) € ™" and & crude npper bound for the funetion M o1

. . \ngw 19
(see de Bruijn, [3]) we get Pln)<(Ina)

(15) EU.{,I < g0 § ! a1 & po—FwinG
. . d>w1]4 .
p{d)<(ln x)t0

For fixed i = 0 (3 ( 17 = (Inz)™) we write z = y?“i. Lemma 2 and Lemma 1

give

" m G
(18) Piaa <T1; 2 - g~ ,

dx>m .

' Bld) <z
where
@ () = _f; polp)

_ pld) L1 p—e®

Obviously,

- Y.

din

(18)  hp) = o@)+0(Lp) and  hn) < ()

We now estimate the sum

. (19) l | - H = 2 h{d)

d}u"}l
2(d)<z

:by using an idea of Ra;nkm (vee Ra,nlun, [71). For & with 0 )
__becaufae of {18) the following holds

e D v

= 1/4 and

a>zy
F(d)ﬁﬂ - p(d)gz

icm
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1 1
<o [ [ (1+ (») (—_~ ——))
L@ 1 7 p

<z
1 1
o 55

By Lemma 1 (iv), the sum in the exponential is -

Ze(p)z (511113 \2 5”(1115)" ‘Z o(p)Inp |

f: S P

oo
' 2 5" (Ine)”
<9 — < 2Bﬂ]nz'
=1 )

Thus, by (20), H <€ Inzexp(—dlnz,+

=il

(Inz)™ jmples &< 1/4. Some computation gives

Ina,
oit+l
() +2 )

), (16), and (21) fogether, we arrive at

< Inzexp (~ Slnw, -+ 2

s

22%). Put

The condition = >

- Ine
(21) H<hlzexp(- oo

Putting (14}, (15
(22) . ¥1,1‘<m3_gulnu+ :
In I ' .
o Z exp(— TLL ln( nf}_i )—[-2*“9%)_
=0 - In(yy ) In(y; ) _ _
0} znalt

A gimple computation shows

Xp(— 111?: ln( hu:’il ))gexp(mgziulnu-—]—?;u).
In(yr ) \lnfyr ) :

Hence
(23) w, <m6v-gum u+ "02 —olguInu "(2"a+1 < we—gu]n(u,’e )
iz ‘

3.4. The case x> 2 i3 much easier. By (9) and because of y< Ve

we have.
d d
w, < Zlgzm ‘9() 29()

Cxlff<dga dsCut?
J'(n)— dmod 4 pfa_,pd‘u pid-pel
O ez :

p[ﬂ—meI
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The lagt sum ean be estimated in the same manner as above. Thus
(24) P, gemuInlule®)
3.5. (6), (10}, (23), and (24) give

@< p<2g).

7 @ i
(25) P, y) < o'l § 7);6‘”“"51]1(“"-/”) where o, = M
: = 7 ' Iny
2zl /2

One easily sees that for y = (Inz)? and 2° < o2

u,;ln(%:) ln( u) _ ilnd
&/ e A

holds. This and (25) imply statement (ii).

4. Proof of Theorem 1 (i) and Theorem 2. By d, (1< »< 7 we
denote integers for which p|d, implies ¥~ < p y”’” As in part 3.1
one can see

g

(26) : ,J<2 21~2 ) 95

r=1 Zf2<nEx
dyifin)
Uzla<d, <z

B
Ml
%
%
A
=5

@,
2 2y Y.

g Cufy<<dy,<, v
&, f{n) S s

Using Lemma 1 (v}, we get, in the same manner ag de Bruijn, [3],'

@8 Y old) <exp (Z(HO(;))),
45 : Iny
where
- Inz 1g 1ig
7 = ——1n S T A Inw
In (37%) (l-i— ]nm)—l oy 1n(1—i— )

For (Inz)! < y.< (Ina)* we have
(l+0(1/1ny) 1nm~gu1nu+0(u1nlnu)

Whleh togethm with (96) ("’), and (28) implieg

LA mexp(~—gu1nu—|—0 (wInlnu)).

By summation o :
Sollows. ver @tervals of the kind ( t/Z, t] the statement eagily

icm
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The proof of Theorem 2 is very sumlar to that of Theorem 1. Here
one uses the prime number theorems of Brun-Titchmarsh (see Prachar,
[6]) and Bombieri (see Bombieri, [2]).
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