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MoKaRaTENBCTRO TeoPeMbl. Pacemorpum ToURK (O (§=1,2, ...
ey (p—1)/2). Ha ocuoBamm: cIeICTBMA B

(p—1)/2
a1y, = 12 ” (aD)liv = 4247,
=1
(p-1)j2
Oy (U Wy, = - ” B2yt = 4 BY
. Ful
(t=1,2,...,(p—1)/2).
B CHITY #KE CIIeICTBHI 2
2040, Wi, Ve _ Ungsrr) | Vo)
Wipgs47) Wpia—r) Wi Wy(o—r)
By Wy Vo o Vmeeny  HMpiern)
Wrtsre) Wpis—) Wits—v)  Wastr)

(ry8==1,2,...,(p—1)/2,r # 8).
Tan waw

Ugp W 1}-r]o/ Uiy Wiy Pap = ('Um / Uy, wm) / (’Usp/ Mgy W :m) ’
TO
' Ag’_}_,.-% -A??)-mr = GSW,M

2 AP —_ 1
AR — A =10,
OTEY[A, BBONA HOBLIE 0003HAYCHUA,

(12) @t =1, &4 =¢ (=12, ---:Gfpa)m)‘

Tlonyuennrle TOURM KpUBoil (12) mosyKHLl GRITH PABIUYALL, TAK KAL.B IPO-
THBHOM cifydae Touua pO,: umena OLl IMOPANOK MeHnummii p. [lance, Takr
nax pon wpieolt T Gojsuie 0, TO HOOPMHHATH Toder ptOa (t = 1,2, ...
vy {p—1)/2) otmmumpt ot 0. Teopema momazama.

B saumiouenwe CYHTAI0 CBOMM IPHMATHREM JIOJTOM BHPAZHTL Giaro-
pnapuoers W. P. Iadapepuay 8a DAl NEHIBK 3AMEUAHUE, KACATONMXCH
a1olt padoTsL .
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A note on the paper
“Reducibility of lacanary polynomials 17’

by

A, ScHINZEL and J. W()JELK (Warszawa)

In the paper [1] mentioned in the title the first writer has left a gap
in the proof of Lemuma 1. The aim of this note is to fill this gap by p,row;ing
a property of normal number fields which may be of ihdependent interest.

Let 2 be a number field of degree [2!, aef2, ¢ == 0. We denote by
{, @ primitive gth root of unity and set following [1]

0 if « = ¢, for some g¢,
e(a, 2) = maximal e such that a« = £, with suitable ¢ and

Bef2, otherwise.

It is asserted in Lemma 1 of [1] that if o = 0, fla) = 0, where f(x)

n

= Eal-mf Is a polynomial with integral coefficients and ||| :-fﬂ;?, then
ize

{1) e(a, 2) < §12/loglifil.

The proof for « not being an integer is correct. The proot for a being
an integer is based on the following refinement of a result of Cassely
([13, p. 159).

If an algebraic integer g of degree n is not conjugate to §7! then

— 1
{2) Bl>14+
g T en—1
where W is the maximal ahbsolute value of the conjugates of 8. _
If a Is an integer and o = {,8° then £ is also an integer (&> 0).
However it does not follow that if a is not conjugate to o~* then £ iz not
conjugate to §7'. The example '

@ = —1=V3 = (e V1T Vaf = ot

shows that even for all ¢ ({8 may be conjugate fo 'L,
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Thersfore the inequality (2) does not follow in an obvious way (which
ig assumed although not asserted -in [1]) from the assuwmption of the
lemma in question and we are not able to decide whether it follows ab
all. However the inequality (1) is o simple consequence (see Corollary
below) of the following '

THROREM. If a = ,f° s not conjugale fo o™, feK{a) where K is
& normal field of degree K| and (|¥K], ¢, ¢) =1 then for some 4, LB s
not congugate to £ = - '

Lomma 1. Let p be o prime nol dividing K], ¢, K (), pell{a), If
oy 0y are fwo automorphisms of the normal closure of K(a), oy (a) = ay(a),
01(Cp) = 0a(Ey) and oy (87) = ay(f7) then o,(f) = au(B).

Proof. Bet ¢ = ¢,'0,. Let a be of degree r over K(f,) and et

B =agtaar ... +o,_ a0
If o(f) # f we have o(8) = {,8 # 0. Therefore,

ES e
0'(18) = Ep“‘o“{“gpﬁla_" +‘/:'pa'rmlar 3
where ab least one coefficient 7, a,, say, is non-zero. On the other hand,

o(f) = c(ay)+ola)et+ ... +ola, o',

Since K is normal, o(a;) <K (£,). It follows that

ola) = Lyt o(al) =af.
a! belongs, therefore, to the subfield L, of K(Z,) invariant with regpoch
to o. We have alswo { ek, a,¢ L and by Abel’s theorem a; 18 of degree p
over L. Singe L c L(a) = K(Z,) it follows H(Z,)] == 0 mod p and [K]
= 0 mod p, contrary to the assumption.

Lgmya 2. The theorem holds for ¢ = 2,

Proof. Set QQ‘ = L. If e # 0 mod 2 ‘we have for suitable 4
a == = (Ciﬁ)ea
hence '8 is not conjugate to £ *4~% Assume that e = 0 mod 2, K| # 0

mod 2 and that for each 4 there existy an automorphism ¢; of the normal
closure of K(a) such that '

o (8B) = ¢

If o,(8) = 7% we have

1
a(f) = ¢THEIEL (4 0dd),
Lot
, Lt ge for ¢ odd,
oi{a) = r
gamtlE-Nge fop o ¢ even.
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It s; == —1mod ¢ then setting ¢ =1 we geb o;(a) = o™, contrary

to the assumption. This remark implies the validity of the lemma for

v = 1,2, Indeed, if » =1 then &, = —1mod 2. If » =2 then either
gy == —Imodd or s = —1mod4. Otherwise s, = 5, = 1 mod 4,

C6olBY) = 77 = 0y (5%

gofa) = ™" = a1la),

and by Lemma 1
‘ oo (B) = o:lf),
which is impossible. ‘ o
In order to prove the lemma for » =3 we prove first the three assertions:
(1) if »> 3,27 %i—] then either 5, = —1mod 4 or 5, = —1 mod 4,
(i) &f v=4,2"Mi—j, 5, =3 mod 8 then ¢; = —1mod 4,
(ili) if 1<l < 2 "i—g, s+ 1 then 2 s +1.
(). We have o0;(a) = & Elstiebi+ 2o Singe 3 (4— 5){s;--1) %
X (8;-+1) =0 mod 2 it follows that ¢;0;(a) = 6, 6,(a) and 0,0, (%) = 0,0,(5?),
thus by Lemma 1 o;0;(8) = o;0;(f). Hence (i— j){s;+1){s;-+ 1) == 0 mod 27,
(8;+1)(s;+1) = 0 mod 8 and either s, = —1 mod 4 or §; = —1mod 4,
(it). It ;=3 mod 8 then 2(i—j)(s;+1)(s;+1) = 0 mod 2", ;05 (at)
= o;y0;(a), 0,04{f%) = o;0;(?) thus by Lemma 1 o;0;(8) = o;0,(8), (i—7) X

X8 +1){8;-F1) = 0 mod 2", (5,4 1)(s;4+1) = 0 mod 16,s; = —1 mod 4.
(iii). Let s; = —5%, 8 == —5% mod 2", If 2%lis,+1, 2¥|ls; -1 then 5%

= 2841 mod 27, 5% = 2'+1 mod 2", hence 272 }a;, 2 a, (o7, 2772 a;.
It follows that the congruence

fa; = a; mod 3772

is soluble. Its root ¢ must be odd sinee otherwise I—1 < »—2 implies
a; = ta; = 0 mod 2", which is impossible. Thus we have for an odd £
A
?
Since 2 (i—j}(s;+1) = 0 mod 2" we get ¢i(a) = o;(a), oh{5Y) = o,(8?), thus
by Lemma 1 of(3) = ¢;(8), (i—)(s;41) = 0 mod 2", which is impossible.

Let 7 be the greatest integer not exceeding » such that s; = —1 mod 2*
for suitable i. Since s; & —1mod 2" for all ¢ we have I < » and by (i)
=1,

Consider first the case » — 3. Then g =8, 1 =2, s, = 3 mod §.
Taking in (fii}1 =2, » = 3,j =i—T orit+1wegets, , = 8, == 1 mod

If s ;=8 ,mod8 then 2[(i+41)—{E-—-1)] (s, +1) == {85141}
= 0 mod 8§, hence ¢;_,(a) = o;,,(a), 0;_1 (%) = o,,,(8?) and by Lemma 1
o;i_1{f) = o, (B), 2(8.1+1) = 0 mod & which Is impossible.

In the remaining cases: s;,_; =1,s, =3,s,., =05m0d8 and s,
=5,8=3,8,, =1 we have s;_,88,,, = —1,5 = 3 mod 8, ‘

T

& = s, mod 2",
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It follows
1030 () = g:si‘—lsi“"i+1”“[(i+1)S-i—l""i5i+1'|"‘*i_lS-i“si—l‘f'":‘l]ﬁ‘ﬂ
a

— é‘ul——c(‘—’i-—l—]-ﬁsiﬁj—S,:m1+1f—1)ﬁ~£

— é-—-l—ﬂa(si_l—z)ﬁ—e — é—lﬁ—c — a——l,

gince 2(s;,_;—1) = 0 mod 8.
Consider next the case » 3= 4. Let 27 Y|i—4, 2% (|4 1. For suitably
chosen 7 we have &k >1. Indeed, if 1 >2 then 1)——L1.——6< y—3, 9=t

Ji—j—2"% and by (i) 8; == —1 mod 4 or 8, -3 == —L1nod 4.
If?=2 and s = 1mod 4 then by (i)s, ., 5= —1mod4, by (il
8 s = —1lmod 4, becanse s ;7 —1 mod 8 and again by (i)

&

y = —1mod 4, 2 contradiction.

By the definition of I we have &k <1 and by (iii) & = I Thus we get
L<k<l<y Let

§ = —8%mod 2, § = —iY%mod 2",
1t follows

5% ==1mod 2!, 5% = 2"4-1 mod 2*;

-2
2777 oy,

and the congruence

2y (o, 2o,

ta;+ @y = 0 mod 22
ig soluble. Since k <J its root § must be even. Thus we have for an even i
| §;8° = — 1 mod 2".
Y5;--1 we get

j(3-13§_31)+?:(3-5+1) == (f—

Since 214 —4,2
Is1) == 0 mod 2"!
and
0‘1'0';: (o) = Cs-ga;-..a[f(sl-s;—s;)»&-i(s.i»H)}ﬂ——n — aﬁl,

which iz imposgible.

Lexyora 3. The theorem holds for g = p’, where p is an odd prime.

Proof. Set {, ={. It ¢ 5 0 mod p we have for suitable ¢

o = 8 = (L),

hence {'f is mot conjugate to (', Assume that e == 0mod p, K|
#Z 0mod p and that for each ¢ there exlsts an automorphism e, of the
normal closme of K(o) such that

o (*8) = i
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If i = 0 modp* ", tis odd then

o ¢
di(f) = LT, Gha) = g0
We have

B8 ¢ —1 }
00, 1 {a) = TR = 0',‘,1|V.—1'0‘0(a)!

)
oh} gpvwl(é‘p) = a‘ﬁﬂ-—lﬁﬂ(‘ip)! 00,1 (A7) = O'pv—lo'n (87),

thug by Lemmsa 1
000, 1(B) =0, 100(B);  P"(Se+1)(8,1+1) = 0 mod p.

Hence either g, = —1modp or 8 41 = —1lmodyp and we assurynfi
without loss of generality that the first congruence holds. Then s}
= —1mod 9", & {a) = a”}, which iz impossible.

Proof of the theorem. We proceed by induetion with respect to
w{g) the number of distinct prime factors of ¢. If w(g) = 0 the theorem
is trivial. If w(g) =— 1 the theorem holds in virtue of Lemmata 2 and 3.
Suppose that the theorem holds for w(g) < » and consider m(g) = n > 1,
Let p be the least prime factor of ¢, ¢ = p'q1, ¢ = p"e;, where pfgqe,.
If 4 =.0 then for suitable {, £, we have

a = {,f°

Since £, = af ek (a) we have {7 e K{a), s feK(a) and by the inductive
agsumpiion for some ¢ .

= ":ql(:p”ﬂ)e

1:— 1
» 7

Hqii . 1s not conjugate to [ °C

which was to be proved.

I p >0, by the assumpiion |K| s 0mod p. We have for suitable

3
":p": le

£

a = [p}

Sinee £, §eH(a) it follows by the inductive asgumption that for some 2

— ‘7; (éqlﬁel)vp#_

»”
a; = ),5,11,81 is not conjugate to a;’.
However we have for suitable j
= qu(‘i;rﬂ)ﬂl
and ,feR( ,, u). Indeed, feH(a) and o = £ 2" Moreover since
(K|, q,e) =1 and p is the least prime factor of ¢
(!I{(‘:pv)ll 41, @1) i (pkl (p— 1)K, ¢, 61) =1,

By the inductive assnmption we have for some k:

djlg'iy.-j is not conjugate to {;FL787

which was to be proved.



200 Ce .+ A. Schinzel and J. Wéjeik

Remark 1. An examination of the proof shows that if K iz ahelian
the assumption (|#],q, ¢) = 1 can be replaced by (|£, ¢, ¢) = 1 mod 2.

CoROLLARY. If aef2 s an inleger not conjugate to o™ a 520 and
Fla) = 0, where f iz o polynomial with dnteger cocfficientis then

e(a, 2) <zl log|f1.

Proof. buppow first that 2 = O (a), set e(u, 2) = ¢ and let 3 be an
integer of @ («) such ‘rlmb a = {,f% It follows that

(3) ‘ Iog[a|molog|m.
By the ineguality of Carmichasl-Musson, Ff" “ I we have
(4) log|a | < $logjlfl.

On. the other hand, by tlhe theorenr £if is not conjugate to ETEATY for
some %. Since {ffeO{a) we have by the inequality (2)

thug

and by (3) and (4)
e <519 (a) log|f].

In the general case we use the following assertion of Lemma 1 of
[1] independent of (1). It 2, o 2 then

ela, ;) < -‘Q | e(w, £2).
|<2|
Taking 2; =2, 2 - Q(a) we get
| l
1@ (@) loglfll == §i2(log H/m

e(a, 2) g i—j(

q.e.d.

Remark 2. The recent unpublished work of (. .J. Bmyth on the
product of conjugates of an algebraic integer lying outside the unit civele
allows one to strenghten considerably the Corollary and the relevant
regults of [1]. This will form an object of another paper.
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Corrigenda to {1]

. 123 line 1 from below for J(z—1) read Jf(z—1);
. 150 lines 9-6 from below should read '

log 445 2AFI=14 91| log 8 | F[* < (|| T — 1) exp (21 [FIF1-1 log | F)

and ohtain
" R(N) < Lexps (21 FFIFI-1og [|Fl)) exp (5 - 20

< exp (log 4+ exp (21 [FPIFI-Llog |F 1))
% (exp 5+ AFF-14

—1r2|Flog 11T

. 151 line 13 for exp read expay_s.

% i 3 i

. 157 lime 14 for Y ay [] % read ap+ 3 a; [ =t
j i=1

j=0 =1 Fa=1
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