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Keeping on the left of (8.2.5) only the terms whose ¢ belongs to the square
(8.1.2) and using (8.2.5) with

Ve —1
w = a3—|———»~—-—6, V=T
2
we get
U—0,
%> My(v, a5, 8) mmin
2 g 7= <MH3ity Gyy !
Ile—1|<[10§(7/2)](uw O'g) + (’” - tq) ag-- $xibsay
a,<ag g "J’ v

min s
- -
'/2_2'"1_.1 << ,!/f_":.".l_ Y

= My, a3, 6) P = My, a a)}./ilr .
: 2

/4
This and (8.2.5) give together

V2 — 1
My(r, 05, ) < —5-8logr+ 4120 €0 p < 0,T15log.

(loglog)
if 7> ¢4(d), q. e d.
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On prime numbers in an arithmetical progression
by
S. KNAPOWSKI (Poznan)

1, Let k=23, 0 <1<k, (I, k) =1 be integers ((I, k) denotes the
greatest common divisor of 1, k).

Throughout this paper p denotes prime numbers, =(z, k, 1) denotes
the number of primes not exceeding #, belonging to the arithmetical pro-
gression

U, 1+%, 142k, ...,

€y Gy 6y, ... denote positive numerical constants, 4(n) denotes the Di-
richlet symbol: . :
logp if n=9p"a=1,2,..,

0 otherwise,

A(n) —_~l

@(k) = h = Buler’s function, L(s, X) denotes Dirichlet L-functions.
It is well-known that

1 du —
7w (2, k, 1) z_ifl—(;—g_u +O(mexp(—cv'10gwl))
2

for any fixed k.
Write .
1 du
A, b, 1) =x(m, k, l)—~h~9 Togu’

We can show by classical methods that if % is fixed and

(1.1) A(z,k,1) = 0(@®) (3 <9 <1, ¢>0 freely fixed, a— o)
then
(1.2) A@, k1) = 0@ (- o0)

for all I (0 <1<k (I, %) =1) and each fixed ¢ > 0.
These methods cannot, -however, reduce the relation (1.1)-— (1.2)

to an explicit inequality.
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In this paper I obtain such “explicit estimation”. In the proof
Turdn’s methods are used.
The result is as follows:

If
T > max (cu, expexp(l{)f)(klogk)z))
then
(13) max |4(z, k, 1)
1<egT
logT' .
< TP ex ((1 )~—~— m.) max |4 (@, &, 1)+ VT).
sS4 p + /—-—log log T (15,.11;,1" 2 Iy 1)) )

8(T) is a function tending to zero for T — oco. The construction of 4(7T)

depends on the distribution of the non-trivial zeros of the Dirichlet I-

- functions (modk). Under the assumption of the generalized Riemann. hypo-

thesis we can put in (1.3) 6(T) = 0. It is worth noting that the estimate

(1.3) is true without any conjectures. It seems me to be a very inte-

resting question whether one could replace maxf’A(w, k,1)] on the right
1<

side of the inequality (1.3) by max |4(w,k,1;)| for any 1, 0 <1, <%, (I,,%)
1<egT

=1, Even the relation (1.1)~>(1.2) is problematic in this case.

I congsider it my pleasant duty to express my deep gratitude to
Professor P. Turdn, who was kind enough to turn my attention to the
aforesaid subject.

2. First, I shall prove some lemmas.

LemmA 1. Let X be a non-principal character (modk) and let

s =o+4it, o>=1,
1L, X)! <

—o0 < 1< o0,
Then

o ([t +1).
Proof. We apply partial summation.

Lemma 2. Let X be an non-principal character (mod k). Let Np denote
the number of zeros of L(s, X) in the rectangle

I<o<ly T<t<THL, s=o4it (T =0).
Then

Ny < ologh(T-1).
Proof. We apply Jengen’s inequality for the eircles
_ ls—sol S35y ls—sol ST (80 =24+ (T+})d).
Then
| L(s, X)

Np<e¢ max —1° -
ta—sg|=31716 | L (89, X)

< glogh(T'+1).
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LemMma 3 (compare [2], Lemma 13, p. 426). Let X be a non-principal
character (modk) and n=0,1,2,... If

s=o04it, 1H+a<o<2 n—pp <t

< n+14 g5,
then .

vz \Q 1 |
FUREPR =

< ¢ logk(n+1),

where o denote some (not necessarily all) zeros of L(s, X), lying in the rec-
tangle
T+a<o<2, n— [
Proof We apply Turén’s estimate (IIL.2.2) (see [3], p. 184), puttmg
R = 4, e>0 numencal and so small that the rect&ngle —+12
Lo<KL2 n— m <t < ntl4 o m lies in the interior of the circle
ls— 2+ n+hi)| < (1—-20)R
and R-¢/2 < g, holds.
We can then take M = ¢;logk(n-+1) and the result follows.
LeMMA 4. Let X be any character (modk).
1. For n = 0,1, 2,... there exist o, such that
%+%< On <%+‘2"
n+1+ 550

2
i S

and for s =o+it, 0 =0y, n—gy <<

! AL X)| < osklog? (k{n+41)

holds.
2. For n=1,2,3,... there exist t, such that
1 1
N1 < b < B4 155
and for s = o+it, ++5 <o

Ele'

<2, t=1,

< e klogi(k(n+1))
holds. .
Proof. Suppose first that X is a non-principal character. In virtue
of Lemma 2 we note that the number @ of all the zeros of L(s, X) lying
in the rectangle

ita <o<idn n—g <t <ntlig,

is O(klogk(n-+1)). We now divide the interval (} 4, >4 +> into
@ +1 equal parts. One of the @ +1 rectangles constructed thus is obviously

8§ = G+it

2
0 S
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free of zeros. We choose as ¢, the middle line of this rectangle. Then we
clearly have

’——(s X)| < clog(k(n+1))+ ¢ klog* (k(n+1))

and the result follows. -
In the case X = X, = principal character we have
r \vlogp ¢ ! 1
= + O(" £, = .
L(* Xo) E()+”L'k/p-1 v(s)}- (k)  for o=,

Further (see [1], p. 339)

4-/ B 1 111 \1 - 1, . ]—.-)
TO=t—m g r( +1)+_,(8_9F9

e

i

y (;%_Q + %) +0(log(n+2)) = 0 (klog*k(n-+1)).

le—n|<t

A similar argument clearly applies to the second part of Lemma 4.
TaeorEM. Let A4, denote the set of non-trivial zeros of all the Dirichlet

L-functions (modk). Purther, write ¢(T) = max §.
qu«;lﬂ,‘-lﬂyez]k
If
(2.1) T > max (¢, expexp(150(klogk)’)),

_ where ¢, is an explicitly calculable numerical constant, then
logT -

max |4(z, k, 1)) < T°Dexp ((1+ )—L—)(maxm(m, k, 1)|+VT)
1<zt Vioglog T | <wsr
where

8(T) = &(VT)~ e(exp Vioglog 7).
1t is obvious that §(T') — 0 for T — co. Under the assumption of the general-
ized Riemann hypothesis, §(T) = 0.

First I shall prove a similar inequality for the function

4 7 1
A ky1) = D aa(n) -0
N
where
a® — it n=1(modk),

0 otherwise.
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3. Lower estimation of max |A~(w, k,1)|. Put
1<e<T

logT

—_ g —a = 1+1/4k.
aloglogT’ “ rif

N, = log"°T (loglog T,

For T satisfying (2.1) we have
(3.1) Ko>No>3
Indeed, it suffices to show that (logT)'~"* > (loglog?')?, 1. e., that

1 logloglogT
12k+3 loglogT

The function
logloglogT
loglog T
decreases for 7T > expexpe, whence (3.1) is valid in virtue of (2.1).
For T > ¢, there exists L > 2 such that
. (L% <) TFotNo < T < TFo+Not! (< [0y,
Hence
(logT)*** < L < (log T)'=.

Denote by Ty the number #, of Lemma 4 for n = [L-+1-+;].
Then we have
LTy < LA-145-
We now introduce an integer r satisfying the inequalities
(8 <) By <741 < Ky + N, (< 2K,)

and the numbers
1

71 — = .
I £, logé n
Congider the integral
14+94+iTr g
1 5
T@) == f e P (),
’-;HI“"LTL
where
o alA(n)—1/h . 1
e —— i — (s

n=1 (X)
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(the symbol Y means the summation over all the characters (modky)).
(o5}

We have
1 1+Tieo(§/n)sd8"< te fwdt e &
Py Tl S 7 T Oy g tLo
27”1+qiiTL § 2nn 7, 14 ™ N
whence
© Lpg+iTy g
11 (&/m)
— (1) P e A
JIT) = 2(““ Am) h) P f Ty
n=1 14q—i2'p,
CalAm)—1/h & o Elogn 1
21 T log ;L'+0(2J PSS LY N
n<é N1
But
[ o0
Elogn 1 L logn L 1) N
- R, - [ — 14 colog? T
& 7”)1,1+" T}, ’I‘ PRER 097 +")2 < 6ylog ’
whence

W(T) <

: 1/h
Z%__.(_y_._.___/__ log ‘ +01010g

n<E

Hence, by partial summation, we obtain

log"é
17(0)] < oulog'T+ ===

(3.2) max |4(w, k, 1)|.

IgegT

To obtain the lower estimate of [J(Z1')| consider a contour Uy, consisting
of the segment (I) = (1+49n—iTy, 1+ n+41'.), a part of the polygonal
line U given by Lemma 4 (between the ordinates —7'z, and --71'y) and of
two segments (IT), (III), joining U with the points 1+ m:u' and parallel
to the real axis.

In virtue of Cauchy’s theorem

1or# 1oy
Sl o F(s)ds = — = e
oni J & ) &
eod o> U
1Tol<T'y,

(o > U denotes that ¢ lies to the right of U).
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We ghall now estimate the integrals [, .
® dn dm

i‘ j 858 F(s)ds

| 2mi Tl
[41]
e d
1/4+1/6 (1—1/4)/2
<o # [Hilog? (118 + (1+2)° 2 og (1 + 9] Fr

_TL

+

I Méﬂ

o

{(klog (1) b+ (n+ 1) "“”“103(”“))(‘*:%)7@7})

logT

n
1/4-+1/6 12
< ol exp ( loglogT

)klogzk.

Further
= | gAF(s)ki

27 r+1
(IL)

147y
< o
14

g (W10g (Lot 1)k (Tz+1)"log (T4 2) do

< ey klog*klogT,
and a similar argument applies to the integral

1 &
2 [ e
{I1X)
Together
1 e 1
’ = > ‘ < (DI o244 exp (122 7) Hog'k.
gty @ ’ 0glog
e>U, pedy .

1
< 08 x|, b, 1) LTS

7! . 1<:c<

(3.3) }1 3o

T+l
4

i,

for T' > maix (e, (klog’k)*).
To find the lower estimate of the sum

1 £
P Y&

[Tol<T'y,
o> U, pedy,



GUEST


64 8. Knapowski

apply Turdn’s method. In virtue of Lemma 2, the number of terms of
this sum is
< ok (logk)log?“T (loglog T) = ¢17k(logh) (log T)**/***V loglog 1'.

‘We now choose a zero

0 = fo+ro
satistying the conditions
By = e(expVloglogD), |yl < expVloglogZ, fy =4, e€d,.
Then
— »——é@‘ _ E/Ig d! \’ SQ, " 00 1
G PR
(.g %ifi’fj' & L’L'% Te@ﬁk
Further
I = LM = 10g ™ T > oo,
whence
( IFe )'+1 TPEo
RIS > o
ool P
> I exp( ___lig_l_’__ (logl‘)""(“" D (loglog T')’ )
Vloglog,’l’ a

We easily show under (2.1) that
1 logl'

5
= (logT)4k/(4k+l) (10.%’108” Zy)ﬂ
a 16k YloglogT |

Indeed, it suffices to prove

1ogHCHAT > 32k and  logH®*tIT > (loglog 7).
But both these inequalities are valid for

T > max (o, expexp(30klogh)).

Hence -
&h log 1'
(8.4) > l‘*"Oexp( ( 14 ) )
oo™ 16k l/log log’['

Now write

! \ Q

7 = Lo eo( )
\Ial%l'l, e
o>U,gedp
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and apply Turdn’s theorem (see [3], Theorem X, p. 52), putting
V = k(logk)log"*T (loglog Ty*",

logT
loglogT

T

=K0=a

We obviously have N < N, under (2.1).
Taking now a suitable » we obtain

N
7;| | > %( T1id %) > exp(—klog klog"""("""“)T(loglogT)5’2——logk)

> exp(-— 2klogklog™/** T (loglog T')°").

It is easy to prove

exp (—2klogklog*/¢k+1p (loglog Ty > exp (_ i _log_T ,)

8% 1loglog’ VloglogT
if
T > max (e, expexp(30k'logk)),
whence
1 1
(3.5) [Z| > exp(——_ —ﬂ—)
8k l/loglogT
From (3.3), (3.4), (3.5) we obtain
(3.6) max|A(z, k, 1)|
lgagT
7! 7 log T
Ts(expv'loglogz‘) exp( (1+ )___;__g‘ﬁ_) __A+Ys
~ log'¢ ( 16k / VloglogT
~ 7 logT
Te(axpl/loglogT) exp( (1 + ) g )X
10g5 16k VioglogT
1 '
exp ((1+ )—————OgT )
ol l/loglogT
iR
7! 7 logT
T:(exm’log]ogz‘) ex 1 __.—__..._.g
2log’E i BT VioglogT |
We now show that
1 r
(3.7) 2 Og'E < p(—l—.-ﬁ_i_L),
r! 2k YloglogT

Acta Arithmetica IV,
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66
Clearly
d log" T logT'\"
2log.’E<2 og 2(eog )
r! 7! 7
2elogT \" 2¢logT \ 2elog/loglosT
<2( r+1 )<2( logT )
loglogT
logT ( ) )
= @ ————|logloglog T +-1o -log 2
‘XP(% Toglog T \1061081¢ +log —|+-log

It suffices to prove

logT 1 log 7'
————logloglog ' <
loglogT ogloglog =

2 l/loglog J’

2

4 1oglogf
logloglogT’

and this inequality follows from (2.1).
From (3.6) and (3.7)

. — 1
(3.8) max|d(z, k,1)| > Tﬂ‘“m’hﬂwﬂexp( (1 + —-i)
1o

logl
16%

Vieglog T '

4. Upper estimation of A (2, k,1). Let

by Lemma 4 for

=3 Pat T, =1, given

n = [1/5——

1
’1'6(')']7

a1t
()A
n(s>=2“ =

logm
= Tk Z X1

Then (e. g., see [4], Theorem 24, p. 69)
apily
Loty === [ Lpsasosios
i 2 By 1) = o — fi(8)ds -+ O (Valog*x).

a—i1'y

s, x).

Clearly

Ve—1— '1%“ T, <Va.
Consider an analogous contour to that in section 3 and apply Cauchy’s
theorem. The estimation of the integrals [, [, [ is quite similar to
that in the preceding case. 0 @ (rm
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1 f z’ He)d
omi J s s)ds
(I)'
Y& VZ41
1/441/6 2
< ey Vf Hlog((1t+-1)H -y + o+ yklogz(%—l-l)kT—z—)l,—;)
—Vz
< @ klog? klogn.
Further
1 " 1+1/legz
5o f — i s)ds‘ < 02 e (klog(Vak)do < ey klog*kValoga.
{1 mwo Ve
We finally obtain
~ - x® —
A, k1) = X(1)— + O(klog*kVzlog'n).
1Zol < Ty e
e>U, gedy,

Hence

(e, b, <20 Y Iim+oa/a‘alogﬂmmog2k).

Hol<Vm
o>U, gedy

In virtue of Lemma 2
1
D s
_ lel
Hol<vV
eedy

e klogklogs.

‘Thus, for & > max (e, exp(klog* k)

|4(2, &, 1) < 2P log’w

and for » < max (e, exp(klog’ k)

(@, &, 1) < 3+ exp (klog’ k) klog’k.

Hence
(41) max|d(x, k, )]

< TVD1og* T  for
It

T > max (e, exp(2klog’k)).
Together with (3.8)

(4.2) max |4 (z,k,1)|

max |4(z,k,1)| <T"(T’exp((1 +~3~1-)
1<

logT
Ige<T 32k

Vioglog T
for T > max (028, eXp exp (150(k10gk)1)).
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5. The inequality for 4(x, k, I). Write

Syz) = 2 aP A(m).
s
Then ‘
X
= — -0Vl
4@, k1) Z logn ko logu O/ ng),
2N 2
_ \ An, &, l)— A(n——1 70 l) l/rlogm
logn
2EN<T
Hence
1
|[4(2, k, 1)] < max |A n, k, l)[ —— —I-O( ‘Llogzm)
2N
and
(3.1)  max |4(z, k, 1) < —— max |A(w, k, 1)+ O (VT logT).
1<y 10g2 1e<T

On the other hand

Ak, 1) =Z(n(n, ky 1)—m(n—1, %, 1)) logn— z +0 (Vo loga)

n<e
n
==Y 1
logn fl logn +
sgn<e —~1
+i (A(n, %, 1)—A(n—1, &, 1))logn-+0 (Vo log)
g
1 : logn g
V7 8% 1) — Noo (1) —Tloen) A _
hﬁ ogin—6) ' T (log (n--1)—logn) 4 (n, &, 1)
+log([@w]+1) A([], %, 1)+ O(Valogw), where 0 < @ < 1.
Hence
B s B
[A(m, &, 1)| < 6‘294\'4 nlogn ‘*‘f__ﬁmil‘(”‘h ky 1)]-21og (@4-1)+ O (Vwlogm)

N=s2

< 8logw ma,xm(n I, )i~|<"0(1/a510gw)
=<
and

(6.2)  max|d(o,k,1)| <

1grg?

3log maxm (@, %, 1

I

1)+ o5V Tlog T,
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(5.1) and (5.2) give in virtue of (4.2)
max |4(x, k, 1)|

1T

’ 31
< — 1 (Ta(T) exp ((1 + ——)
log2

18T ) (31057 max |4(a, %, 1
o ) 08T max |4 (s, , 1|+

VloglogT
+og Vflog:r))

(max |A(z, &, 1)I+VE’)

1<esT

< P exp ((1.{_%) logT' )

VloglogT
for T > max(co, exp exp (150(k10gk)2)).

Remark 1. Note that the estimate (4.2) might be improved if
we replace max IA(w k,1)] on the right side of the inequality by

1T

max
71 2‘5<ng

M(wyk,l)l

for any fixed &> 0. Of course, condition (2.1) must be replaced in this
case by T = e¢(k, ).

Remark 2. By slight modifications in the proof we could obtain
the following inequality:

max |4 (z, k, )] < exp((1+ 1)

l<egT

logT )

w (max [A(w, &, 1)+T%),

1Tt
where _ '
0T

(exp V1oglog T)
Remark 3. Write

£ = =1, T oc0), if T >ec(k).

An)y 1 -

au
b logu

v

P

n=I{modk)
TN

Al &, 1) = logn

Let o, be the lower bound of such o; that in the half-plane ¢ > o
none of the L-functions (modk) has zeros. Suppose that there is a zero
g€ 4, lying on the “border-line” o = g,.

Then
= 1 logT
max {4(x, k, 1)] < exp (1—|— )~772g;— max]A(v k,1)|
lgaT 110g10gT lga<T

tor (I, k) =1, 0 <l <Fk, if

T> max(co, expexp(150 (klogk)?), expexp(logzigl)).
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On a theorem of Erdos-Kac
by
A. RENYI (Budapest) and P. TUrRAN (Budapest)

Introduction
Let V(n) denote the number of all prime factors of =, . e., if
o= prpg? ... i
where p; < p, < ... <p, are primes, o, dy,..., o natural numbers,
then let us put V(n) = aq+a+...4a.
It has been discovered by G. H. Hardy and S. Ramanujan [6] that
the number of those integers k <« for which

V(k)—loglogn

(1) w(n),

l/loglog'n
where w(n) is any function tending to + oo for n — oo, is o(n). A very
simple and elementary proof of this theorem has been given by P. Turdn
in his dissertation ([15] and [16]; for generalizations see [17]).

This proof consists in the application of Chebyshev’s lemma, well
known in the theory of probability. This was the first application of
probabilistic methods to the investigation of additive number theoretic
functions. Since that time a great number of important results have
been achieved in this field of research. (As regards the bibliography of the
subject see [8] and [9].)

The dissertation [15] contains also a second proof of the theorem of
Hardy andf[Ra,manuja.n. This second proof makes use of the standard
tools of analytic number theory, Dirichlet series, contour integration, ete. -

The aim of the present paper is to apply this analytic method to
obtain the deeper statistical properties of the number theoretical func-
tion V(n), or,of other related functions.

We begin by giving in §1 a new proof of the theorem of P. Erdos
and M. Kac [3] concerning the function ¥ (n). This remarkable theorem
states that:if:Nn(V, z) denotes the number of thoge natural numbers
k < n for which
V (k)—loglogn <

Vioglogn
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