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A Generalization of a Theorem of Méricz and
Rhoades on Weighted Means

Abstract. In this paper,we prove a theorem which gives an equivalent formulation of
summability by weighted mean methods. The result of Hardy [1] and that of Méricz
and Rhoades [2] are special cases of this theorem. In this context, it is important

to note that the result of Méricz and Rhoades is valid even without the assumption
Pn
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1. Introduction. For the sake of completeness, we recall the following. Given
an infinite matrix A = (ank), n,k = 0,1,2,... and a sequence = = {zy}, k =
0,1,2,..., by the A-transform of = {z}, we mean the sequence Az = {(Az),},

(o)
(Az), = Zankxk, n=20,1,2,...,
k=0
it being assumed that the series on the right converge. If lim (Az), = ¢, we say
that = {x3} is A-summable or summable A to ¢. If lim (Az), = ¢, whenever

n—oo

klim x = £, we say that A is regular. The following theorem is well-known (see [3],

Theorem IL.1, pp. 11-12).
THEOREM 1.1 A = (ank) is reqular if and only if
(i) sup Y |ank| < 0o;
" k=0

(i) lim ane=0,k=0,1,2,...;

and
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oo
(i4i) lim E Qnp = 1.
n—oo
k=0
oo

An infinite series Zxk is said to be A-summable to ¢ if {s,} is A-summable
k=0

n
to £, where s, :Zxk, n=0,1,2,....
k=0

2. Weighted Means.

DEFINITION 2.1 ([3], p.16) The weighted mean method or (NN, p,,) method is defi-
ned by the infinite matrix A = (an), where

B k<
ank = "
0, k>n,

n
Po=> prn=012..,P#0,n=012....
k=0

THEOREM 2.2 ([3], p.16) The weighted mean method (N, p,) is regular if and only
if
n
(i) > lpkl = O(Py), n — oo;
k=0
and

(i) P, — 00, n — 0.

n n+m
REMARK 2.3 |P,| < Ipr| < Z |pi| < L|Pyym| forsome L > 0,m =0,1,2,...;
k=0

k=0
n=0,1,2,....

3. Main Result. We now prove the main result, which gives an equivalent
formulation of summability by weighted mean methods.

THEOREM 3.1 Let (N,py), (N,q,) be two regular weighted mean methods. For a

given infinite series E T, let
k=0

o0 Th
bn=qn Y = n=012....
= Qk
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o0 o0
Let Z b, converge to £. Then Zxk is (N, pn) summable to ¢ if and only if

n=0 k=0
] <o

bn _ bp 7727

dn qn+1 e n+1

n

b

k=1

PeQrt1  Pe—1Qk—1
qk+1 qk

sup
n

Proor Let B, = Zbk — £, n — 00. Now,
k=0

xn

=

Tn = Qn (b"—b"“), n=0,1,2,....

dn dn —+1

so that

Consequently

:zm:Qk <b’“_bk+1>

qk qk+1

m m+1

= Qk ZQk 1

—QO*‘FZ Qk'_Qk' 1) QTrme+1

Qerl

—bO""ZQk*_Qm b1

Qm+1

_bo+zbk—Qm 1

h—1 dm+1

m
SIS
k=0 Qm—i-l

(1) — By — QL
Qm+1

oo
x
By hypothesis Z Zk converges so that
k=0

q i(; — 0,n — oo.
n —
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Now,

Sm Bm bm+1

Qm Qm dm+1

, using (1).

Since {B,} converges, it is bounded so that for some M > 0, |B,| < M, n =

0,1,2,.... Since (N, g,) is regular, |Q,| — oo, n — oo so that
— < M — 0,m — oc.
Qm| 1Qml 7
Thus
5—1:1 — 0,m — oo.
Forn=0,1,2,...,

bn = qn Z “
k=n Qk
=qn n}gnoo Z sk;)& (where s_1 =0)
h k

m m—1
g {3 S Qi:}

k

. -1
=q, lim —_— 4+ — —
meee {k n Qm k:zn Qk_H Qn }

— ¢, lim <1 > 4 om _ Enot
P | &\ Qk Qi Qm  Qn

Sn—1 1 1 ) . Sm
—qn——— +¢q g —_— = Sk, since lim =0
" Qn "L <Qk Qr+1 m—o0 Qm

M

1 1
Ly q CkSk, Wwhere ¢ = ,
Qn " ,;L Qr Qi1

(2) k=0,1,2,....

= _qn
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o0
:(JOZ%+Q12%+%Z% -1 Z

unl

QL“’OZQLWZQ

=(go+q++qn1) Z

u=n—1
+q Z_:x“+ +gno2 4b,
2 — n—2
uﬁQQu Qn 2
- Ly Tn—2 Tn—3 Zo
:an — + by + an + an =+ +7Q
! u;—l Qu Qn—Q 2 Qn—3 ’ Q 0
e’} n—2
=Qua Y - g+ +Z$k
u=n—1 ¥
= Sn— 2+b +Qn 1 Z Q
u=n—1 u
= Sn— 2+an +Qn 1 Z
u=n— 1

:Sn—2+ inzi+in Z
nl

U=

= Sn— 2+ani+Qn 1

:Sn—l“V‘QnZgiu

bn
=Sp-1+t Qni

n

_S" L chsk‘| , using (2)

k=n

an

=Sp-1+t Qn

)
:Qn§ Ck Sk,
k=n
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so that

% = gcksk.
Consequently
(3) cnsn:%—gz:, n=0,1,2,....

Let {T},} be the (N,p,) transform of {s;} so that

1 [ By Bk+1} .

= Pk— § =— — using (3
Py =" ¢y {Qk Q1) 3)

D S
PylcoQo = ler 1) Qp cnQnia
[ee]

= anBu,
k=0

where
1 p —0N-
P, 00220’ k=0
1 peo1 | 1 .
Lo EE g 1<hen
nk — 1 D I — 1.
7P7n CnQn«#l ’ =n+ ’
0, k>n+2.
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Note that lim a,, =0, k=0,1,2,.... Also,

n+1

E ank*§ Qnk

_L
-+

Do
Co Qo

:1[ Po
Pn COQO

(B
C

n
pe pe—1]| 1 Pn
+ —_— _ =
kZ:l { Ch o Cr-1 } Qk CnQn+1]

+(]771_pn—1>1_ DPn :|
Cn Cn—1 Qn CnQn+1

ST
P, Qo Q1 a \@1 @2

g laat)
Q2 Q@3 cn \@n Qn—i—l

1
= &5 |:pOCO+Cl+ +pn0n:|
Pn Co n
1
=5 (o +p1+--+pn)
n
1
:7Pn
n
-1, n=0,1,2,...,

so that lim Za”k = 1. By hypothesis, By — ¢, k — oco. In view of Theorem 1.1,

n—oo

k=

0

T, —/{, n— oo, ie., Z z, is (N,p,) summable to ¢ if and only if

(4)

Using Remark 2.3,

()

n=0
sup 1 Po
|Pal || coQo CnQn+1
|Pn| < L|Pn+m|7 |Qn|

Z

k=

< L|Qniml|, for some L >0,m=0,1,2,...;
n=01,2....

N
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However,
’Pncfg?n+1 L‘Pnf:Qn , using (5)
L \pn
|P71Qn| Cn
L zn: (pk pk—1> L R0
T P.Qnl Ck  Ck—1 co
L&

Z 1 (Pk_Pk1) 4P

“Qr \Ck  Ch1 coQo|’
since |Qk| < L|Qnl, k < n, using (5) again
L2

< —
P

n

L (pk pk—1> Po
< — = - + :
| Pl Z Qk ( Ch—1 coQo

Thus (4) is equivalent to

(6) sup - 1{7)’“_7)’“—1}’ < 00

no Pl |7 1@k Lk cra
Now,
Pk Pr—1 _ Pk Pr—1

S U N
Ck Ch—1 Qk Qrt1 Qr—1 Qk

_ PeQikQr1  Pr1QrQr

gk+1 gk

so that (6) can be written as

{kaka+1 _ Pr—1QkQr—1 }H < o,

|P | qk+1 qk
ey 3o [Pt kit <o,
|P | e qk+1 q
completing the proof of the theorem. .

IMPORTANT REMARK 3.2 The result of Hardy [1] and that of Méricz and Rhoades
[2] are particular cases of Theorem 3.1. In this context, it is important to note that
the result of Moéricz and Rhoades is valid even without the assumption %Z — 0,
n — oo.
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