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On a certain case o f asymptotic stability of the solution Y =  0 
of a system of ordinary differential equations Y' — F(x, Y)

In this paper we shall give sufficient conditions for the solution У =  0 
of the system of ordinary differential equations

(1) Y ' = F ( x , Y ) ,

where Y ~ [ y x, y 2, y j ,  F{x ,  Y) =  [/i(æ, У), . . . , f n(x, У)], to be asymp­
totically and uniformly stable with respect to the initial conditions. 
The theorems which are given in this paper are generalizations of the­
orems of paper [2 ], where the asymptotic stability of the solution у =  y0 
of the differential equation

y'
was investigated.

We shall use the definition of uniform stability given in paper [1 ].
- We start with two lemmas: *

Lemma 1 . Assume that
1 ° functions f {{ x ,Y )  (i =  1 , 2 , . .. ,  n) appearing on the right-hand 

side system (1 ) are defined and continuous in the set

В  =  Aax B a,
where Aa =  (a,  +oo),

Ba =  {Y  =  [yl f . . . , y n]: I! УII <  a}
( П
Y>a c  ft,l,||y|j = : (£yï)112), a >  0 , in particular a =  +  oo is possible,

г = 1
П

2° У -F(x ,  Y) =  yifiix, Y ) < 0  for each (x, Y)eB,
i= l

3° F(x ,  0 ) =  0  for xeAa.
Under these assumptions the solution Y(x) = 0 , xeAa, of system (1 ) 

is Liapunov stable.
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Proof .  Let (x, Y) be an arbitrary point of D. It follows from Assomp­
tion 2° that each solution of system (1) issuing from the point (x, Y) is 
defined in (x,  +  oo). We shall demonstrate that for each e >  0 and x0eAa 
there exists a <5 >  0  such that each solution Y =  Ф(х) of system (1 ) satis­
fying the condition ||Ф(а?0)|| <  à satisfies also the inequality ||Ф(а?)|| <  e 
for Xe(xQ, +  oo). 0

It follows from Assumption 2 ° that the function q (x ) =  ||Ф(ж)|| is 
non-increasing. For a fixed e >  0 and x0eAa we take 0 <  ô <  e and we 
obtain from the initial inequality ||Ф(а?0)|| <  <5 the inequality \\Ф(х)\\ <  <5 
for x e (x Q, -foo) and hence also ||Ф(ж)|| <  s for xe (x0, +oo) what com­
pletes the proof of Lemma 1.

L e m m a  2. I f
1 ° the function u(x) is defined in AX(j and there exists u'(x) for ха Ащ,
2° limsup#'(£ç) =  ô, ô <  О,

X-+0O
then

‘ lim ita?) =  — oo.
x->oo

Proof.  It follows from Assumption 2° that for each fixed h satisfy­
ing the condition 0 <  Tc <  |<5| there exists an A >  0 such that

(2 ) u{x) <  —к <  0 for x >  x0 +  A.
Let {an} be a sequence such that an> x 0A-A and an — an_l = 1  for 
n = 1 , 2 , . . .  Thenu(an) — u(an_1) =  и'(Лп), where a№-1 < X n <  an.From(2 ) 
we obtain u(an) <  u(a0) — nJc for n = 1 , 2 , ... what completes the proof 
of Lemma 2 .

Basing on these two lemmas, we come to the proof of the following 
theorem :

T h e o r e m  1 . Assume that
1 ° the functions fi{x,  Y) (г = 1 , 2 , . . . ,  n) are defined and continuous 

in the set D defined in Lemma 1,
2° exactly one solution of system (1) passes through every point (x, Y)eDy
3° Y-F(x ,  Y) <  0 for any (x , Y)eD,
4° F(x,  0 ) =  0  for xeAa,
5° limsup Y-F(x ,  Y) =  ô, ô <  0 for any Y eDa1 ||Y|| >  0.

X —>0O 
F->F

Under these assumptions the solution Y  =  0 of system (1) is asympto­
tically stable in Aa uniformly with respect to the initial conditions given on 
the set

K x0P =  {0 * 0  Y): ж =  a?0, ||Y|| <  /5, 0 <  ft <  a) 
for fixed xQ, /? what means that
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1 ) the integral Y  =  0  is stable in A a and that
2 ) for any e >  0  and for any x0, x0^  a there exists an A >  0  dependent 

on e and on xQ such that for an arbitrary solution Y — Ф(х) of (1 ) issuing 
from an arbitrary point of the set K x p, the inequality ||Ф(а?)|| <  e holds if 
only x > xQ -f- A

Proof.  It follows from Assumptions 1°, 3°, 4° and Lemma 1 that 
the solution Y =  0 is Liapunov stable. Now we shall show that for any 
x0eAa the solution Y =  Ф(х) (Ф(х) =  O i (æ), •••, <рп(х)Ъ °f system (1 ). 
satisfying the condition ||Ф(а?0)|| <  ft satisfies also the condition

lim ||Ф(гр)|| =  0 .
x—>oo

For this purpose denote by и the function
П

(3) u(x) =  \\Ф(х)\\г = 2 "  V<(®)-
t = l

Then
n n

(4) u'(x) =  2 ^ ер{(х)(р'{(х) =  2 ^ ( Р г Ш {(х, Ф(х))
i =  l  t=  1

=  2Ф(х)-Р(х, Ф{х)) <  0.
We shall demonstrate that lim u(x) =  0 .

x->co

Assume that the last condition does not hold. Then u(x) >  0 and 
u'(x) <  0  for any xeAa implies that

(5) lim u(x) =  y, 7 > 0 .
Ж-ЮО

From (3), (4) and (6 ) we infer that there exists the limit

lim sup Ф (x) =  Yx Ф 0
X-+OQ

and therefrom and from Assumption 5° we infer that

limsupw'(æ) =  lim sup 2  Ф (x) • F  [x, Ф(х)) =  2<5 <  0.
Х-ИЭО X —+OQ

It would follow from the above given conditions and from Lemma 2  that.

lim u(x) — — со
ЯГ- X У

what contradicts (6 ). Therefore the stability is indeed asymptotic.
To complete the proof we must show that this asymptotic stability 

is uniform with respect to the initial conditions given on a fixed set K Xop- 
Assume on the contrary that for some e0 >  0  no such A >  0  can. 

be chosen that if
IIФ М  !!</?,
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then
||Ф(Я?)|| <  £0 for X >  Xq-\- A

.and for ail solutions Y =  Ф(х) of system (1 ) issuing from K x p with fixed xQ 
and /9.

This would mean that for each positive integer n there exists a point 
{ x0, Yn)cKXap such that the solution Y =  Фп{х) issuing from this point 
satisfies the condition
<6 ) \\Фп(х0 +  п)\\ >  £„•

As К p is a compact set, therefore the sequence {(a?0, Yn)} contains the 
.subsequence {(ж0, Yn )} convergent to some point (x0, Y)eKXQB.

Denote by Y =  Y (x) the solution of system (1) satisfying the ini­
tial condition

Y(Xo) =  Г .
As the solution Y =  0  of system (1 ) is asymptoticaly stable,

lim || Y(a?)|| =  0.
x -> o o

and hence there exists an A 0 >  0 such that

||Г(а?0 +  А0)|| <  £0.
As the solution of (1 ) depends continuously on the initial conditions, 
there exists a neighbourhood U(x0, Y) of the point (x0, Y) such that all 
solutions of system (1 ) issuing from this neighbourhood satisfy the ine­
quality

||Y(a?0 +  A0)|| <  £0.

As for a sufficiently large nk the points (x0, Yn])  belong to the neighbour­
hood U(x0, Y) therefore

ll̂ wA.(a?o +  ̂ -o)ll <  £0

for the sufficiently large nk, what contradicts inequality (6 ).
Thus the stability is uniform with respect to the initial conditions 

given on a fixed set KXqB.
Eemark 1 . In the case where <5=0 the stable solution Y =  0  of 

system (1 ) may not be asymptotically stable as the following example 
shows :

Consider the following system of differential equations 

SY7 )| J l l  У1У2
* d x 1 3 x ’ dx x

in the set
v  = {(х , У 1 , у 2): + ° ° ) ,  y\+y\ <  +°°}-
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functions occurring on the right-hand side of (7) satisfy assumptions 
l°-4° of Theorem 1, but

limsup [ylf y^-colonif^x,  y±, y2), f 2(x, ylt y2)~\ = 0 .
Ж-*-00

v[+l >̂0

The general solution of (7) has the form

<8)
Gx сЬ  2ж2

Ух = --- , У 2 =  W
X

It follows from (8 ) that the solution уг — 0, y2 =  0 of system (7) is stable, 
although not asymptotically.

Eemark 2. If
limsup Y-F(x ,  Y) =  0

'  x-+oo
Y-*Ylirn>o

for some Y Ф 0, then the zero solution of system (1 ) may be asympto­
tically stable as the following example shows:

The system of equations

(9) йух _ У г _  dy2 
dx x ’ dx

•considered in the same set D has the solution yx =  0, y2 =  0 which is 
asymptotically stable, although

limsup Y -F(x,  Y) =  — ÿ\
x->oa
Y- Ŷ

\\Y\\>0

{the limit is equal to zero for y2 — 0 ).
The asymptotic stability follows from the form of the general solution 

of system (9 )
G-̂  _

Ух = — , Уг =  c2e *.
X

We shall prove a theorem on the asymptotic stability uniform with 
respect to any initial conditions. We shall apply in the theorem Lemma 2 
from [3], p. 314, which we quote here in an appropriate form as the follow­
ing

L e m m a  3 . Assume that
1° the junctions Y) (i — 1 , 2 , . .. ,  n) are continuous in D ,
2° exactly one solution of system (1) passes through each point of D,
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3° Y-F(x ,  Y) <  0 for {x, Y)eD.
I f  we denote by G the part of integral curves of system (1 ) issuing from 

&x0p f or #o <  ж <  ж0 + JL, ^ien un^er these conditions the curves C issuing 
from KXqP and defined for x e (хй, xQ +  A }  form in I) a dosed domain. The 
bound of this domain consists of the set Kx p, the surface Г formed of the 
curves C issuing from the set

{(x, Y): x =  x0, ||Y|| =  /5}

x0e Aa, 0 <  fi <  a and of the set Z consisting of points of curves G correspond­
ing to the coordinate x =  x0-{-A.

T h e o r e m  2 . Assume that
1° the functions f i {x1 Y) (i — 1 ,2 ,  . . . ,n )  are defined and continuous 

in the set JD,
2 ° exactly one solution of system (1 ) passes through each point of D, 
3° F(x,  0) =  0 for xeAa and Y-F(x ,  Y) <  0 for each (x, Y ) gD,
4° there exists the limit

\immpY'F(x,  Y) =  ô, ô < 0,
X-+CO
Y -* Ÿ
11ГН>о

5° Y ’F(x-\-h, Y) <  Y 'F (x ,  Y) for (x , Y)eD such that (x +  h, Y)eD  
and for any h >  0 .

Under these assumptions the solution Y — 0 of system (1) is asympto­
tically stable uniformly with respect to any arbitrary initial conditions, which 
means that

1) Y =  0 is a stable solution of (1) in Aa and that
2 ) for each e >  0 there exists a number A >  0 depending exclusively 

on e that for x  >  x0 -f A the inequality

п ади  <  e
holds for all solutions Y  =  Ф(х) of system (1) issuing from any arbitrary 
point of the set

=  {{x, Y): x  =  a?0, ||Y|| <  0}

for any xQ >  a and for fixed value /?<г(0 , a).
Proof.  It follows from assumptions l°-4° and from Theorem 1 that 

the solution Y  =  0  of system (1) is asymptotically stable uniformly with 
respect to the initial conditions given on the set KXqI3 for a fixed x0. It 
follows hencefrom that for any e >  0  and xQ =  a there exists a number 
A  >  0 such that the inequality

||Y(a?)|| < e
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holds for x >  a +  A  and for any solution ¥  =  T (x) satisfying the initial 
inequality

||Y(a)||</?.

We shall demonstrate that for the same values of e and A  and for 
any xxc(a, +oo) the inequality

l№ )!l <  г
holds for x >  xx +  A  and for any solution Y  =  W(x) satisfying the initial 
inequality

W {x x)\\^p.

It follows from Lemma 3 that integral curves of system (1) for a <  x 
<  a +  A  issuing from the initial set

{(x, ¥ ) :  x =  а, ||Г|| <  0}

form a closed and bounded domain Ü.
Let Y  =  W(x) be an arbitrary solution of system (1 ) satisfying the 

initial condition

<1 0 ) W(xx) =  F, where xxcAa, F =  ||F|| =  0.

We shall show now that the curve C defined by the equation

Y =  W(x), +
where %
(11) W(x) =  W(x-{-7i), h = x x~ a

is contained in Ü for a <  x <  a +  A.
Denote by v(x) the function

П
(1 2 ) v{x) =  ^Pipi(x), +

г - 1

Then
П ft

v'(x) = 2  J?y>i(x) d =  2 ^ y i{x)-fi(x +  hi ^(а?)).
г = 1  г — 1

For x =  a we have by (1 0 ) and (1 1 )
П

v'{a) = 2  ^ ÿ {f {{a +  h, F).
г =  1

It follows from Assumption 5° that the function
n n

У М ( « + л ,  7 ) - ¥ уМ * ,  T)
t ' - l  г — 1

(13)
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takes a negative vaine for (ж, Y) =  (a, Y). As the function is continuous 
(with respect to (x, Y)), there exists a set U defined in the following way

U =  {(æ,Y):  ЦГ-ГЦ <  d, \\Y\\=0, a <  ж <  «5J

such that the function defined by formula (13) is negative for (x, Y)eTJ.
Assume that Y — Y(x) is the solution of system (1 ) satisfying the 

initial condition
Y (a) =  Y, (a ,Y ) e U .

Then the function
П

u(x) =
1

has a derivative given by the formula
П

u'(x) =  2  A  yi(x)fi(x, Y  (ж)).
i= l

As (a, Y)eU,  then
v'(a) <  u'(a).

We obtain from the above inequality and from the fact that и (a) =  v(a) 
=  /9 the following condition

** v(x) <  u(x)
0

for values of x belonging to some interval (a, a), where a >  a. This ine­
quality means that the curve Y  =  W(x) lies nearer the x -axis for 
xe(a, a) then the curve Y  =  Y(x).

As any arbitrary solution Y  =  Y(x) issuing from a sufficiently small 
neighbourhood of the point (a, Y) and lying on the bound of Ü has the
above mentioned property therefore the curve Y =  W(x) lies inside Q
for xe(a, a).

We shall show in the further part of the proof that this curve lies 
entirely in Ü for xe (a ,  a +  A ).

Assume on the contrary that there exist on G points not belonging 
to Q. Then there exists a point {x*, Y*) such that a <  x* <  a ■+■ A  and

1) W{æ*) -  Г",
2) the curve Y =  W(x) lies in Q for a ^ x ^ x * ,
3) the curve Y  — W{x) lies outside Ü for xe{x*, a*) a* >  x*.
Then the point (x*, Y*) is the point of intersection of C and the surface

Г  being a bound part of Q and formed of integral curves of system (1) 
issuing from the set

к®, r ) : ® imi =/?}•
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The derivative of v{x) defined by formula (12) has in the point x — x* 
the value

П
v'(x*) =  2 £ г р {{х*)-Ъ(х* +  к,Т{х*)).

i=  1

The function
П П

Y  »<*/<(** + ft, Г * ) - У 2/(Л(®, Л
ï = l  i = 1

takes a negative value for 00 — 00 j Y  =  Y*. As it is continuous function 
of the variables (xf Y) hence there exists a set

ü* =  {(x, Y):  ||Г  — Y*||< à*, YeF, x* ^  x ^  ô*}

such that the above mentioned function is negative for (x, Y)eU*.  We 
can state by means of a method similar to that applied in the first part 
of the proof that there exists an interval {x*, 5), à >  x* such that for 
xe(x*, 5) the points (x, W{x)) lie inside the set Ü.

Hence we obtained a contradiction with the assumption that there 
exists an interval (x*, a*) such that (x , W(x))iQ for xe(x*, a*). Therefore 
the curve Y =  W{x) lies in Q. It follows therefrom and from the uniform 
stability of the solution Y =  0 with respect to the initial conditions- 
given on the set К p for a fixed xQ, that

||!Р(ж)|| <  s f o r # > a  +  A

and hence and from (1 1 ) it follows that

||¥/ (д?)|| <  e for x > x 1-\-A

which means that the stability is uniform with respect to arbitrary initial 
conditions. The proof of the theorem is complete.

Assumption 5° in Theorem 2  is essential, as the following example 
shows :

E x a m p l e . Consider the following system of differential equations-

(14) й у г _  _  _ _  J/_ a _  (М[г_ _ _  Уг

dx Vx \/x ’ dx 2/2 \/~x '

Let us investigate the position of its solutions in the set

D  =  { ( я , У 1 , У 2 ) -  ^ e < l ,  + ° ° ) >  У\ +  У \ <  + ° ° } -

Functions appearing on the right-hand side of system (14) satisfy assump­
tions l°-4° of Theorem 2. Indeed,

1 ° the functions f i {x1yl 1y2) (i = 1 , 2 ) are continuous in D ,
2° exactly one solution of (14) passes through each point of D>
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3° Y * F( x ,Y )  =  — y\ — y\— 'y=r — 0 for each {x, yx, t/2)el) and
\ x Vx

F(x,  0) =  0 for Xe( l ,  -f oo),

4° limsnp Y-F(x ,  T) =  — ÿl—ÿt <  0.
x^oo_
Y->Y

llY\\>0
The function Y-F(x ,  Y) of the variable x is not decreasing for any 

fixed Y.
The general solution of system (14) has the form

Ух =  {cx+c %e - 2]/x)e -x, y2 =  c2e~2Vx~x.

The integral curve Y — Ф(х) passing through the point P„( 1, y°1} y\) 
satisfies the equations

Ух =  {у\~у1)е1~х +  у1ег- 2]/х- х, y2 =  y\eb~2y,x~x.

Consider an arbitrary solution Y =  W(x) satisfying the initial condition 

P(^i) =  Ÿ,  where xx > l ,  F =  [y*, y°2].

This solution has the form

yx =  {y\-y\)ex'~x Y y \ e ^ +x^ ~ x- x, y2 =
The integral curve Y =  W{x) when translated to the point P0 has the form

Y  =  W{x +  xx~ l )  =  ¥{x) ,
where

yx — (y\ — y\)el~x-\-y\e2̂ Xl~2'/xJrXl~lJrl~x, y2 =  у^е^ хх-^х+хх-1+1~х '

As can be easily seen that the inequality

||F(®)||*> ||Ф(®)||*

holds, and therefore the solution уг =  0 , y2 =  0  is not uniformly stable 
with respect to the arbitrary initial conditions.
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