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A Banach space X contains an asymptotically isometric copy of ¢; if for every
null sequence (g,)22 in (0, 1), there exists a sequence (z,,)22; of norm one elements

in X such that
S —e) tal < | X taza]| < D1l

for all finite sequences (¢,,) of scalars.

Dowling and Lennard [7] used the notion of an asymptotically isometric copy of
£1 to show that every reflexive subspace of L;(0, 1) fails the fixed point property for
nonexpansive self-maps on closed bounded convex sets. Further Dowling, Lennard
and Turrett [6] showed that if a Banach space contains asymptotically isometric
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copies of ¢, then its dual space fails the fixed point property. In [5], Dilworth,
Girardi and Hagler proved that a Banach space X contains asymptotically isometric
copies of ¢ if and only if L;(0,1) is linearly isometric to a subspace of the dual
space X* of X. This result shows a direct link between the papers [7] and [6].

Motivated by these results we consider the question when some important Ba-
nach lattices on measure spaces contain asymptotically isometric copies of ¢;. Our
main aim is to identify a class of Calderén-Lozanovskii spaces that do not contain
an asymptotically isometric copy of ¢; and show applications to Orlicz-Lorentz and
Orlicz spaces. We give an answer to the question posed in [6] showing that a separa-
ble Orlicz space L, equipped with the Luxemburg norm on a non-atomic measure
space generated by an Orlicz N-function ¢ (at zero) does not contain asymptoti-
cally isometric copies of ¢;. It has been shown in [6] that in the case of Orlicz norm,
the separable Orlicz space L, may contain an asymptotically isometric copy of ¢;.
This occurs when ¢ satisfies the appropriate condition A, and its conjugate does
not.

In the second part of the paper we give a complete description of order continuous
Orlicz-Lorentz spaces which contain (order) isometric copies of ég") for each integer
n > 2. On the basis of this result we provide a necessary and sufficient condition
for the order continuous Orlicz-Lorentz spaces to contain (order) isometric copies of
f1. We complete this characterization by an equivalent condition for those spaces
containing isometrically the space L;(A) for some measurable set A.

In the third part we obtain the corresponding results for Orlicz and Lorentz
spaces. They recover and expand the characterizations received earlier in Lorentz
and Orlicz spaces by Briskin and Semenov [2], and Wojtowicz [19], respectively.
We conclude with the description of universal Orlicz-Lorentz spaces for all two-
dimensional normed spaces.

Let R, Ry and N denote the set of real, non-negative real and natural numbers,
respectively. Let (2, S, i) be a o-finite measure space, and L° be the set of all real
valued p-measurable functions. We say that (X, || - || x) is a Banach function lattice
(in short Banach lattice) on (2,8, ) if X is an ideal in L° and whenever z,y € X
and |z| < |y| a.e., then ||z]|x < |ly||x. Given a measurable set A C €2, X(A) denotes
the space of all elements in X restricted to A, i.e., X(A) = {xxa: z € X}. By
Ly = L1(Q) and Lo, = Loo(R2) we denote the spaces of integrable and u-essentially
bounded, real valued functions on €2, respectively. They are equipped with the
standard norms || - ||; and || - [|c. An element z € X is called order continuous if
for every 0 < x,, < |z| such that z,, | 0 a.e. it follows that ||z,||x — 0. By X,
denote the set of all order continuous elements of X. We say that X satisfies the
Fatou property whenever for any 0 < z,, € X and x € LY such that z,, 1 x a.e. and
sup,, ||znl|x < 0o we have that x € X and ||z||x = lim,, ||z,|x. By X we denote
the cone of non-negative elements in X.

Given two Banach lattices X, Y we will write X = Y whenever the sets coincide
and the norms are equivalent. Two expressions U,V are equivalent if for some
constants a,b > 0 we have aU < V < bU. In this case we write U = V. The symbol
X ~ Y means that X and Y are isometrically isomorphic. Banach lattices X and
Y over (2,8, ) are locally equivalent whenever X (A) = Y(A) for any A € S with
H(A) < 0.
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The Koéthe dual space X’ of X is a collection of all elements y € LY such that

lollsr =sup{ [ levldu: flllx <1} < .
Q

The space X' equipped with the norm || - || x/ is a Banach function lattice with the
Fatou property. It is well known that (X,)* ~ X’ (see [2, 12, 14]).

A Banach lattice X is said to be strictly monotone if for any z,y € X, we have
|lz]] < |ly|| whenever 0 < z <y and z # y.

Given x € LY, its distribution function is defined by d,(\) = u{t € Q: |z|(t) >
A}, A >0, and its decreasing rearrangement by x*(t) = inf{s > 0: d,(s) < t}, for
all ¢t > 0. A Banach lattice X is called a rearrangement invariant Banach space
(in short r.i. Banach space) if ||z|| = |ly|| whenever d, = d, and z € X. The
fundamental function of r.i. space X is defined by ¢x (t) = ||xallx, where u(A4) =1t
and 0 <t < pu(Q).

1. Calder6n-Lozanovskii Spaces. The class U consists of all functions
U: Ry x Ry — R, that are positively homogeneous (i.e., U(As, At) = AU(s,t) for
every s,t, A > 0) and concave. Recall that U is concave whenever ¥(as; + 852, atq +
Bta) > a¥(sy,t1) + f¥(se,t2) for all o, 8 € [0,1] with a + 8 =1 and s;, t; > 0, for
i = 1,2. Note that any function ¥ € U is continuous on (0, 00) x (0, 00).

Given ¥ € U and a couple of Banach lattices (Xo, X1) on (€2, S, i), the Calderon-
Lozanovskii space is defined as follows

U(Xo,X1) = {z €L’ |z| = U(zg,21) for some z; € X;",i=0,1}.
For any 1 < p < oo, define a norm on the space ¥(Xg, X1), as

2]l (x0,x0) = Inf { (2ol + lleall,) s |2] = W(zo, 21)},

and for p = co as

[2]lw o (x0.2,) = mf{max([|lzol|x,, [|21]|x,): ] = W(zo, 21)}.

Under each norm |[|- ||y, (x,,x,), the space ¥(Xo, X1) is a Banach lattice [18]. Notice
that all norms | - [lw, (x,,x,), 1 < p < 00, are equivalent on ¥(Xy, X;). Denote by
W, (Xo, X1) the space W(Xo, X1) equipped with the norm || - [, (x,,x,)-
We say that U satisfies the left (resp., right) Ay condition whenever there exists
C > 0 such that U(2s,2t) < ¥(Cs,t) (resp., ¥(2s,2t) < ¥(s,Ct)) for all s,¢t > 0.
Given ¥ € U, let

-~ us + vt
U(s,t) = inf .
(s:%) >0 U(u,v)

It is well known that ¥ = . Moreover, for any 1 < p < oo,

(W(Xo, X1), || - llw, (x0,x1))" = (¥ (X0, X71), | - lw, (x5.x1))s

~

where 1/p+1/p’ = 1. In other words, ¥,(Xo, X1)" = U,/ (X(, X1) (see [18]).
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We need a lemma which is already implicit in [18]. It is however showed only
for a subclass of functions in ¢ with an advanced proof which uses a deep Kothe
duality theorem of Lozanovskii. Here we include a simple proof based on a well-
known theorem of Kolmos [13].

LEMMA 1.1 Assume ¥ € U, 1 < p < oo and (Xo,X1) is a couple of Banach
lattices over (0, S, 1) satisfying the Fatou property. Then U, (Xo, X1) is a Banach
lattice with the Fatou property and for every x € U(Xy, X1) there exists an optimal
factorization, i.e., there are xg € Xgr and 1 € Xfr with

[ = (o, 1) and [lz]lw,(x0.x0) = (0, 21) [ x0m, X1

where ||(x0, 21| x0@,x, = ([[zoll%, + ||a:1||§(1)1/p for 1 < p < oo (with the usual

interpretation for p = 00.)

PROOF Since for any Banach lattice X — X", there exists a positive measurable
function w such that X — L;(v) with dv = wdp. The inclusion X — X" follows
immediately from the definition of the Koéthe dual space. Now for any 0 < w € X’
with [Jw||x+ < 1 we have that for any = € X, [, zwdu < ||z||x and so X < Ly(v).

Assume that 0 < 2, 1 |z] a.e. and sup,,>; |25 |lw, (x0,x,) < 00. Then for all n
there exist u,, € Xo, v, € X7 such that

Tn = \Il(u?“wvn)v H(unvvﬂ)”XOEBpxl < Han‘I’p(X(th) +27"

Hence (u,) and (v,) are bounded sequences in Xy and X; respectively, and so in
Li(v). It follows by the theorem of Kolmos [13] that by passing to a subsequence
we may assume that

n n
1 1
— E up —u and — g Vp — U a.e..
n n

k=1 k=1

By concavity of ¥ we have
Z U (ug, vg) <\I/( Zuk, lka) a.e.,
=" "=

and so for any n € N,

Then taking limits on both sides we obtain |z| < ¥(u,v) a.e.. Clearly this im-
plies that for some 0 < g < w and 0 < x; < v we have |z| = U(xg,z1) a.e.,
and thus z € ¥(Xy, X;). Now combining the Fatou property of Xy and X; with
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| (wns vo) | xo@px: < |Tnllw, (x0,x,) + 1/n, we obtain (for 1 < p < c0)

zllw, (x0.x1) < (o, 21) | X0, x1 < [I(w, 0)|[ x0m,x,
o 1 <& P o 1 <& p \1/p
< (hmlanqukH —|—hm1anvakH )
n—oo |In Xo n—oo |In X1
k=1 k=1
n

.. .1 .
< liminf — kz (ks vr) I xom, x, < |2l (x0.x1)
=1

< zllw, (x0.x1)-

Hence ||z[|w, (xo,x,) = [[(z0, 71)|[ x@,x, and thus (2o, z1) is an optimal factorization
of z. Moreover ||z, [|w,(x,,x,) = [I]lw,(x0,x,)- The proof is similar for p =oco. m

We apply the above factorization lemma to study the strict monotonicity of the
Calderon-Lozanovskii spaces.

THEOREM 1.2 Let X;, i = 0,1, be Banach lattices over (0, S, u) satisfying the
Fatou property. If ¥ € U is such that ¥(0,1) = 0 (resp., ¥(1,0) = 0) and Xp
(resp., X1) is strictly monotone, then the space ¥, (Xo, X1) is strictly monotone for
every 1 < p < oo.

PROOF Assume that X is strictly monotone and ¥(0,1) = 0. Let 0 < z,y €
U,(Xo,X1),z <yandz #yonaset Awith u(A) > 0. By Lemma 1.1, there exist
y; € X;“, j =0,1, such that y = ¥U(yg, y1) and
e, oy = (loolBe, + B,

Letting v = 2/ (yo,y1) on supp y, and 0 outside, we have that 0 < v < 1 and
v < 1 on A. Defining z; = vy; for j = 0,1 we get 0 < z; < y;. In addition
by the assumption ¥(0,1) = 0, if y(¢) > 0 then yo(t) > 0. Hence if ¢ € A then
0 <z(t)/y(t) <1, yo(t) > 0 and so zo(t) = (x(t)/y(t))yo(t) < yo(t). We also have
x = U(xp,x1). Consequently, in view of strict monotonicity of X,

2 llw, (x0,x1) < (loll%, + 21 15%,)"” < (lyollxo + 91 15%,)"? = I9llw, (xo,x0):

which shows strict monotonicity of ¥,(Xo, X1). n

REMARK 1.3 In Theorem 1.2, the assumption ¥(0,1) = 0 or ¥(1,0) = 0 is neces-
sary in general. To see this consider ¥(s,t) = s+¢, and Xy = Ly and X; = Lo on
Ry where ||z||5,+r., = inf{]|zo]l1 + |z1|lcc: © = xo + 1, T € L1,21 € Lo }. Then
U(0,1) = ¥(1,0) = 1 and Uy (L1, Loo) = L1 + Lo with equality of norms. By the
well known formula ||z||1,+L., = fol x* [2, 12|, we conclude that L1 + Lo, is not
strictly monotone although L is strictly monotone.

The following lemma of independent interest shows that under some geometrical
assumptions on Banach lattices, an optimal factorization presented in Lemma 1.1
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is unique. Before presenting the result we need further notation. For any ¥ € U we
define ¥ on (0, 00) x (0,00) by

W(s,t) = sup {\Im :

u,v > O}, s,t > 0.

Note that if ¥ € U and (Xo,X;) is a couple of Banach lattices and |z| =
U(xo,21) a.e. with 0 # z; € X;', then we have |z| = U(||zo||x,uo0, ||Z] x,u1) With
uj = x;/||z;jl|x, for j = 0,1, which implies |z| < ¥([|zo| x,, [|#1]lx,) ¥ (uo, u1) a.e.
and so

(1) I2llw e (x0,x1) < ¥ (l20llx,, l21]lx,)-

In the proof of lemma below we use the following fact (which follows from [12,
Lemma 1.3, Chapter IL, p. 55]): if ¥ € & and W(sp,1) =1 (resp., ¥(1,s) = 1) for
some 0 < sg < 1, then ¥(s,1) =1 (resp., ¥(1,s) = 1) for every 0 < s < 1.

LEMMA 1.4 Let (Xg, X1) be a couple of Banach lattices over (2, S, 1) satisfying the
Fatou property. If U € U is such that ¥(s,t) = 0 if and only if s =t =0, then the
following holds.

(i) If W is strictly concave and there exits 0 < s <1 such that ¥(s,1) <1 (resp.,
U(l,s) < 1) and Xq is strictly monotone (resp., Xy is strictly monotone),
then for every x € Voo (Xo, X1) there is an unique optimal factorization of x

shown in Lemma 1.1 with p = 0.

(il) If W is strictly concave and Xo or X; is strictly monotone, then for each 1 <
p < oo and for each x € U(Xy, X1) there is an unique optimal factorization
of x shown in Lemma 1.1.

PROOF (i) Let first p = co. Assume that X is strictly monotone and ¥(s,1) < 1
for some 0 < s < 1. Fix z € ¥(Xo, X1) with [|z|¢,(x,x,) = 1. Suppose that

lz| = U(xg,21) with 29 € X, 71 € X and |z = U(yo,y1) with yo € X,
Y1 € X1+ and

1= [lz]lw. (x0,x1) = (W0, y1) | xo@e x: = [(z0s #1) [ xo@oe X1 -
By concavity of ¥ we obtain

|l‘| <yi= \II(IO;’?JO7 x1;y1)_

Letting v = z/y on supp y and 0 outside, we have that 0 < v < 1. Defining
zj = v(x; +y;)/2 for j = 0,1 we have |z| = U(29, 21) with 29 € X, 21 € X; and
so it follows by (1),

(2) 1= [l2fly. oxo.x0) < Pll20llx0: [I21]lx,)-
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We claim that v = 1 a.e. on supp y. If we have v < 1 on a measurable subset
A C supp y with p(A) > 0, then the strict monotonicity of X, implies that sg :=
20l x0 < l[(z0 4+ 90)/2]x, < 1. Thus by (2),

1= [l2fly oxo,x0) < Ulllz0llxos [I21]1x,) < W(s0,1) < 1,

and so ¥(sg, 1) = 1. Hence by the fact mentioned before theorem (see Lemma 1.3
in [12]), ¥(s,1) =1 for all 0 < s < 1, which contradicts our assumption.
In consequence we conclude that on supp y we have

— Tot+Yo Zi1+ty
W(ao,ar) = (g, 2,

Therefore and by our hypotheses that ¥(s,¢) = 0 implies s = ¢t = 0, and strict
concavity of the function ¥, we have that o = yo, £1 = y1.

(i) In the case 1 < p < 0o, we may assume without loss of generality that X
is strictly monotone. Similarly as above let |z[/w,(x,,x,) = 1, and let  have two
optimal factorizations

1= lzllw,(x0,x1) = (W0, 1) Ix0m, x: = I(@0, 21) || x0@, X, -

Then |z| = V(29,21) with z; = (z; +y;)/2 € X;r for j = 0,1 and so by strict
monotonicity of X we get

IA

1
L= [, oo, < 10,20 xem,x: < 5 (1 @0y 20 lxo,x: + 130, 3) 0,3,

1
§(le||wp<xo,x1> + ||x||wp<xo,xl>) =1

which is a contradiction. Thus v = z/y = 1 a.e. on supp y, and we finish the proof
as in case (i). n

In what follows we will use the following fact that for any couple (Xo, X;) of r.i.
spaces, we have ¢y (x, x,) = V(dx,, dx,) (see [16]).

THEOREM 1.5 Let (2, S, 1) be a non-atomic separable measure space and (Xo, X1)
be a couple of r.i. spaces on (2, S, ). Assume that supp [V,(Xo, X1)]e = Q. If

X)) (resp., X}) is strictly monotone, W(X}, X}) is not locally equivalent to Ly and
lim,_, ﬁ =0 (resp., lim;_, m = 0), then for every 1 < p < oo, the Caledron-

Lozanowvskii space [¥,(Xo, X1)]a does not contain an asymptotically isometric copy

Ofgl.

PrOOF If [¥,(Xy, X1)], contains an asymptotically isometric copy of ¢1, then by
[5] its dual ([¥,(Xo, X1)]s)* contains an isometric copy of L1(0,1). But

([ (X0, X1)]a)" = () (Xo, X1))" = ¥ (X5, X7).
The spaces X/, i = 0,1, satisfy the Fatou property. Moreover by concavity of ¥,

~ u2 t t
T(0,1) = inf —2% = inf =1
0.1) =l wO(1,2) 20 W(Lt) 50 U(1,t)]
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and similarly \f/(l,O) = lim;_,q ﬁl) Now by Theorem 1.2 and our assump-

tions, \f/p/ (X{, X1) is strictly monotone. Notice that 1 < p’ < co. Thus by [19],
\T!p/ (X{, X1) contains also an order isometric copy of L;1(0,1). Since u is separable,
it follows by the Caratheodory theorem [9] that L;(0,1) is order isometric to L;(A)
for every A € S with p(A) < co. Thus Lq(A) is order isometrically embedded into
\T/p/ (X{,X1). Now by Corollary 9 in [1] we get L1 (A4) C \f/p/ (X{, X1)(A) for every
A € § with p(A) < oco. Recall now that for any r.i. space X and any A € § with
1(A) < oo, we have that X(A) C L1(A4) [2, 12]. Thus

~

Uy (Xg, X1)(A) C L (4)

by the fact that any Calderén-Lozanovskii space is r.i. whenever both X, and X;
are r.i. spaces. Hence L1(A) = ¥(X(, X1)(A) up to equivalence of norms, which
contradicts the assumption that \T!(X(’),X{) is not locally equivalent to L, and
concludes the proof. n

The next result is a corollary of the previous one in view of the fact that if ¥
satisfies the left (resp., right) As condition and Xy (resp., X1) is order continuous,
then ¥(Xy,X;) is also order continuous (see [18]). In this case ¥,(Xo, X1) =
(W, (X0, X1)]a and then (¥, (Xo, X1))* ~ (¥, (Xo, X1))'.

COROLLARY 1.6 Let (2,S,u) be a non-atomic separable measure space and let
(Xo0,X1) be a couple of r.i. spaces such that Xy (resp., X1) is order continuous.
Let U satisfy the left (resp., right) Ao condition and limtﬁoﬁ = 0 (resp.,
limy_,¢ ﬁ = 0). If X} (resp., X1) is strictly monotone and \/I}(X(’),X{) is not
locally equivalent to Ly, then for every 1 < p < oo, the Caledron-Lozanovskii space
U, (Xo, X1) does not contain an asymptotically isometric copy of .

2. Orlicz-Lorentz spaces. Let ¢: Ry — R, be an Orlicz function, that is
¢ is convex, ¢(0) = 0 and ¢ is positive on (0,00). We say that the Orlicz function
¢ is N-function at 0 whenever lim;_, ¢(s)/s = 0 [17]. Let further v = u(92). We
assume that ¢ € P, that is ¢: [0,7) — R4 is concave, 1(0) = 0 and ¢ is not
trivially equal to zero. Denote ¥ (0+) = lim; o4 ¥(¢) and 9(c0) = lims o0 (1) if
v = co. Let p be the following modular on L°,

~

olz) = / " (@) = o) oo (04) + / (@ () (s) ds,

where 1’ denotes the derivative of 1. Since v is concave its derivative exists except
a countable set. In fact we have ¢ (t) = 1/1(0+)+f0t ', t € Ry, where )’ is decreasing.
If there is no confusion we often write [ ¢(2*)¢’ instead of [ ¢(2*(s))y(s) ds.
The Orlicz-Lorentz space A, . consists of all x € LY such that there exists A > 0
with p(x/)\) < co. The space A,y equipped with the norm

|zl g, = Inf{X > 0: p(z/A) <1}
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is a r.i. space satisfying the Fatou property.

In the context of Orlicz-Lorentz spaces we will always say that ¢ satisfies the
appropriate Aq-condition whenever (i) ¢ satisfies condition Ay for all arguments,
that is there exists K > 0 such that ¢(2t) < K(t) for all t € Ry, in the case when
4 is non-atomic, u(Q) = co and ¥(co0) = oo; (ii) ¢ satisfies condition A for large
arguments, that is there are K > 0 and ¢ty > 0 such that ¢(2t) < Ke(t) for all
t > to, in the case when p is non-atomic, p(2) < oo, or u(f2) = co and P (c0) < 0.

We easily observe that (A, y)e # {0} if and only if ¢(0+) = 0. It is also well
known that if ¢(04+) = 0 then (A, ), coincides with the collection of z € L°
such that p(kx) < oo for every k € R. Moreover (Ay ) = Ay, if and only if ¢
satisfies the appropriate As-condition and ¥ (0+) = 0, and ¥(0c0) = oo in the case
of 1(2) = oo (see [11]). In the sequel we will use the fact that for any x € (Ay.)a
we have that ||z||,» = 1 if and only if p(z) = 1 (see [4]). It is also clear that if
1 (00) = oo in the case of ;1(£2) = oo, then for any « € Ay, it holds limy—, o 2*(t) =0
which is equivalent to d,(\) < oo for every A > 0.

Recall that if ¢(t) =t, t € Ry, then A, is a Lorentz space denoted by Ay.
Given ¢ € P, the Marcinkiewicz space My is the set of all x € L° such that

t

”xHMw = sup < 00.

T
o<t<y Y(t)

The Marcinkiewicz space is an r.i. space with its fundamental function ¢y, (t) =
t/¥(t), t € (0,7), and such that (Ay) = My (see [12, Theorem 5.2, Chapter II,
p. 112]).

Now letting W(s,t) = to~'(s/t) for s,t > 0, and ¥(s,t) = 0 for t = 0 and
any s > 0, we have A,y = Uoo(Ay, Loo) with equality of norms (see [16]). This
implies that (A, )" = {1\11((A¢)’7(Loo)’) = \T/l(Md,,Ll) with equality of norms.
We also recall that in this case W(s,t) = to;!(s/t) for s,t > 0, where ¢, (s) =
sup;>o{st — ()} (see [15]).

COROLLARY 2.1 For any Orlicz function ¢ which is N-function at 0, and ¢ € P,
the Kothe dual (Ay ) of Orlicz-Lorentz space is strictly monotone.

PrOOF By the assumption that ¢ is N-function at 0, we have

= . s s s p(t)
Y40 =l gy gy T T =0

~

Since L, is strictly monotone, by Theorem 1.2 the space (Ay ) = W1 (My, Ly) is
strictly monotone. =

COROLLARY 2.2 Let (2, S, 1) be a non-atomic separable measure space. Let ¢ be
N-function at 0 and let ¢ € P be such that ¥(04+) = 0. Then the order continuous
part (A y)a of Orlicz-Lorentz space does not contain an asymptotically isometric

copy of £y.
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Proor We shall apply Theorem 1.5 to Ay, .y = Yoo(Ay,Loo) with W(s,t) =
to~l(s/t) for s,t > 0 and U(s,t) = 0 for t = 0 and any s > 0. We have
that (Ay)" = My, (Le)’ = Li and clearly L, is strictly monotone. Moreover

(I\/(l, 0) = lim;—q # = 0, by the assumption that ¢ is N-function at 0.
Recall that for a r.i. space X we have that lim; o ¢x(t) = 0 if and only if
X, is not trivial which is equivalent to supp X, = . Therefore we have that
supp (Ap,w)a = Q if and only if limy_o4 ¢a, , (1) = limy04 1/~ (1/2(t)) = 0.
The latter is true by the assumption ¥ (0+) = 0.
Observe also that \T/(Md,, Ly) is not locally equivalent to L. Indeed, we will show

that (b@( Moy,L1) is not equivalent to ¢, in a neighborhood of zero, which yields that

~

U(My,L1)(A) # L1(A) for some A € S with p(A) < co. For any 0 < ¢t < u(Q),

060,10 (0) = Foas, (0,02, 1) = F(5.1) = 9 (5.1).

In our case (I\!(s7 t) = tp; 1(s/t), and thus

DGy, L) (1) & to (wiw 1) =t (d}iﬂ) .

Supposing now that the latter fundamental function is equivalent to the fundamental
function ¢r,, (t) = ¢, we get that 1/¢(t) is equivalent to a constant, which contradicts

the assumption that ¢(0+) = 0. Thus W(My, L) is not locally equivalent to Ly,
and application of Theorem 1.5 completes the proof. n

The next result is a direct corollary of the previous one, since Ay y, = (Apy)a

whenever ¢ satisfies the appropriate As-condition and ¥ (0+) = 0 and ¥ (c0) = co
in the case of u(2) = oo (for details we refer to [11]).

COROLLARY 2.3 Let (2, S, i) be a non-atomic separable measure space. We assume
that ¢ is an Orlicz function satisfying the appropriate Ag-condition, and ¢ is N -
function at 0. Moreover let ¢ € P be such that Y(0+) = 0 and ¢¥(oco0) = oo in
the case of () = oco. Then the Orlicz-Lorentz space A, does not contain an
asymptotically isometric copy of £1.

Letting 1 (t) = ¢, the Orlicz-Lorentz space A, , is the Orlicz space L, equipped
with the Luxembourg norm. In [6] the authors showed that if ¢, does not satisfy
the appropriate As-condition and ¢ does, then the Orlicz space equipped with the
Orlicz norm contains an asymptotically isometric copy of ¢;. The corollary below
states that whenever ¢ satisfies A, independently of the behavior of ¢.., L, equipped
with the Luxemburg norm never contains an asymptotically isometric copy of /1.
This answers the question posed in [6].

COROLLARY 2.4 Let (2,8, 1) be a non-atomic separable measure space. If ¢ satis-
fies the appropriate Ag-condition and ¢ is N-function at 0, then the Orlicz spaces
(Ly, || - lp) over (82, S, 1) does not contain an asymptotically isometric copy of 4.
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In what follows we will study subspaces of Orlicz-Lorentz spaces isometrically
isomorphic to E&") for n € N and n > 2, where as usual by €§n) we denote the n
dimensional real vector space equipped with ¢;-norm. It is well known that £§”> is
isometrically embedded (resp., embedded order isometrically) into a Banach space
(resp., Banach lattice) X if and only if there exist z; € X, ¢ = 1,...,n such that
each ||lz;]|x = 1and |37 0;24]| y = n for each combination of signs 0; = %1 (resp.,
[2illx =1 with |z;| Az;| =0 for i # j, and |37 2]l = n).

We will need further the following technical lemma which is a consequence of
a more general result due to Wojtowicz [19]: If a strictly monotone Banach lattice
X contains an isometric copy of Lq(v), then X contains a lattice-isometric copy of
L, (v). Below we include a simple, direct proof of the local variant of the mentioned
result.

LEMMA 2.5 Let E be a strictly monotone Banach lattice on a measure space (2, S, (1)

and let n > 2. Then E contains éﬁ”) order isometrically whenever E contains éﬁ”)
isometrically.

PROOF Assume that 6(12) is isometrically embedded in E. Thus there exist z,y in

the unit sphere of E such that span{z,y} is isometric to E:(LZ), that is ||z + y||g =
|l — y|lg = 2. We can always assume that z(t) > 0 for a.e. ¢t € supp «. In fact
2=z -yl = lllz] - (signx)ylle = |z + ylle-

Now we shall prove that |z| A Jy| = 0. Then span{|z|,|y|} is isometric to 8%2)

and so 552) is an order isometric copy in E. Assume for a contrary without loss of
generality that
p{t € supp z: y(t) > 0} > 0.

There exist € > 0 and A € S with u(A) > 0 such that for all £ € A, we have that
z(t) > e and y(t) > e. Define

21 (t) = { z(t), t¢ A; yi(t) = { y(t), t¢ A

xz(t) —e, teA, y(t) —e, teA.

Then z1(t) —y1(t) = z(t) — y(¢) a.e. and z1(t) = z(t) —e < z(¢) for t € A. Since E
is strictly monotone, ||z1]|g < ||z||g = 1. Thus

2=z-yle=llz1 —yille < |lzlle + lynlle <2,

which is a contradiction and so |z| A |y| = 0. The above proof gives that if a linear
span{x1,...,x,} is isometrically isomorphic to Egn), then |z;| A |z;| = 0 for each
1 <i,57 < n with ¢ # j and this completes the proof. n

In what follows for an Orlicz function ¢ and a function ¥ € P we define,

t, =sup{t > 0: ¢(t) = kt for some k > 0},
ty =sup{t € (0,7): ¥(t) =1t for some [ > 0}.
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THEOREM 2.6 Let (2, S,u) be a non-atomic measure space. Assume ¢' > 0 on
(0,7) and ¥(0+) =0. Let n € N and n > 2.

(a) If 0 <ty < oo and tyty > 15, orty = oo and t, > 0, then the space (Ay yp)a

contains an order isometric copy of Eg").

(b) If the space (A y)a contains an order isometric copy offgn) then both t, >0
and ty >0, and tyty > 15

Consequently, if 0 < t, < oo and 0 < ty, < oo then the space (A, y)a contains
an order isometric copy of E&") if and only if tyty > 5. In particular if v =ty < oo

n

then (A p)a contains an order isometric copy of égn) if and only if t, > e

PROOF (a) Fix n > 2 and assume that 0 < ¢;, < co. Choose for all 1 < i < n the
sets A; € S such that they are disjoint and u(A;) = ty/n. Then we find ¢ € (0,t,]
such that cty = 7. Now for the functions cxa, € (Ay,p)e, 1 <@ < n we have

r_ kcltqp _
n

ty/n
plexa,) = o(e) / " L

Moreover
p liCXA =/oo<p lzn:cw—l 0y )Y
n < i 0 n < (- tyomte)
- whe c kelt
:Z/ w()z//—”’—l.
=1 n n

—ty

Hence [lcxa, [|g,p = 1 for each 1 <i <nand |1 37 cxa,
o).

o = b and so (Ay.y)a

contains an order isometric copy of
Let now ty, = oo and t, > 0. Hence for ¢ € (0,t,) we choose n disjoint
measurable sets A; such that p(cya,) = 1 for each 1 <4 < n. The rest of the proof
is similar to the one above.
(b) Assume now that égn) is an order isometric copy of (Ay y)a. There exist
z; € (Apy)a, 1 <4 < nsuch that |z;| Alz;| = 0 for i # j, ||ai|l,,p = 1 for each

n

i, and || >0 #illo.y = n. Thus we get that p(z;) = p(% Yo xz) = 1 for each
1 <7 <n. Hence

=i = [(Ze(5) v
s/{j(ﬁjw(f»w’s ii/{)%(m?)w'zl

It follows that [ cp(%)z// = JJ Lo(xy)y’ for ecach 1 < i < n. Thus in view of

the inequalities gp(‘%) < Lo(z7) and ¢’ > 0 on (0,7) we get that for all ¢ € (0,7)

3
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and each 1 < i < n it holds (=~ (t)) = Ly(2#(t)). Hence ¢ must be linear on the

interval (0, maxi<;<n 2} (0+)). Therefore

> .
(3) ty, nax x; F(04)

It is well known [12, formula (5.4)] that if ¥(0+) = 0 then the following formula

holds for any f € Ay,
"/ o0
/fwwwﬁ=/¢wwmﬁ
0 0

This implies that for all f € A, 4 we have

(@ o) = [ olsoD v ot = [ vl

=/'www%mm=/ Bdy (1) (t) dt
0 0

Now by the orthogonality |z;| A |z,;| = 0 for ¢ # j, concavity of ¢ and (4),

1= p(iix) = /Ooow(id?(t)>cp’(t)dt

Combining with the inequality 1/)(2?21 dy, /n(t)

N—

< ik Y(dy, /n(t)), it yields

that for all ¢ € (0,00) we have 1/1(2?11 dzi/n(t)) = >0 ¥(dy, /n(t)). Since 0 <
dy,n(t) < p(supp (z4/n)) = p(supp x;) for each 1 < i < n, so 1 is linear on the
interval (0,7, u(supp z;)). Thus

(5) ty > Zu(supp Z;).

Notice that by (3) and (5) both ¢, and ¢, must be positive. If ¢, = 0o or ty, = 0o
then the inequality t,t, > 77 is satlsﬁed Otherwise we have that for each1l <i < n,
xf(04), u(supp ;) € (0, oo) Then by (3) and (5),

n

1 n 1 1 n p(Supp z;)

1= (7 l) < — ) == Vo)

(o) < 2 ote z/ o)
1 z":/M(SUPP ;) n 1

ni=3Jo

1 . 1 ¢ 1
< Ekltw (tw — ;u(supp xz)) + - Zz:; Elt,p(supp x;) = ﬁklt@td,.

* 1 *
kxil < - z:: Elx; (04)u(supp x;) < - ; klt,p(supp ;)

Hence t,ty > 77 and the proof is complete.
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The direct consequence of Theorem 2.6 is the next result.

COROLLARY 2.7 Let (2,8, ) be a non-atomic measure space. Assume ' > 0 on

(0,7) and ¥(0+) = 0. If for some n > 2, éﬁ”) is order isometrically contained in
(Mg p)a then both ¢ and ¢ are linear functions in some neighborhoods of zero.

COROLLARY 2.8 Let (2, S, 1) be a non-atomic measure space. Assume 10" > 0 on
(0,7), ¥(0+) =0 and ¥(co) = 0o when v =00. Let 0 < t, < 00 and 0 < ty < 0.
Then for each n > 2 the following conditions are equivalent.

(1) EYL) is isometrically embedded in (Ay oy )a-
(ii) Eg") is order isometrically embedded in (Ay y)q.
(i) oty > 2.

PROOF We first observe that under our assumptions on ¢ the space (Ay y)q is
strictly monotone. Indeed let x,y € (Ay y)q be such that 0 < z < y ae, z #y
with ||y, = 1. Since ¢’ > 0 and ¢ (c0) = 00 so limy_, y*(t) = 0 in case when
v = oo. Hence z* < y* a.e. and z* # y*. This yields

and so [|z]/¢, < |[¥lle,y = 1. To conclude the proof, we apply Lemma 2.5 and
Theorem 2.6. ™

PROPOSITION 2.9 Let (2, S, 1) be a non-atomic measure space. Ift, > 0 then there
exists L > 0 such that for any B € S with 0 < u(B) < ty we have Ay, (B) = Li,(B)
with equality of norms, where Ly, is the Orlicz space associated to the Orlicz function

lp.

PRrROOF By the assumption t,, > 0 we have that ¢(¢t) = It for some [ > 0 and all
t € [0,ty]. Let B € S be such that 0 < u(B) < ty. Based on formula (4) we
conclude that for all z € A, 4 and € > 0,

p(%) - /Ooow(dwi“)(t)) dt = /Oooldw'z?g)(t) di = /Bl@<|xit)|> dt,

which implies that ||zxBll,,¢ = [[XB]|L,, and completes the proof. n

COROLLARY 2.10 Let (2,8, 1) be a non-atomic measure space. Assume ' >0 on
0,7v) with v = u(), ¥(0+) = 0 and P(c0) = 0o when v = oo, and let ty < 0.
Then the following conditions are equivalent.

(i) For some A € S the space L1(A) is isometrically embedded into (Ay .y )a-
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(ii) For some A € S the space L1(A) is order isometrically embedded into (Ay )a-
(ill) €1 is isometrically embedded in (Ay 4y )a-

(iv) £y is order isometrically embedded in (Ay y)a-

(v) @ is linear on [0,00) and @ is linear in a neighborhood of zero.

In particular if v = p(2) < oo then the above five conditions are equivalent.

PRrROOF The conditions (i) and (ii) as well as (iii) and (iv) are equivalent by strict
monotonicity of (A, y)q and the above mentioned result from [19].

(iv) = (v) If ¢; is order isometrically embedded in (A )4 then (A, ), contains
Eﬁ”) for each positive integer n > 2, and it follows from Theorem 2.6 (b) that ¢, > 0,
ty > 0 and t,ty > 75 for all integer n > 2. Since 0 < ty < 00, 7 is linear in a
neighborhood of zero, and ¢, = co and so ¢ is linear on [0, 00).

(v) = (ii). By Proposition 2.9 we have that A, (B) = L;,(B) with equality of
norms for B € S with 0 < pu(B) < ty. Since ¢ is linear on Ry, A, 4 (B) is order
isometric to L;(B).

The implication (ii) = (iv) is clear and this completes the proof. n

3. Applications. In this section we shall present consequences of the results
from the previous section, as well as related observations for Orlicz and Lorentz
spaces. We recall that if ¥(t) = ¢ for all t € (0,) then the Orlicz-Lorentz space
A,y becomes the Orlicz space L, equipped with the Luxemburg norm.

We start with the result which characterizes the containment of an isometric
copy of £§”>, n > 2, in the Orlicz space (L), over a non-atomic and finite measure
space (2, S, ). It extends and improves Theorem 2 in [19].

COROLLARY 3.1 Let (2,8, 1) be a non-atomic measure space with v = () < oo.
Let n € N and n > 2. Then the following conditions are equivalent.

(i) The order continuous Orlicz space (L), contains an order isometric copy of
‘.
(ii) The order continuous Orlicz space (Ly)q contains an isometric copy of 55").
(i) £, > 2.
PRrROOF The equivalence of (i) and (ii) is a result of Lemma 2.5 and the fact that

(Ly)q is strictly monotone. For the equivalence of (i) and (iii) we apply the last
part of Theorem 2.6 for [ =1 and ¢, = . ™

The conditions (iii)-(v) in the next corollary recover Theorem 2 for Orlicz space
L, in [19] in the case of p(€2) = oo. The corollary is a consequence of Lemma 2.5
and Theorem 2.6 applied to ty = co. In this case A, ¢ = L;, isometrically.
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COROLLARY 3.2 Let (2,8, 1) be a non-atomic measure space with v = u(Q) = oo.
Let n € N and n > 2. Then the following conditions are equivalent.

(i) The order continuous Orlicz space (Ly)q contains an order isometric copy of
(n)
0.
(ii) The order continuous Orlicz space (Ly), contains an isometric copy of Zg").
(iii) The order continuous Orlicz space (Ly,)q contains an isometric copy of 4.

(iv) The order continuous Orlicz space (Ly)q contains an order isometric copy of
4.

(v) ¢ is linear in a neighborhood of zero.

The corollary below follows from Corollary 2.10. The equivalence of (iii)—(v) has
been proved in Theorem 3(b) in [19].

COROLLARY 3.3 Let (2,8, 1) be a non-atomic measure space such that u(Q) < oo.
Then the following conditions are equivalent.

(i) For some A € S the space Li(A) is isometrically embedded into (Ly)q-
(ii) For some A € S the space L1(A) is order isometrically embedded into (L )q-

)

)
(iii) £y is isometrically embedded in (Ly)q.
(iv) £y is order isometrically embedded in (L) .
)

(v) @ is linear on [0,00) that is L, = (Ly)q ~ L1.

REMARK 3.4 If we assume in Theorem 2.6 and all above corollaries in this section
that ¢ satisfies the appropriate condition As then they remain true if the space
(Ag,)a or (L), is replaced by the whole space A, or L, respectively.

If ¢(t) = t, then the Orlicz-Lorentz space becomes the Lorentz space Ay. If
in addition ¥(0+) = 0 and 1 (c0) = oo when v = oo, then (Ay 4)e = Ay. Our
last result follows immediately from Corollary 2.10 and Theorem 2.6 and implies

the description of Lorentz spaces Ay on [0, 1] containing 6(12) due to Briskin and
Semenov in [3].

COROLLARY 3.5 Let (2, S, 1) be a non-atomic measure space. If n € N, n > 2, and
Y € P is such that ¥’ > 0 on (0,7), ¥(04+) = 0 and 1p(c0) = co when () = oo,

then the following conditions are equivalent.
(i) For some A € S the space L1(A) is isometrically embedded into Ay .

(ii) For some A € S the space L1(A) is order isometrically embedded into Ay .
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(iil) ¢y is isometrically embedded in Ay .

(iv) €1 is order isometrically embedded in Ay .
(v) éﬁ”) is isometrically embedded in Ay .
(vi) é§”) is order isometrically embedded in Ay .

(vii) @ is linear in a neighborhood of zero.

We conclude with the following result on the description of universal Orlicz-
Lorentz (and so also Orlicz and Lorentz) spaces for all two-dimensional normed
spaces. We recall that a Banach space U is called universal for all two-dimensional
normed spaces if for each two-dimensional normed space X there is a subspace Y
in U such that X is isometrically isomorphic to Y.

THEOREM 3.6 Let (2, S, i) be a non-atomic separable measure space. Assume ' >
0 on (0,7) withy = p(Q), ¥(04+) = 0 and ¢ (o0) = 0o when v = oo, and let ty, < co.
Then the separable Orlicz-Lorentz space Ay y is universal for all two-dimensional
normed spaces if and only if ¢ is linear on [0,00) and ¥ is linear in a neighborhood
of zero.

PrOOF Ferguson [8] (independently, Herz [10]) proved that any two-dimensional
normed space can be embedded isometrically into L;(0,1). Consequently our hy-
pothesis follows from Corollary 2.10 and the fact that Li(A) with p(4) > 0 is
isometrically isomorphic to L1(0,1). n
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