and Higher Education

Republic of Poland

Ministry of Science

N\

o—
COMMENTATIONES MATHEMATICAE Vol. 48, No.1 (2008), 103-112
cm ptin
1955

LESZEK OLSZOWY

On existence of solutions of a quadratic Urysohn
integral equation on an unbounded interval

Abstract. We show that wo(X) = Tlim lirrb wT (X, ) is a measure of noncompact-
— 00 E—

ness defined on some subsets of the space C(Ry) = {z : R+ — R, z continuous}
furnished with the distance defined by the family of seminorms |z|,. Moreover, using
a technique associated with the measures of noncompactness, we prove the existence
of solutions of a quadratic Urysohn integral equation on an unbounded interval. This
measure allows to obtain theorems on the existence of solutions of a integral equa-
tions on an unbounded interval under a weaker assumptions then the assumptions
of theorems obtained by applying two-component measures of noncompactness.
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1. Introduction. Integral equations of various types play an important role
in many branches of functional analysis and their applications in the theory of elas-
ticity, mathematical physic and engineering (see [1, 2, 9, 10, 11, 12, 13, 15]). Many
autors have investigated the existence of solutions of integral equations on an un-
bounded interval with the help of some two-component measures of noncompactness
in the Banach space BC(R4) [4, 5, 6, 7, 8, 14, 16, 17]. This approach seems to be
too restrictive. In this paper, at firstly, we show that well-known mapping wo(X)
is the measure of noncompactness on some subsets of the space C'(R;) consisting
of all real functions defined and continuous on R, equipped with the family of
seminorms |x|,.

Next, we investigate the problem of the existence of solutions of the quadratic
Urysohn integral equation on unbounded interval having the form

(1) x(t) = a(t) + f(t,z(t)) /u(t,s,x(s))ds , teRL =[0,00) .
0
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The method used in our considerations depends on the Tichonov fixed point
principle and suitable conjunction of the previously mentioned the measure wo(X)
and the space C'(R,).

2. Notation. For further purposes, we collect in this section a few auxiliary
results which will be needed in the sequel.
Consider
CR4) ={z: Ry — R, x continuous},

equipped with the family of seminorms |x|,, = sup{|z(¢)| : t € [0,n]}, n > 1.
C(R,) becomes a Fréchet space furnished with the distance

2 —yln

——~——: neN}L
1+|x_y|n }

d(z,y) = sup{2™"

It is known that C'(R.) is a locally convex space.
Let us recall two facts:

(A) a sequence (x,) is convergent to z in C(Ry) if and only if (z,) is uniformly
convergent to x on compact subsets of R,

(B) a family A C C(Ry) is relatively compact if and only if for each T > 0,
the restrictions to [0, 7] of all functions from A form an equicontinuous and
uniformly bounded set.

If X is a subset of C(R,), then X, convX,ConvX denote the closure, convex
hull and convex closure of X, respectively. We use the symbols AX and X +Y to
denote the algebraic operations on sets.

The family of all nonempty subsets of C(R;.) consisting of functions uniformly
bounded on R, will be denoted by Mc, i.e.

Me={X CC(R;): X # 0 and sup{|z(t)

cx € X, t >0} < oo},

while subfamily of 9l consisting of all relatively compact sets is denoted by Jic.

Now, we recall the definition of quantities which will be used in our further
investigations. These ones was introduced and studied in [3]. Let X € My, Fix
T >0, € > 0. Let us denote.

wl(z,e) = sup{|z(t) — z(s)|: t,s €[0,T], |t —s| <&} .
Further, let us put:
wl(X,e) = sup{w’ (z,e) 1z € X},
W (X) = lim o (X.e)
wo(X) :Tlgowg(X) :

Let us observe that mapping wo : e — Ry can be called a measure of non-
compactness (see [3]) because it satisfies the following conditions:
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1° the family kerwy = {X € Me : wo(X) = 0} = N,
22 XCY = w()(X) < wo(Y),

3% wo(X) = wp(ConvX) = wo(X),
4° we(AX 4+ (1 = A)Y) < Adwo(X) + (1 — Nwo(Y) for A € [0,1],
5° If (X,) is a sequence of closed sets from M such that X, 1 C X,, (n =
1,2,...) and if nlggo wo(X,) = 0 then the set X, = 81 X, is nonempty.
n=

The condition 1° is immediately consequence of (B), 2° is obvious. We will prove
3°.
Let us fix X € M and take x € convX. Then = = Z?:l «a;x; where 1,...,x, €
X, Y a; =1, aq,...,a, > 0. Hence we get

T(z,e) < Zain(xi,a) <wl(X,e),

wl (convX,e) = wT (X, ¢e) and wp(convX) = wo(X).

Further, taking € X we obtain that there are z,, € X such that z,, — z in C(Ry).
Fix § > 0, there exists ng, such that

|z, (t) — z(t)] <6 for n > ng, ¢t €[0,T).
Let us notice that
|z(t) — x(s)| < 20 + |z, (t) — zn(s)| for n > ny,

Hence we get
wl(z,e) <26 + Wl (zn,e) < 26 + Wl (X, ¢),
Wwl(X,e) <20 +wh(X,e), wl'(X,e) = wT(X,¢e) and wo(X) = wo(X).
Linking the above equalities we obtain

wo(ConvX) = wp(convX) = wo(convX) = wy(X).

The proof of condition 4° is similar and will be omitted.

Now we will prove 5°. Let us take arbitrary element z,, € X,,. Applying the
diagonal method we can choose a subsequence (z1,,) of the sequence (x,,) such that
(1) is convergence on [0,1] N Q. For proving of uniformly convergence of (z1,,,)
on [0, 1] it is enough to show that (z1 ) satisfies Cauchy’s condition. Let € > 0. In
virtue of nlingo wo({Z1,ns T1,m+1,-..}) = 0 we derive that there exist § > 0 and ng € N

}

such that if |t — s| <6, t,s € [0, 1] then
|21, (t) — z1,0(s)] < % for n > nyg.

Now we put ¢; = %, i =0,...,p where p is so large that |¢;—¢;—1| <4, i=1,...,p
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The convergence of (x1,) on the set {qo,...,qp} implies that there exists
ny €N (711 > TLQ) that

|21, (¢s) — Z1,m(q:)] < % fori=0,...,p and n,m > ny.

Let us observe that for arbitrary ¢ € [0, 1] exists ¢ < p, such that |t —¢;| < 4. Linking
this facts, we derive the estimate:

21,0 (t) = 21,m ()] < |21,0(E) —21,0(0)| +|21,0(0) = T1,m (@) | +21,m(¢) —21,m ()] <

e €
< +§+f:sforn,m2n1.

€

3 3

This shows that (z1,) is uniformly convergent on [0,1]. Repeating this reasoning
for [0, k] we obtain that there is a subsequence (x ) of the sequence (z;_1 ) such
that (zk,,) is uniformly convergent on [0, k]. Finally, putting =, = x,,, we infer
that (z,,) is uniformly convergent to some z € C(R) on a compact subsets of R,
and in virtue of closedness of X,, and (A) we obtain z € ()=, X,, # 0.

3. Main result. Now we will study the existence of solutions of the quadratic
Urysohn integral equation (1). Our considerations are situated in the Fréchet space
C(Ry) described in the previous part.

We will consider Eq. (1) under the following assumptions:

(i) a:R4 — R is a continuous and bounded function,
(ii) f:R4 xR — R is a continuous function,

(iii) the function f satisfies the Lipschitz condition with respect to the second
variable i.e. there exists a continuous function k(t) > 0 such that

[f(t,x) = f(ty)] < k()]z -yl
for z,y e Rand t € Ry,

(iv) u : Ry x Ry x R — R is continuous and there exist a continuous function
g: Ry xRy — Ry and a continuous and nondecreasing function h : Ry — Ry
such that

u(t, s, )| < g(t, s)h(|z])

for all t,s € R and z € R,

(v) for every t > 0 the function s — g(t, s) is integrable on Ry and the function

t — [ g(t, s)ds is locally bounded on Ry i.e.
0

Yrso Sup /g(t,s)ds < 00,
t€[0,T) )
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(vi) the improper integral fooo g(t, s)ds is locally uniformly convergent with respect
to ti.e.

Vs>0 Vr>0 ds>0 sup / g(t,s)ds <9,
tel0,T]J S

(vil) the inequality

sup |a(t)] + (r sup k(t)/o g(t, s)ds + 2121%) |f(t,0)\/O g(ts)ds)h(r) <r

t>0 t>0

has a positive solution 7y such that

h(rg) sup k(t) /000 g(t,s)ds < 1.

>0

REMARK 3.1 Notice that the condition h(ro)sup,sq k(t) [~ g(t,s)ds < 1 is satis-
fied provided rg satisfies the inequality from (vii) and the functlon a(t)ort — f(t,0)
do not vanish on R.

Now we can formulate our result which generalizes and completes the results ob-
tained earlier in some papers [4, 14].

THEOREM 3.2 Under assumptions (i)-(vii) equation (1) has at least one solution
x = x(t) in the space C(Ry).

PROOF Let 79 > 0 be a number satisfying the assumption (vii) and define a set

B={x e C(R;): sup|z(t)] <o}
t>0
Consider the operator U defined on B by the formula

(Ux)(t) = a(t) + f(t,z(t)) [ u(t,s,z(s))ds, t >0.

At first we show that the function Uz is continuous on R .

To do this fix arbitrarily x € B, T' > 0 and € > 0. Next, take arbitrary numbers
t,s € [0,T] such that |t — s| < e. Moreover, let § > 0 and S > 0. Then, keeping in
mind our assumptions, we obtain:

(U2)(t) — (Uz)(s)] < |a(t) — als)| +

u(t, 7, x(7))dr — f(s,2(s)) [ u(t,7,z(7))dr| +

+ | f(t2(1))

\8
\8

u(t, 7, x(7))dr — f(s,z(s))

u(s, 7, x(r))dr| <

+ |f(s,2(s))

0\8 e
0\8 e
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<wh(a,e) +[f(t2(t) - f(s,2(5))| 7IU(thvw(T))|dT +
0
+ £ (s, 2(s))| 7U(tmw(7)) — u(s, 7, (7)) |dT <
0
< wh(a,e) +[If(t,x(t) = f(t, 2 ()| + £ (8, 2( 79 dr +
0
+ [[f(s,2(s)) = f(5,0)| + [ f (5, 0)]] / lu(t, 7, 2(7)) — uls, 7, 2(7))|dT <
<w'(a,e) + [k(t)|z(t) — 2(s)| + wi, (f.€)] 7g t,7)dr +
0

S
+ [k(S)\fC(S)HIf(S,U)I]/\U(f,T,w(T))*U(S,T,fv(T))ldTﬂL
0

oo

@ ARl + 170k (| o+ [ gl

S

where we denoted

wg(f,s) :Sup{lf(t7y) —f(S,y)| s lse [OvTL Y€ [_d’d}v |t_5| < 5} .

Keeping in mind the assumption (vi) we deduce that there exists S so large that
the last term of inequality (2) is less then ¢ i.e.

|(Uz)(t) = (Uz)(s)] < w"(a,e) + [k(t)]a(t) — x(s)| + wy, (f,€)] /g (t,7)dr +
S
(3) +[k(s)|z(s) + | £ (s, 0)]] / ut, 7, 2(7)) = uls, 7, 2(7))|dr + .

Now, from the above estimate we get:

|(Uz)(t) — (Uz)(s)| < wT(a,e) + k(t)wT (x,e)h(r )/g(t T)dT +
0
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(4) + wm (f,e) /g (t, 7)dT + sup(k(s)ro + | f (s, O)|)SerO’S(u,6) + 4,
s<T
0

where, similarly as above, we denoted

gs(u, e) = sup{|u(t, 7,y)—u(s,7,y)| : t,s €[0,T], 7 €[0,5], [t—s| <e, y € [-d,d]} .

Let us notice that w” (f,e) — 0 and w’(u,e) — 0 as e — 0, which is a
consequence of the uniform continuity of the function f on the set [0, 7] X [—79, 0]
and the function u on the set [0,7] x [0, 5] x [—7o, 0], respectively.

oo
Further observe that in virtue of assumption (v) sup [ g(¢,7)dr < co. Hence,
te[0,T] 0
taking into account the facts established above and free choice of § > 0 we infer
that the function Uz is continuous on the interval [0, T] for any 7' > 0. This implies
that Uz is continuous on the whole interval R, .
Now we show that the mapping U transforms B into itself. In fact, using our
assumptions for arbitrarily fixed ¢t € Ry we have:

o0

(U)(@)| < lale)] + £t 2(0)] [ Jutt,s,(5))lds <

0

<la@®)]+ [If & 2(t)) = £(£,0)| +[f (¢ 0)]] /g(t»S)h(lfv(S)l)ds <
0

<la(t)] + h(ro)rok(t /gt7dr+h7‘0\ft0|/g
0 0

Hence, keeping in mind (vii), we get

o] o0
|(Uz)(t)| < supla(t)]|+h(ro rosupk /g (t, 7)dT+h(ro sup|f (t,0) |/g (t, 7)dr <o,
=0 0 0
which means that the mapping U transforms B into itself.
In what follows let us take a nonempty subset X of the set B. Fix ¢ > 0 and
T > 0 and take an arbitrary function z € X. Then, using the estimate (4) we

obtain:
oo

wT(U:mE) < wT(a,E) + k(t)wT(as,s)h(ro) /g(t,T)dT +

+ wm (f,e) /g (t, 7)dT + sup(k(s)ro + | f(s,0)|)Sw Ts(u,6)+5.
s<T
0
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Hence we get

W (UX,e) <wl(a,e) + k(t)w” /gt T)dr +
0
W (F,)h(ro) / gt 7)dr + sup(k(s)ro + | (5, 0))SwlS (u,e) + 6,
s<T

0
Now, taking into account the properties of the components involved in the above
inequality, we have:

wl(UX) < h(ro) fggk /gtTdT wd (X)),
0

oo

(5) wo(UX) < h(rg)sup k(t /gtTdT wo(X).
>0 J
Next, let us consider the sequence of sets (B"), where B! = ConvU(B), B2 =
ConvU(B%) and so on. Observe that all sets of this sequence are nonempty, closed

and convex. Moreover, B"™1 C B™ for n = 1,2,.... Further, keeping in mind (5)
we get
(6) uw(B") < ¢"u(B) ,

where we put ¢ = h(ro) sup;>q k(t f g(t, 7)dr. Obviously, in view of (vii) we have

that ¢ < 1. Apart from this we can calculate that wg(B) = 2rg. In virtue of (6) this
implies that lim wy(B™) = 0. Thus, from the condition 5° we infer that the set

Y = [\ B"™ is nonempty, closed and convex. Moreover, we deduce that Y € ker wy.

=1
It shguld be also noted that the operator U maps the set Y into itself.

Now we show that U is continuous on the set B.

To do this fix # € B and take functions z,, € B such that z,, — z in C(Ry).
We will show Uz,, — Uz in C(Ry). Firstly, let us observe

[(Uz)(t) = (Uzn) ()] < |f (& 2(t) = £ wn(t))] / u(t, s, z(s))|ds +
0

+ | f(t, zn(t) |/|ut5x —u(t, s, x,(s))|ds < k(t)|x(t)—z,(t)|h(ro) /gtsder
0

(7) +|f(t,xn(t))|/IU(LZS?@”(S)) — u(t, s, zn(s))|ds.
0
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Fix T > 0. In virtue of (A) it is enough to show that |(Uxz)(t) — (Ua:n)( )| — 0 uni-
formly on [0, T] for n — oo. Using the assumption (v) we have sup k(t f g(t,s)ds <

0.
This implies that the first term of the inequality (7) tends to 0 uniformly on [0, 7T
for n — oco. Next, lest us observe that

sup | f(t, z,(t))| < suplk(t)ro + [f(t,0)|] < o0
t<T t<T

oo

It is enough to show that [ |u(t, s, z(s)) — u(t, s, z,(s))|ds — 0 uniformly on [0,77].
0

Let S > 0 and § > 0.

/ fut, 5,2(s)) — u(t, 5, 2 (s))|ds <
0

(8) /|utsx( ) —u(t, s, x,(8))|ds + 2h(rg) /g
S

Hence, in View of the assumption (vi) we can find S so big that the last term of (8)
is less then 2 for t <T. Moreover

s
(9) / lu(t, s, z(s)) —u(t, s, z,(s))|ds < Swz;’s(u, fgg |2(s) — 2n(9)]),
0
where
wy ' (u,€) = sup{|u(t, s, z)—u(t,s,y)| : t € [0,T], s €[0,5], |z—y| < e, z,y € [~d,d]} .
The convergence of (z,,) to x in C(R,) implies nlglgo sgg |z(s) — zn(s)| = 0. Com-

bining this fact, (9) and the uniform continuity of the function u on the set [0, 7] x
[0,S] x [—70,70] we infer that

)
sup/ lu(t, s,z(s)) —u(t, s, zn(s))|ds < 5 for n sufficiently big.
t<T
~ 0

Using above inequalities we obtain

sup/ lu(t, s, z(s)) — u(t, s, zn(s))|ds < § for n sufficiently big.
t<T
=0

This ends the proof of continuity the mapping U : B — B.

Finally, linking all above established properties of the set Y and the operator
U :Y — Y and using the Tichonov fixed point principle we infer that the operator
U has at least one fixed point x in the set Y. Obviously the function x = z(t) is a
solution of the integral equation (1). This completes the proof. n
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