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USING THE BLOCK MATRICES
IN THE MODELING OF DRIVING
AND CONTROL SYSTEM
OF HARD DISK DRIVES

ABSTRACT In the article block matrix theory is employed to model
of the branched kinematics chains. It allows for convenient const-
ruction of total dynamic matrix of complex branched kinematic system
of head positioning system used in hard disk drives, with respect to
enlargement of nhumbers of branches in kinematics chain. It allows
giving the general expressions for individual matrix elements (in terms
of basic kinematic parameters) before and after it inversion. In chap-
ter 3 the block matrix inversion is discussed and finally in cheapter 4
the exemplary simulation results of time optimal control is presented.

Keywords: block matrices, partitioned matrices, hard disk drives,
branched kinematic systems, time optimal control.

1. HEAD POSITIONING SYSTEM,
SCHEMATIC REPRESENTATION

The head positioning system of modern magnetic mass storage devices
— hard disk drives — belongs to very complicated system resulting from construction.
The construction features of head positioning system results from mutual
cooperation with spindle system (which usually drives a few data disk). Typical head
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positioning system may be regarded as specific mechatronics system which
consists of such components as: driving system, control system and measurement
system. This article focus on driving system and some parts of control system.
The block schema of head positioning system regarded as mechatronics system
is in Figure 1 presented [1].

Head Positioning System

Driving System
Measurement System 95y Control System
« amplifiers l 1 « motor controllers
- servo . . . Drive « PES estimators
demodulators Drive transmission unit

« control algorithms

* sensors l l
« heads « E-block I Main drive | I Auxiliary drive |
« sliders suspensions

« sliders gimbals | *VCM motor

« flexible printed circuit

« PZT motors
+ MEMS motors

« TFC motors
« bumpers

« bearings

* ramps

Fig. 1. Block schema of head positioning system regarded as mechatronics system

The driving system consists of such components as: E-block, slider suspensions,
sliders gimbals, flexible printed circuit etc. The shapes of above mentioned
components depending on data areal densities of hard disk drive (which
determine the length and the width of data track on rotating disk) and numbers
of disk in spindle system. In Figure 2 the exemplary drive transmission unit
taken from HDD (Western Digital WD400 40GB) in which the head positioning
system cooperate with one side of data disk is presented.

Fig. 2. Basic components of typical
drive transmission unit working with
one side of data disk:

(1) VCM motor winding,

(2) pivot,

(3) E-block,

(4) slider suspension,

(5) slider,

(6) flexible printed circuit

~ ~—

The brand new construction of driving system of head positioning system uses
additional micromotors (PZT motors) [10, 11], beside the main VCM motor, as
an auxiliary drive. The additional micromotors are helping in proper seeking and
following the data tracks [5, 7-9]. In Figure 3 two different construction of slider
suspensions are shown.
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Fig. 3. Slider suspensions: a) without PZT
micromotor, b) with PZT micromotor (1)

Analyzing the fixation system (Fig. 3a) between slider suspension (4) and
end tip of E-block (5), which consists of two elastic stripes (3), it is easy to spot
that it may be regarded as rotating joint. In this joint acts torque generated by
spring (which is formed by two elastic bars). In Figure 3b the connection bet-
ween end tip of E-block (5) and suspension (4) may be regarded as two
successive rotating joints with rotating axes perpendicular to each other. In the
first joint acting torque generated by PZT micromotor (1) and spring (2) formed
by so-called ®-shape hinge. The second rotating joint is formed, like in previous
case, by two elastic stripes (3). Seeing some similarities of the robot manipulators
to the structure of drive transmission unit, one can be represented by kinematic
chain consisting with kinematic pairs (perfectly stiff) connected by rotating (or
prismatic) joints (with one degree of freedom). The real kinematic structure
of the drive transmission unit presented in Figure 3 may be represented in simplified
form as is shown in Figure 4. For simplicity the spring elements producing
torque in joints are not represented in this figure.

Rotating joint in Figure 4a here and after will be denoted by small letter
“r’, the first rotating joint in Figure 4b will be denoted by capitol letter “R”, the

second one, as in previous case will be denoted by small letter “r".

a) b)

. rotating
slider @ @ axis

[ | ~

@ ) eee @@ Fig. 4. Schematic repre-

sentation of real kinematic

rotating L_'|J @ chain of slider suspensions
axis O —

@ Fotating slider
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Whole kinematic chain of the drive transmission unit may be expressed by
connection of bough and branches. Bough consists with E-block and rotating
joint which is directly driven by VCM motor. Branches consist with slider suspension,
slider gimbals, slider, heads etc. The number of branches joints and links
depends on interpretations and what way the real kinematic chain of branches
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was replaced by simplified kinematic chain, it may have at least one degree
of freedom up to few (for example 3) degrees of freedom. Here and after
kinematic chain of drive transmission unit represented by bough and branches
will be called as the branched kinematic chain. Exemplary branched kinematic
chain of drive transmission unit of head positioning system consists with bough
and four branches with two degrees of freedom. Total numbers of degrees of
freedom is equal 9 DoF in this case. This branched kinematic chain will be
denoted by symbolic form “4G9rp” what means: four branches (G) nine degrees
of freedom — branches type — “rp” (single branch consist of two joints rotating “r’
and prismatic “p”). Small letter “p” denotes that translation axis of prismatic joint
is perpendicular to rotating axis of bough.

) bough . branches

m

ca2

Fig. 5. 4G9rp branched

N kinematic chain
E!J m L e

2. FORMULATION OF DYNAMIC EQUATIONS
— BLOCK MATRIX REPRESENTATION

Mathematical model of branched kinematic chain may be expressed in
terms of Lagrange equation, in matrix form as follows:

D,+Cq+G=Q (1)

where D,, C, G, Q — matrices respectively: inertial, centrifugal and Coriolis force,
gravitational force or torque, generalized forces; ¢,  — vectors of generalized:

acceleration and speed.

The crucial problem lies in haw formulate the inertial matrix D, for branched
kinematic chains. The procedure of D, matrix formulation basing on following
steps depicted in Figure 6. The procedure of formulation of drive system of
head positioning system consists with eleven steps, but we focus on only the
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most important steps crucial to proper and convenient formulation of dynamic
equations of branched kinematics chain.

a)

{0}

2 Forward 3 Instantaneous 4 nertial
Forward kinematics of kinematics of !
kinematics > centers of > centers of r—> lf'natrlx )
gravity gravity ormulation
Inertial matrix 7 Formulation 6  Formulation of 5 c°"i°_'fis ar:d
i i < of Lagrange (¢ gravitational | qe— centrifuga
inversion ) ! matrix
equations force matrix .
formulation
9 Canonical 10 Dynamic
form of P.D. ' oy equations of
Equations 1 motors
11  Equation of head
positioning system

Fig. 6. Block diagram describing the way of dynamic model

of head positioning system formulation

Step 1. Forward kinematics — in this step it is necessary to describe the
kinematic chain following the Denavit-Hartenberg rules [2]. Finishing this step
the homogenous transformation matrix will be given for all coordinate system
fixed with branched kinematic chain [3, 4, 6]. For chosen exemplary branched
kinematic chain the described chain according to Denavit-Hartenberg rule is
presented in Figure 7, separately for bough and single branch “a”.

a) bough, b) exemplary branch. The common
joint are denoted by bold dotted line

=0 XX
Zey S et Fig. 7. Description of kinematic chains:
l
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Step 2. Forward kinematics of centers
of gravity — in this step it is necessary to
formulate homogenous matrices which
describes the position and orientation for
centers of gravity of every link in branched
kinematic chain, in terms of base coordinate
Fig. 8. Positions of mass centers of system (fixed with bough). In Figure 8 positions
rp branch links of mass centers for branches “a” is shown.

General homogenous transformations matrices, determined with help
of Denavit-Hartenberg rules, of mass centers of bough and first, second links
of branches are given by:

¢ -5 0 G
oo R |8 G 0 s 2)
01540 0 1:0
0 0: 1

Clcgz _Clsgz S, (acgzcgz +a1)cl

-I-chz _ {Rggzdégz} _ Slcgz _S]ng _Cl (a‘c92cg2 +a1)51 (3)
0 : 1 Sy2 Cya 0 @ +dg +a,,S,,
""""""""" o o0 1
Clsg2 CICg2 S, a,C, +agzclcgz +dg3S] iac93clsgz
-I-chz :{Réwdéﬂ _ S1sgz Slcg2 -G a5, +ag251ng _dg3cl +acg3slsg2 (4)
0 1 —Cqy Sy 0 @ £dg £(-a,;)Cy, +a,,S,,
0 o o 7 |

where &, ., a3, dg — positions and offsets of mass centers of branches
gei{a, b, c,..}, dy3 — translations of prismatic joints, S;, Sgp, Ci, Cp —
abbreviations of sine and cosine functions of angle &,, @,,. Sign “+” changes to
“+” for branches situated above base coordinate system.

Step 3. Instantaneous kinematics of centers of gravity — in this step it is
necessary to formulate jacobian matrices of every center of masses. Jacobian
matrices expressing relation between vector of generalized joint speeds of
branched kinematic chain and linear and angular speed vector in base coordinate
system (fixed with bough). The general form of jacobian matrices is given by
following formulas:
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3, - F.(..Z.Q.).(.P?.l..T.(.).‘?.)..,?..Q..E..(.)} (5)
Z, :0:0
S(2)(045; = 0y) : S(Zg)(0gg, —0yy) : O
T2 = - z, Z, 0} ©)
_S(ZO)(ocg3 _00) S(Zgl)(ocg3 _Ogl) Zg2
Jogs = o g DT 0} (7)

where z, = [0,0,1]T; Zg1, Zg — unit vectors of coordinate systems which are given
in homogenous matrices by Eqn. (2) and Eqn. (3) (every first three elements
of third column), 0y, Ogi, Oci, Ocgi, Ocg2, Ocg3 — VeCtors representing origins

of coordinates systems fixed with base, “r’ joints, all center of masses (see
Figure 5), S(z;j) — skew symmetric matrix for vector z;.

Step 4. Inertial matrix formulation — this is crucial point of the algorithm.
In this step it is necessary to formulate the kinetic energy of branched kinematic
chain. The kinetic energy of branched kinematic chain may be expressed by
sum of kinetic energy of bough and consecutive branches:

I Rl—l‘]wcl)qo +

vel™ vel ocl’ cl " cl

Ek:;qg(mclJT J., +JII R

1 TN T T T : ®)

+Ezqg Zz(mcgs‘Jvcgs‘Jvcgs + ‘Jo)cgs chs Icgs chS‘chgs )qg
g s=

where ¢, — vector of generalized joint speeds, Jyeajp Jocaj — jacobians of linear

[first rows of Eqgns. (56-7)] and angular speed [second rows of Eqns. (5-7)],
R.gs — rotation matrices in homogenous transformation matrices given by Eqns.
(2-4), |4 — matrix of mass moment of inertia, M. — mass of the link concentrated
in the center of masses.

After that it is possible to rearrange the expression of kinetic energy according
to generalized vector of joint speed to the quadratic form [1]:

I .
E, =, 0Dy ©

Matrix D, present in Eqn. (8) has internal structure correlated with real structure
of branched kinematic chain. The block structure of inertial matrix is as follow:

k g, ..
D.=|g, 9 .. (10)
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where g €{a, b, c, ...} — branch name, k — bough inertial matrix — 1x1, g — bough-
-branch mutual inertial coupling matrix — 1xn, g — branch inertial matrix — (n-1)x(n-1),
n — sum of bough and single branch degrees of freedom.

Matrix k of block matrix D, consists on only one element, which is given by
general form as follows:

3
mclz‘]\/cl il zcl(z‘]wcl il cl |3) + z chgszchgs il

n 3
2
+ Z IZQS(ZJmch_ilrcgs_iS)

geiz, Lz, } s=2 i=1

3 n

1 ge{z,vz,} s=2 i=1

(11)

where Jyci i, Jvegs ij» Jocl ij» Jocgs ij — €lements of jacobian matrices linear speed
of bough and branches mass centers and angular speed of bough and
branches mass centers respectively, ' i, Fyegs ij» Focgs ij — €l€ments of rotation
matrices of center of masses for bough and branches.

For freely chosen branch “g”, general elements of inertial branch matrix
are as follow, for diagonal elements (with column index k > 2):

3
gk—l,k—l = Z[ cgsZ‘]vcgs ik + Izgs (Z‘]wcgsikrcgsn)zj, (12)
i=l

for elements lying outside the diagonal for rows w > 2 and columns k > 2 with
different subscripts:

n 3 3
gw,k Z[mcgsz H‘]vcgs ij Izgs H Z"]mcgsijrcgsi?a]- (13)

s=2 i=] je{wk} je{w,k} i=l

The general forms for elements of inertia bough-branch mutual inertial coupling
matrix are as follows:

3
gk(w,k—l) Z( cgsz H‘]vcgs ij Izgs H Z‘]mcgsijrcgsBJ (14)

i=l je{wk} jefw.k} i=l
for row w = 1 and column k > 2.

For specific “4G9rp” branched kinematic chain which is presented in Figure 5
the following block matrix elements are as follow:
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e Kk, for k matrix:

2 2 2 2
k11 =mga; + Izcl + z mch(al +acg2Cg2) + z mcg3((al +34,Cy, _acgssgz) +dg3)+
gefa,c}

gefab.c.d}

2 2
+ z mcg3((a1 +agZCg2 +acg35g2) +dg3)

gefb,d}

(19)

e elements g inertial branches matrices g are as follows:

gll = mcgz cg2
922 = mch
9,=0

2 2 2
a + Izgz + mcg3(agz + ach)+ Ing

(16)

e elements of inertia bough-branch mutual inertial coupling matrix gy:

= forbranchesg e{a, c

O = _dg3mcg3(acg3cgz + agzsgz)
Oz = _mcg3(al +a4,Cy,

}:

= for branches g €{b, d}:

Qi = _dg3mcg3(_acg3cg2 + agzsgz)
Oz = _mcg3(a‘1 +a4,Cy, + acg3sg2)

- acg3sgz)

(17)

(18)

The general structure of inertial matrix for “x_G_y_rp” kind of branched
kinematic chain is in Figure 9 presented. When number of branches increases
the inertial matrix extends for another column and row as is shown in Figure 9.

Branches numbers increase

3G7rp
2G5rp |
1G3rp

o K@ @l B Bl Car G|
g a, 0700 0
[&]
C
i ap | 0 O0f 0 0
g b0 0
=3 1 R S bpli O 0 i~
8 ¢, O
o
© Cx»
m

Fig. 9. Inertial
matrix expansion

Step 5. Coriolis and centrifugal force matrix formulation. These matrices

are formulated basing on formulas given in [1-3].
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Step 6. Calculation of gravitational force matrix — it depends on position
of whole drive with respect to gravitation field [2].

Step 7. Formulation of Lagrange equations. Having all necessary matri-
ces: inertial matrix D,, centrifugal and Coriolis force matrix C, gravitational force
or torque matrix G it is possible to rewrite Lagrange equations (1) to canonical
form as follows:

G=D,"(Q -C4-G) (19)

In Egn.(19) is necessary to invert inertial matrix D,, it may be accomplish using
its block structure.

3. BLOCK MATRIX INVERSION

For exemplary “4G9rp” kinematic chain total dimension of the block mat-
rix is 9x9, the internal structure of inertial matrix consists of 1x1 dimensional
inertial matrix of bough, eight 1x2 dimensional bough-branch inertial coupling
matrices and four 2x2 branch inertial matrices:

k la, b ¢ d,]
a'la 0 0 0
D,=/bl 10 b 0 0 (20)
10 0 ¢ 0
d/ 10 0 0 d]

For convenient matrix inversion we use definition of invert matrix:

D.'D, =1 (21)
and after some rearrangement we have:

adjD, D, =1detD, (22)

where adjD, — adjunction matrix.
Eqn. (22) may be written in block matrix form, as follow [1, 3, 4]:

_A11 A, Ay A AIS__ kK a, b c dk_
A, A, A AL Agllag a 00 0
A, A, A, A, A bl 0 b 0 0 |=1detD, (23)
Ay A, A AL A CI 0 0 c¢c O
A, Ay Ay A, AJdl 0 0 0 d]
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In Eqgn. (23) it is necessary to calculate unknown block elements A;; of block
adjunction matrix. It results in 25 algebraic matrix equations to be solved. After
inversion we get final inverted inertial block matrix [1]:

ki, {-kaa'l —kbb! I —kcc! 1 —kdd™
oA jatakbbiataikee! ja alkd,d”
S b lbTblkee? (bl d ) (24
I I I c c'c/k,d,d™!
symi T T Cd

The k; elementary bock matrix will be called as the leading elementary matrix
of inverted bock matrix, and it is given by expression:

k, =(k-aa'al —b b —c.c'c] —d, d7'd])”’ (25)

Expression of the leading elementary matrix extends when numbers of branches
increases in very simple way which is shown in Figure 10.

three ?ranches

two branches
A

( \
one branch

K, =—}aka*1al ]—| b.b '] Hckc—lcl Hdkdadgl_'ekeflel +...)“
\ )

Y
. four branches )
Y

five branches

Fig. 10. Expansion of the leading elementary matrix
expression vs. number of branches increase

The rest of diagonal elements are as follow:

a =(a-a, (k' +a,a'al)'a)"
b, =(b-bg (ki +bb™b ) by) (26)
¢, =(c—ci (k' +c.cey)e)”

d; =(d—dg (k' +did7dy) " d)™

When we add new fifth branch, then appears diagonal elements e, described by
formula:

e =(e —ec (ki +ee'e.) e) . (27)
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4. IMPLEMENTATION OF “4G9RP” HEAD
POSITIONING SYSTEM

Mathematical model of head positioning system with branched kinematic
chain “4G9rp” with time optimal control system for position control is in Figure 11
shown. Mathematical model of VCM motor is implemented in block subscribed
by “VCM motor” and it is described in detail in [1]. In position time control
algorithm the exactly knowledge about actual position and angular speed of
bough is assumed. Time optimal control is implemented in block denoted by
“TOC”. Mathematical model of branched kinematic chain was in “4G9rp” block
implemented using “Matlab Function” sub block. The parameters of slider suspension
driven by electrostatic motor, like stiffness and masses, were taken from [18]
and uniformly used for all prismatic joints present in branched kinematic chain.

Outt In1 Uz 1 e vemt VCM w_i, v_i

Rer | In2 Out1 —P>|teta )

eference signa ; teta_i, z_i

: In3 W _vcm g —»(T_bi
teta_1 g
TOC VCM motor
»|MEMS_d wiH
O—[T
Clock [teta | 4GOrp
K- [
Kineamtics

I/\\/ m dumping

Sine Wave

Fig. 11. Block schema of time optimal control of head positioning system
with branched kinematic chain

The angular displacement was used as reference signal in bough joint:
45 degrees (at time t; = 0 s), 10 degrees (at time t; = 50 ms) and 45 degrees (at
time t, = 100 ms). Results of simulation are in Figures 12-17 presented. Angular
displacement of bough is presented in Figures 12 and 13 presents the displacement
of the head in perpendicular direction to the data track centre.

50

40

30

Fig. 12. Angular displa-
cement of bough joint

Bough angle [°]

0 I I I I I I I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12 0.13 0.14 0.15

time [s]
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[m]

Fig. 13. Displacement of
head in perpendicular dire-
ction to the center of data
track

Head travel

0
0 001 002 003 004 0.05 0.06 0.07 008 0.09 0.1 011 012 0.13 0.14 0.15
time [s]

In Figure 14, the characteristic triangle shape of angular speed during time
optimal control of bough joint is presented. The speed values reached more
than 55 rad/s.

Fig. 14. Angular speed of
bough joint

Bough speed [rad/s]
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Linear displacement of slider/head in branch “a” relative to suspension is
in Figure 15 presented. Maximum value of slider/head displacement in perpendicular
direction to the center of data track reaching 6 nm during acceleration process
(because of extremely high dumping ratio was assumed). When dumping ratio
decreases 100 times (Fig. 16) the displacement of head during acceleration
reached values close to 10 um (this values is not reached in real case because
of limited range of electrostatic motor motion to about 1 um).

Fig. 15. Linear displace-
ment of prismatic joint
— slider displacement in
branch “a”

Slider travel [ m ]

time [s]

Fig. 16. Linear displace-
ment of prismatic joint
— slider displacement in
branch “a” — dumping
ratio decreases 100 times

Slider travel [ m ]

|
|
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In next figures the electromagnetic variable of VCM motor during time
optimal control of head positioning system are presented. In Figure 17 the
torque generated by VCM motor is shown and corresponding to the torque
armature current is presented in Figure 18.

0.03
002 - - -l-- -t e L L L -
0.01

0

-0.01 i \\"H‘

-0.02

VCM torque [ Nm ]

-0.03

1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 001 002 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.1 0.12 0.13 0.14 0.15
time [s]

Fig. 17. Electromagnetic torque generated by VCM motor
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-1
0 001 002 0.03 0.04 0.05 0.06 0.07 0.08 009 0.1 0.1 0.12 0.13 0.14 0.15
time [s]

Fig. 18. Current flowing by VCM motor winding

VCM motor current [ A ]

5. CONCLUSIONS

Mathematical model of branched kinematic chain of head positioning
system can be derived with the help of block matrix theory as well as in field
of kinematics and dynamics. Formulated block matrices in chapter 2 have
internal structure which corresponds to the structure of the branched kinematic
chain; they consist with elementary inertial matrices related to bough, branches
and expressions described mutual dynamic interactions between bough and
branches links. The general expressions for all block matrices internal elements
were given, as well as the method of inertial block matrix inversion.

Presented method allows for fast implementation of different structure
of branched kinematic chains for head positioning system, what is very valuable
when the new methods supporting data areal densities increase are searching
by manufacturers of hard disk drives.

Scientific work financed from means for science in the years 2009 — 2011 as a research project
N N510 355137.
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WYKORZYSTANIE MACIERZY BLOKOWYCH
DO MODELOWANIA UKLADU NAPEDOWEGO
ORAZ STEROWANIA DYSKOW TWARDYCH

Tomasz TRAWINSKI

STRESZCZENIE W artykule przedstawiono zastosowanie teorii
macierzy blokowych do formutowania modeli matematycznych roz-
gafezionych systemow pozycjonowania gfowic pamieci masowych,
Z uwzglednieniem zwiekszania liczby gafezi fanicucha kinematycznego.
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Metoda pozwala na zapisanie ogdlnej postaci na kazdy element
macierzy bezwfadnosciowych przed i po jej odwroceniu. W rozdziale 3
przedstawiono proces odwracania macierzy blokowej, a w rozdziale 4
przedstawiono przyktadowe wyniki symulacyjne, potwierdzajgce pra-
widtowe sformutowanie modeli.



