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Now (4) is true by induction for our particular value of ¢, and hence each
of the four parts has the lower bound 4'27%, and the sum (14) itself is
at least 4+4!275% = 27%4%. The same lower bound holds if #(J, ) in
(14) is replaced by k(J, a;_y), A{J, o) or h(J', ay_,). We now take the
sum of (13) over § =1,2, ..., 4", and we obtain

g1 PIEN)
2 Z h(I, o) = 52 534 (270) 2 4T 4 45 = 24 (27 (1 1))
F=1 gl

by (12). Dividing. by 2-4"" and recalling the definition of «; we obtain
{4) with ¢ replaced by £-+1.
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An application of Minkowski’s theorem
in the geometry of numbers

by

| L. J. MoRDELL |

In wmemory of Professor Waclaw Sierpinski

The classieal result in the geometry of numbers is given by Min-
kowski’s

TormorEM 1, dn n-dimensional closed convexr region symmelrical
around the origin and of volwme not less than 2%, eontains a point other than
the origin of every latiice L in n variables of deferminanl one.

Very few applications of this theorem are to be found in the usual
literature. They are mostly eoncerned with sums of powers of linear
forms or separate linear forms. As problems are rather searce, I notice
another application which may be of interest and which is given by

TEROREM 2. Let L be o lattice in 2n variables (@q, ..., %,) of deter-
minant one. Then the region given by

n

2 |@p_g == @ay| < 20, @ > b,

r=1

(1) Izl <a (r=1,...,2),

contains a point other than the origin of L if

g — — 1)
(2) bEn (i . % N 1 0 + ( ) )22—11.
7! 1-(n3-1)! 21(n+2)! (2n)!
The condition & > b is imposed to exclude the case when the lattice
I contains a sublattice of determinant one in @, @,; for if & < b, a trivial
solution may exist in which #; = ... = &, = 0. -
We have to express the condition that the volume ¥ of (1) is > 2*™
Make the substitution
ﬁmﬂ =¥ &gp_1 — Tgy

]/é-m%‘wl e m2r~1+w2r7 (‘}’ = 1, 2, ety %)..
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Then N
(3) Z [y} < bl/zg
r=]
(4) gy | < aVE, [y — Bl <AVZ (r=1,...,m).

Clearly (4) is equivalent to

(5) Bayes| + 10| < V2 (7 =1, ..., m).
Make the swbstitution @ —>a¥2s. Then

(6) Vo= 2™ (aV2)"V,,

where V, is the volume of the region

n
szrAl‘-{-b/a’ =, T =0
T} :

(7)

Top_1 + Ly { 1
Hence, integrating for «,., we have
Vo= [ f(l—a) (—ay) oo (L By )y o Ay

taken over the region
0wy <1l r=1,..,n), &+t +&y (Ko

Rince ¢ < 1, the inequality #,_, <1 is redundant. Write @ — cx. Then

T
Vi = c"‘f...f(lﬂcml) R O R R X' -/ N 1+ NN ng,,_l < 1.
pe=l
Apply Dirichlet’s integral

‘ ') ... I
f...fmgxml.,_mga—ldmi__“dms=_“(1). r(s)r
1< ' (1,1

We have now

v _cn(i ne +n-fn—1 ¢
YT et T 1)t 2 (n42)!
nn—l-n—2 ¢ a & )
- 3 (’P’I:—E—3)' ”i"...+("1) _(“2’1’&)7 H

and so0 we require
V —_ 23na2nvl 22%’
" or _
: aﬂ. ,n‘a’n~1 bln,
8). = e (=1 — ",
@) _ : al 1l(n+1)! Foe (=) (2%)!)22
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We show now that the minimum value of {8) for givén b occurs when
a = b, It suffices to show that if
T nt i — 1y

(9) T = T e T T e m ey

then f(w) > flv) if w2z o> 1. Write

(—1)"
+'“+_(2n)!

?

nom "nﬁlﬁ_ n—1
(10) flu)—flo) == ,R,!QJ - n(f:(n-;-:?)I e

The terms in this series taken positively are steadily decreasing. This
requires

nn—1-...-n—r+1
ri{n+)!

nn—1l...-n—7r
(r+Ll{ndr4+1)!

(uﬂ—r___,bn-r) =~

( n—r—1__ wn-—r—-l) ,

or
Nn—r
(r+¥nt+r+1)

The result is obviouns since

n—r n—7
% —_—

(un-7-~1 _,vnnrﬁl) .

,u"rl-r__,vn-r — u(unwr—lﬁ,D'n—r—l)u{_,uﬂ.—r—l(u_,u)‘
Hence f(u) > f(1) if %> 1 and so (8) is satisfied if

bl:n _r]:.._,_ fid
! 1l(n-+1)!

#-n—1 (=1 1 9"
2in-+-2)! ( )(241.)! =

This completes the proof.
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