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Uniform non-¢7-ness of ¢;-sums of Banach spaces

Abstract. We shall characterize the uniform non-£7-ness of the £1-sum Xi1®---®
Xm)1 of a finite number of Banach spaces X1, -+, Xpm,. Also we shall obtain that
(X1®---® Xm)1 is uniformly non—Z’ln+1 if and only if all Xq,..., Xy, are uniformly
non-square (note that (X1 @ --- @ Xm)1 is not uniformly non-¢7*). Several related
results will be presented.
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Key words and phrases: ¢1-sum of Banach spaces, uniformly non-square space, uni-
formly non-£}" space, super-reflexivity, fixed point property.

1. Introduction and Preliminaries. As it is well known, the f;-sum X &Y
cannot be uniformly non-square for any Banach spaces X and Y (recall that the
2-dimensional space £7, which is regarded as a subspace of X @®; Y, is not uniformly
non-square; see also [13]). In the recent paper Kato-Saito-Tamura [15] it is shown
that X @, Y is uniformly non-¢3 (uniformly non-octahedral) if and only if X and YV
are uniformly non-square.

In the present paper we shall show that for a finite number of Banach spaces
X1, , Xy, the f1-sum (X7 @ -+ ® X,,)1 is uniformly non-¢7 if and only if there
exist positive integers ny, - - - , n,, with ny+---+n,, = n—1 such that X; is uniformly
non—E?"|r1 for all 1 <4 < m (Theorem 2.3), where we shall use the sharp triangle
inequality with n elements presented recently in [14] (see also [17]). This yields the
previous result for m = 2 in [15] with a much simpler proof. Theorem 2.3 also
implies the fundamental fact that the ¢;-sum (X; & - - - ® X,,)1 of m Banach spaces
X1, , X, cannot be uniformly non-¢7".

*:TThe authors were supported in part by a Grant-in-Aid for Scientific Research, Japan Society
for the Promotion of Science (18540185).



162 Uniform non-€7-ness of £1-sums of Banach spaces

In Theorem 2.6 we shall obtain that (X;®---@X,,); is uniformly non-¢""* if and
only if Xq,---, X,, are all uniformly non-square. This extends the above-mentioned
result concerning the uniform non-£3-ness of X @; Y.

It is known that uniformly non-square spaces are super-reflexive ([11]), while
uniformly non-£3 spaces need not to be so (cf. [10, 11]). Our Corollary 2.8 asserts
that any uniformly non-£7 space which is (isomorphic to) an ¢;-sum of (n—1) Banach
spaces, n > 3, is super-reflexive. Finally we shall consider the fixed point property.
Recently Garcia-Falset et al. [6] showed that all uniformly non-square Banach spaces
have the fixed point property for nonexpansive mappings. Our final result, Corollary
2.9 states that if an ¢1-sum (X @ - - - @ X, )1 is uniformly non—é{”“, all Xy, , X,
have the fixed point property.

Now we shall recall some definitions and preliminary results. A Banach space X
is said to be uniformly non-} (cf. [2, 16]) provided there exists € (0 < e < 1) such
that for any x1,--- ,x, € Sx, the unit sphere of X, there exists an n-tuple of signs
6 = (6,) for which

(1)

<n(l—e):

n
Y 0x;
=1

Here one can take z1,- - ,z, from the unit ball Bx of X instead of the unit sphere
Sx (this is readily seen by Lemma 2.1 below; see [14, Corollary 4]). When n = 2,
resp. n = 3, X is called uniformly non-square ([10]; cf. [2, 16]), resp. uniformly non-
octahedral ([12]). Though we can consider the case n = 1 formally, no Banach space
is uniformly non-¢}. The following fact was proved in Brown [3] (see also Hudzik [8])

PropOSITION 1.1 ([3, 8]) If a Banach space X is uniformly non-£}, X is uniformly
non-07t for every n > 2.

A Banach space X is said to have the fized point property for nonexpansive
mappings if every nonexpansive self-mapping of a nonempty bounded closed convex
subset of X has a fixed point.

2. Uniform non-¢}-ness. We begin with a couple of lemmas. First we shall
state the sharp triangle inequality (and its reverse one) presented in [14] which will
be powerful in the geometry of Banach spaces (see [17] for a stronger version).

LEMMA 2.1 (KATO-SAITO-TAMURA [14]) For all nonzero elements x1,xa,..., Ty
i a Banach space X

n

>

j=1

n
< Dl <
j=1

(2)

+<n— Zn: %5 ) min ||z
1<j<n "7
]:1 SIsn

2l

n n
Ly
27 +<” 2 T )fga;zllwall~
j=1

Jj=1
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LEMMA 2.2 Let {xgk)}k, ce, {x%k)}k be n sequences in a Banach space X for which

{ngk)H}k converges for every 1 < j < mn. Let m be a positive integer with m < n.
Then

lim
k—oo

Further, if ||a:§k)|| <lforall<j<nandk>1

n x(k;)

n
L O .
_klingo Elecj || implies klirgo
J:

(k)

N )
_klggozgﬂzj .
J:

lim
k—oo

=m.

=n implies klim
— 00
PROOF Assume that limy oo [| 227, xgk)H = limy 00 D00, ||x§-k) ||. Then since

n n
k k
ST )< S,
j=1

Jj=m+1

n

S

j=1

(k)

we have limy .o || 2272, .Z‘§-k)|| = limy oo D00, ||x(k)|| Next assume that ||x(k)|| <1
foralll <j <mn, k> landlimy o[l >7_, (k)|| =n. Thenlimy o0 [| 327, ;k)” =
limg o 2?21 ||33§k)|| = n, whence we have limy_, ||gc§ )H = 1 for all j. Therefore

by our first assertion we obtain that limy e || 3272, m§k) | = limg—oo 50y ||x§k) | =
m. n

Now we shall present the main theorem.

THEOREM 2.3 Let Xy, .-+, X,, be Banach spaces. Then the following are equivalent:
(1) (X1 ® - @ Xm)1 is uniformly non-£7.
(ii) There exist positive integers ny, ..., My with ny +ns + -+ +n, =n—1 such

that X; is uniformly non—é?”’l forall1 <i<m.

PRrOOF (i) = (ii). Assume that (X; @ --- @& X,,)1 is uniformly non-¢7. Since X; is
regarded as a subspace of (X7 @ --- ® X,,,)1, there exist Ny,..., N,, such that X;
is uniformly non-f{v 1 but not uniformly non—ZJlV “ for all 1 <4 < m. Then for each

1 there exist N; sequences {J:Z(.If)}k, cl {acl(ka)L}k in Sx,, the unit sphere of X;, such
that

3 I 02"

®) Jim Z o

for all (f;) of N; signs. First assume that ;" N; < n. Let

(n—1) ZN andny =Ny + L, n;, =N, (2<i<m).
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Then we have n; +---+n,, =n—1 and X, is uniformly non—é?”Jr1 foralll1 <i<m
by Proposition 1.1, as is desired.
Next we shall see the other cases do not in fact occur. We define the sequences

{zék)}k,. {zzm w, i in the unit sphere Six,¢..@x,,), of (X1 ® -+ & X;n)1 by

2V = @0,...,0),...,28) = . ,0,...,0),

k k k

1(V1)+1 (0, J;él),O,...,O) z](v1)+N2 = (O,xé]\),z,O,...,O),

k k k
((Z)TIIN)H—(O 0,2,z (0,0, ),

If > | N; = n, we have
n Ny
k k k
=1 1 =1

— E N;,=n ask— o0
i=1

N;
Z (k)

m
1 =1

for all §; = 1 by (3), which contradicts (i).
Suppose that Z:’;l N; > n. Then there exist natural numbers s and M with
l<s<mand1l<M < Ny suchthat n =737 | N;+ M and

n N1 N, M
k & . )
3 0,20 (Zejxgjx...,zejxgj>7zejxg+>lj7o,.. ,O>
=t J=1 j=1 j=1
(note that 1 < M < N,, for s =m — 1). Hence by (3) and Lemma 2.2 we obtain
n M
k k .
S| = 5| S]] Sant,
= 2

1 =1
— ZNiJrM:n as k — oo

=1

1 1

for all §; = %1, which is a contradiction.
(ii) = (i). We assume that there exist positive integers ny,...,n, with n; +
ng + -+ 4+ ny =n — 1 such that X; is uniformly non—ﬁ?i+1 for all 1 <7< m. Let

n
E 0w,
=1

We show that K < n. Take n sequences {w%k)}k, e ,{w%k)}k in the unit sphere of
(X1®--- @ X,,)1 so that

4 K= i
(4) sup { i,

W1y ..., Wy S S(X1€B---G9Xm)1 }
1

(5) K = hm mm

k—o0 ;=%

Z 0; w(k)

1
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Let w( ) = (xg];), e (k)) As Hx(k)H <lforl<j<nandk?>1, wemay assume

9 m]
that all mn sequences {||x H};€ have limits in & (take subsequences necessary times
if needed). Now let

L;={j: hm ||a: ||>O 1<j<n}, 1<i<m.

We first consider the case card(L;) < n; for all 1 < ¢ < m. Then we obtain

- . k)
K= lim 6,=t1 Zajwj
Jj=1 1
= 1 (k) (k)
i i, (Z“lw Z“ 1
_ : k
:f;m > | 20
) m (k)
=1 j=1
. k
=S
i=1 jeL;

IN

m
E n; =n— 1.
i=1

Next assume that card(L;,) > n;, + 1 for some ip,1 < iy < m. Then since Xj, is

. i d(L; .
uniformly non—ﬁ? o™ and hence uniformly non- Ecar (i) , there exists 0 < g;, < 1

such that for each £ > 1 we have

(k)

S o e
J

JE€L;g H lojH

(6)

< card(L;,)(1 — &)

with some Gj(-k) =41 (j € L;,). Therefore by virtue of Lemma 2.1 we have in X;,

(k)
k) (k k k) Li
5 o] < 5 - (i -| 5 o) et
J€ELqy J€ELq, J€ELqy || 10]”
< Z szojH _Card( 10)610 'Iélln ||xz J”
J€Lig !
S Z H‘rioj n’bo +1)€’LO jmln ||:L.ZO‘7H

J€Lq
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Consequently we obtain that

> o’
j=1 1
>0
> 654

K = lim mln
k—o0 ;=%

m
= lim mm E
kHOOH =+1 —

= lim HllIl g
k—o0 ;=%

i#ig

(k)

i0J

<

< limsup mm lz 29 ﬂf(k) Z 0, 1755]) Z 0; ngj) 1

k—oo 0i=% i#ig = J¢€Li, J€eLi,
k k

< limsup mln lZZH%] | + Z HﬁCEOJ)H"‘ Z 0 xgoj) ]
k—oo 0= iio j=1 ]€Lm jEL70

= e | S S I g | 3 0|
k—oco z;ézoj 1 €L JE€Lig

< limsup Z Z ||a: || + Z HIWH — (ni, + ey, jmln |:czoj|]

k—o0 7,;&10 j=1

. k
= limsup ZZ”I( )” — (n4y + ey, ]rmn ||xm||]

k—o0 ’Ll] 1

. k
= hinsup ZHw i — (niy + ey, mln ||1:EOJ)||]
— 00

= limsup [n — (n;, + 1)g;, mln ||x |]
je

k—oo

< n-— (nio + 1)51'0 hknlgo}fjgl]{?() HIZ()]H <n.

This completes the proof. n

COROLLARY 2.4 ([15]) Let X and Y be Banach spaces. Then the following are
equivalent:

(i) X @1 Y is uniformly non-07.

(ii) There exist positive integers ny and ne with ny + nge = n — 1 such that X is
uniformly non—fl”‘Irl and Y is uniformly non—ﬁ’fﬁl.

As mentioned in the head of the introduction the ¢1-sum X @7 Y cannot be uni-
formly non-square for all Banach spaces X and Y. Theorem 2.3 yields in particular
the following result, which is also a direct consequence of the fact that the space /7"
is not uniformly non-¢7"*.
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COROLLARY 2.5 The ¢1-sum (X1 ®---® X,n)1 of m Banach spaces Xy, , Xy, is
not uniformly non-¢7".

Thus we shall consider the uniform non-¢7""!-ness of (X; @ --- @ X,,)1.

THEOREM 2.6 Let Xy, ..., X,, be Banach spaces. Then the following are equivalent:
(1) (X1 @ @ Xyn)1 is uniformly non-¢7* .
(ii) Xy,..., X are uniformly non-square.

PROOF Assume that (X & - -+ X,;,)1 is uniformly non-ﬁln“. By Theorem 2.3 there
exist positive integers ni,...,n, such that 2211 n; = m and X; is uniformly non-
érfﬁl forall 1 < ¢ < m. Since n; > 1, we have n; = 1 for all 1 < i < m. Thus
Xy, , X, are uniformly non-square. Conversely, if X;,---,X,, are uniformly
non-square, (X; @ --- X,,); is uniformly non-¢"** by Theorem 2.3. n

Theorem 2.6 includes the next previous result as the case m = 2.

COROLLARY 2.7 ([15]) Let X and Y be Banach spaces. Then the following are
equivalent:

(i) X @1 Y is uniformly non-(3.

(ii) X and Y are uniformly non-square.

Theorem 2.6 (with Corollary 2.5) also implies the following basic fact: The space
T is uniformly non-ﬁ?+1 but not uniformly non-£3.

Recall that a Banach space X is called super-refiexive if every Banach space
Y which is finitely representable in X is reflexive, where Y is said to be finitely
representable in X if for any € > 0 and for any finite dimensional subspace F' of
Y there is a finite dimensional subspace F of X with dim FF = dim F such that
d(F,E) := inf{||T||||T!| : T is an isomorphism of F onto E} < 1+ € (see [11, 2]).
As it is well known, uniformly non-square spaces are super-reflexive ([12]), whereas
uniformly non-#3 spaces, a fortiori, uniformly non-¢7 spaces are not always reflexive
([12]). For the ¢;-sum spaces we obtain the following

COROLLARY 2.8 Let X be a uniformly non-{% Banach space which is isomorphic to
the ¢1-sum of n—1 Banach spaces X1,--+ , X,,—1 (n > 3). Then X is super-reflexive.

Indeed X1, -+, X,,—1 are uniformly non-square by Theorem 2.6 and hence super-
reflexive. Since an f1-sum of a finite number of super-reflexive spaces is super-
reflexive, we obtain the conclusion.

Recently Garcia-Falset et al. [6] proved that all uniformly non-square Banach
spaces have the fixed point property for nonexpansive mappings. Combining Theo-
rem 2.6 and this result, we obtain the following

COROLLARY 2.9 Let (X1 @ --- @ X,,)1 be uniformly non-7"*. Then X1,..., X,
have the fixed point property for nonexrpansive mappings.
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