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ON PHONON DISPERSION IN ALKALI METALS
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In the present paper, the calculation of the phonon dispersion relations
for alkali metals to second order in a local pseudopotential is discussed in
terms of the real-space sum. Different forms of dielectric functions are em-
ployed to judge the varying effects of exchange and correlation on the phonon
frequencies. The quantitative agreement of phonon frequencies for the alkali
metals reflects, satisfactorily, the experimental trend.

PACS numbers: 63.20.Dj, 71.25.Cx

1. Introduction

Lattice dynamics is one of the fundamental problems in solid state physics
and the study of phonon dispersion curves (PDC) offers a primary step towards
solving such problems. The development of the pseudopotential theory into a prac-
tical computational tool has made tremendous impact in such studies [1]. Grimvall
[2] had noted that the theoretical understanding of PDC of Na is very good, for .
Li, K and Rb it is good and that for Cs is poor or fair. Mishra and Singh [3] had
pointed out that the theoretical studies of PDC of alkali metals based on pseu-
dopotential theory have not succeeded in ascertaining whether the nature and
range of interatomic forces vary from one alkali metal to another. Over the past
few years, PDC of alkali metals have been investigated on the basis of a variety
of model pseudopotentials [3-10, 12-56]. But there have been limited attempts
to calculate the PDC of all the five alkali metals (Li, Na, K, Rb and Cs) by us-
ing the same form of the local pseudopotential [4-10]. In these attempts, Ho [4]
had used the screened potential formed by linear screening of Heine~Abarenkov
type ion potential, and modified Hartree dielectric function to include approxi-
mately exchange and correlation effects. The model parameters were determined
according to the experimental elastic constants. Price et al. [5] had studied phonon
dispersion relations (PDR) of all the five alkali metals with the Aschroft form of
the pseudopotential, in which the only parameter is the core radius. The effect
of the Coulomb interaction, RPA dielectric function, Hubbard’s modified dielec-
tric function and self-consistent dielectric function were also examined in their
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work. Gurskii and Krasko [6] had applied two-parametric local pseudopotential.
The parameters were determined using the equation of state of the crystal. Soma
[7] had generated PDC of alkali metals using Heine—Abarenkov model. The effect
of various forms of exchange and correlation on the phonon frequencies as well as
the crossing of dispersion curves in [001] directions were also studied in his inves-
tigation. The compression eflect on the PDC of Li, Na, K, Rb and Cs were also
studied by Soma et al. [8]. Sen et al. [9] had obtained PDC of alkali metals using
Heine—-Abarenkov model in conjunction with Taylor’s dielectric function and taken
care of the consistency condition. Singh et al. [10] used the exponentially damped
two-body interaction obtained in second order perturbation theory with the ra-
tional and Lindhard-Taylor dielectric functions along with the Heine~Abarenkov
model potential to calculate the phonon spectra of alkali metals. The experimental
phonon frequencies of Cs have been available after the work of Mizuki and Stassis
[11]. This might be the reason that in the study of PDR of alkali metals Hafner
[12], Sen and Sarkar [13], Sen et al. [14], Das et al. [15] had attended Li, Na, K,
Rb and excluded Cs. .

Keeping in mind all the above studies [3-10, 12-56], we thought it worthwhile
to apply our single parametric local pseudopotential [57] to study the PDR of all
the five alkali metals to confirm the applicability and usefulness of our model to
light as well as heavy alkali metals. Hence the motivation of the present work
comes from the fact that it is desirable to yield satisfactory PDR at primary stage
by a physically meaningful pseudopotential beforec making a comprehensive lattice
dynamical calculations.

The dynamical matrix from which phonon energies are calculated may be
obtained either by summing real-space force constants or by performing a sum in
reciprocal-space. In the present paper the calculation of the phonon frequencies
of alkali metals to second order using a local pseudopotential [57] is discussed in
terms of the real-space sum. This method is found to converge faster than the
more common reciprocal-space sum and to be more convenient for the calculation
of smooth dispersion curves [10, 58, 59]. More commonly used dielectric func-
tions, viz. Ilartree [60], lubbard-Sham [61], Kleinman—Lengreth [62], Shaw [63],
Vashishta-Singwi [64], and Taylor [65] are employed to judge the relative effects
of exchange and correlation in the different branches of the PDC of alkali metals.
Finally, the best values of phonon frequencies resulting with a particular dielectric
function are selected for the detailed study.

2. Outline of calculations

The phonon frequencies can be obtained from the three solutions of the
secular determinantal equation [59]

det | Docp(g) — 47202 M 4| = 0, (1)
where M is the ionic mass, v — the phonon frequency and ¢ — the wave vector.

The dynamical matrix, in which the force between two ions depends only
upon the distance between them is then given by [58]:

Dap(a) = 3" (1 - e-itm) dd,Ld(),; , @)

l r=rg
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where riq and 75 are the a-th and B-th Cartesian component of the position vector
of the I-th ion, respectively.

The real—space sum for Dyp(q) is obtained by defining radial (R;) and tan-
gential (7;) force constants, which depend only upon the distance between the ions,

as [58, 59]
_,dv(r) Z2%e?  27%?% [* i
_ o B _ __singry
L . = " '/0 C(9) (cos qn T ) dg (3)
and
2V (r 2Z2 2
R = drg ) y = -2+ / C(Q)qsm qud'L (4)
where
c _ q X(Q)
(2) (47rzez) 50 [1+1-G(a)x(a) ®
and
4 11 4= 2 2+y

Here y = ¢/kr, ao is the Bohr radius, Vb(q) — the bare-ion model potential and
the function G(gq) incorporates exchange and correlation effects among conduction
electrons.

Finally, the dynamical matrix element used in the computation is written as

Dap(a) = 3 (1= 697) [rap + (M52 (Ri—m)] (7)
1

3. Model potential

The bare-ion local pseudopotential used in the present calculations is of the
form [57] (Rydberg units)

Vb(r) = { :géi:/rg) €xp [—(r - rc)/rc] ’ : i ::) (8)

It may be noted that the above form of the potential contains only single parameter
rc. This potential is continuous at r = r. and gets weaker and weaker within the
core region. The Fourier transform of the potential in the momentum space turns
out to be

Vo(g) = 80 {cosz (1—_;1:62—)3

+(1122 + 4z* + 2%) cos z + 2ez?(2? — 3)] Yo=qr., 9)
where Z is the valency, £2o — the atomic volume, ¢ — the wave vector, e — the base
of natural logarithm and r. — the parameter of the potential. The parameter r¢
was estimated from ¢ = ¢g value as described in our recent publications [57, 66, 67].
At go the pseudopotential form factor, V;(g), gives first zero. The first few recip-
rocal lattice vectors lie close to go, so that the sign and the magnitude of v(g) are
very sensitive to the position of go. The phonon frequencies and electronic proper-
ties are quite sensitive to the position of go and to the slope of v(q) at go as well.

[(5z — 42° — z%)sinz
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For example, a slight change in the position of ¢o is enough to lead to an inversion
of the order of Wy and W; band energies in aluminium [58]. Therefore instead of
fitting the rc with any physical property we have used suitable value of go [61] for
determining the parameter rc. This requires that v(g) = 0 which gives

re = 2.77429/qo. _ (10)

TABLE I

Parameters and input data.

Metal | Z | £2 kr | qof2kr | 7. VS constants [64] | Ionic mass | T

[au] | [au] [a.u.] A B in 1072 g | [K]*
Li 1 | 144.9 | 0.5890 1.13 2.0841 | 1.0071 | 0.2986 11.608 78
Na 1| 254.5 | 0.4883 0.98 2.8995 | 1.0778 | 0.2855 38.453 90
K 1 | 481.4 | 0.3947 0.93 3.7786 | 1.1673 | 0.2705 65.400 9
Rb 1 |587.9 | 0.3693 0.94 3.9960 | 1.1975 | 0.2657 142.960 85
Cs 1 [ 745.5 | 0.3413 1.07 3.7997 | 1.2346 | 0.2601 222.307 280

*This is the temperature of sample at which phonon frequencies were measured in
the experiment of neutron scattering.

The value of 7. and other pertinent data used in the present study are given
in Table I. The parameter of our model potential is determined by the first zero
of the pseudopotential and we have no fitting parameter to the observed phonon
dispersion curves. It is, therefore, very interesting to study phonon spectra of pure
alkali metals.

4. Results and discussion

The force constants for the alkali metals Li, Na, K, Rb and Cs were calcu-
lated by performing the integrals in Egs. (3) and (4) up to 40kp. This covers all
the oscillations of the form factor of the pseudopotential. Therefore, any artificial
(fictitious) cut-off of the form factor is avoided in the present study. In order to
achieve better accuracy at the smaller values of g, the real-space sum of D(q) was
performed for 30 nearest neighbours. The radial (R;) and tangential (7;) force con-
‘stants calculated for Li, Na, K, Rb, and Cs, and further used in the computation
of phonon frequencies, are tabulated in Table II.

In addition to experimental studies [11, 68-71] the phonon dispersion in the
alkali metals have been the subject of several theoretical discussion also [3-10,
12-56] based on pseudopotential theory. The detailed account about the PDC of
bec alkali metals studied here is as below. '

4.1. Lithium (Li)

This metal happens to be an interesting choice for the study among the alkali
metals. Its experimental phonon dispersion from neutron scattering [68] shows that
the transverse branch crosses over the longitudinal branch along [100] direction.

The PDC of Li due to present calculation along with experimental points
[68] are displayed in Fig. 1. Surprisingly in our investigation, we have found that
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TABLE II (cont.)

Shell | Shell Lithium Sodium Potassium Rubidium Cesium
No. | type re = 2.0841 re = 2.8995 re = 3.7786 re = 3.9960 re = 3.7997
R n R m Ry Tl R 7 Ry 7
16. | (620) 0.207| 0.063| 0.814|-0.039| 0.036| —0.024 | —0.025 | —0.063 | 0.194 0.006
17. | (533) | —1.096 | 0.043 1.002 | —0.002 | 0.437 | —0.014| 0.427( —0.016 | —0.038 0.008
18. | (622) | —1.296 | 0.028 | 0.879| 0.008| 0.480| —0.009| 0.488| —0.011 | —0.101 0.008
19. |(444) | —0.884 | —0.024 | 0.022 | 0.027 | 0.292| 0.009| 0.335| 0.008 | —0.182 0.000
20. | (551) 0.062 | —0.036 | 0.469| 0.019] —0.008| 0.013{ 0.013| 0.063 | —0.092 | —0.003
21. | (711) - - - - - - - - - -
22. | (640) 0.322 | —0.034 | —0.546 | 0.014 | —0.097 | 0.012 | —0.070 | 0.013 | —0.049 | —0.004
23. | (642) 0.920 | —0.006 | —0.437 | —0.005 | —0.280 | 0.004 | —0.287 | 0.005| 0.008 | —0.003
24. | (533) 0.659 | —0.015 | —0.111 [ —0.012 | —0.229 | —0.002 | —0.250 | —0.001 | 0.112 | —0.000
25. | (731) - - - - - - - - - -
26. | (800) | —0.286 [ 0.002| 0.299|-0.007 ] 0.019 | —0.006 | —0.004 | —0.007 | 0.024 0.002
27. |(733) | —0.625| 0.010| 0.313( 0.000| 0.134| —0.004| 0.131| —0.005 | —0.040 0.002
28. | (644) | —0.660 | 0.005| 0.282{ 0.002| 0.155] —0.003 | 0.156 | —0.004 | —0.056 0.002
29. | (820) - - - - - - - - - -
30. [ (752) 0.298 | —0.013 | —0.100 | 0.006 | 0.076 { 0.003| 0.089| 0.003 | —0.045 | —0.001

Hartree [60] dielectric function could reproduce the best results among all the six

dielectric functions employed here. But we do not claim the exact reproducibility of

the cross-over along [100] direction. Because the results with H-screening function
[60] show that near zone boundary, the longitudinal and transverse modes are
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Fig. 1. Phonon dispersion curves of lithium (Li) for the wave numbers along the direc-
tions [100], [110] and [111]. Full (solid) line curves represent the results of the present
study with H-screening functions. Experimental points depicted by legends x, A and V
arc due to Smith et al. [68].

almost degenerate and there is a slight cross-over of both the branches beyond
g = 0.9. With the Taylor [65] screening function, this happens beyond ¢ = 0.85.
When V-S§ [64] screening function is used it is found that the crossing takes place
above ¢ = 0.85 with a very narrow separation between both the branches beyond
g = 0.6. To get an idea about the exact location of the cross-over in [100], the
numerical values of the phonon frequencies are tabulated in Table III. From Fig. 1
and Table III, it seems that the sharpness of the PDC of Li along [100] direction -
may be due to the exchange and correlation effects. However, overall agreement
with experimental findings is quite satisfactory and almost similar to the previously
reported work [4-35, 41, 52, 54].

4.2. Sodium (Na)

This is metal much favoured by many people for the application of the
constructed potential in the calculations of PDR. A good number of satisfactory
calculations exists for the phonons propagation along the symmetry directions
of metallic sodium [4-17, 22, 24, 30, 35-42, 48, 55, 56]. This is mainly due to
the fact that the conduction electrons response to the vibrating ions, through
which the pseudopotential enters the calculations, accounts for a relatively small
proportion of the effective interaction between ions. Moreover, as band effects are
negligible and Fermi surface of Na is almost spherical, it is easy to establish an
cxact appropriateness of any pseudopotential at a primary stage.

The calculated phonon frequencies of sodium on the basis of present study
are shown in Fig. 2. An overall satisfactory agreement between the theory and
experiment [69] can be noticed from the dispersion curves. Here, the Taylor [65]
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. TABLE III
Phonon frequencies (in THz) of lithium in [100] direction.

Reduced | Phonon frequencies with different screening functions

wave Hartree [60] Taylor [65] V-S [64]

vector - VL v vy, VT VL vT
0.05 0.99 0.60 0.68 0.60 0.65 0.60
0.10 1.98 1.20 1.35 1.18 1.28 1.20

0.15 292 [ 1.79 1.99 1.75 1.90 1.77
0.20 3.80 2.37 2.60 2.31 2.50 2.33

0.25 4.61 2.93 3.15 2.83 3.06 2.87
0.30 5.33 3.47 3.67 3.33 3.57 3.39

0.35 5.97 3.99 4.13 3.81 4.07 3.88
0.40 6.51 4.50 4.56 4.26 4.53 4.35

0.45 6.96 4.98 4.96 4.68 4.96 4.79
0.50 7.32 5.44 6.31 5.07 5.36 5.20

0.55 7.59 5.87 5.62 5.42 5.72 5.58
0.60 7.78 6.27 5.91 5.75 6.05 5.93

0.65 7.90 6.63 6.17 6.05 6.34 6.24
0.70 7.97 6.95 6.40 6.31 6.60 6.52

0.75 7.99 7.23 6.60 6.52 6.82 6.74
0.80 7.97 745 | 6.75 6.70 6.99 6.94

0.85 7.94 6.64 6.87 6.86 7.12 7.10
0.90 7.90 7.77 6.93 6.96 7.18 7.22

0.95 7.83 7.88 6.98 7.02 7.24 7.28
1.00 7.88 7.87 7.02 7.03 7.30 7.30

dielectric function has reproduced the best results among all screening functions
that we have considered.

4.3. Potassium (K)

The trend of PDC of potassium is almost similar to that of sodium and hénce
people have reported expected results for its phonon frequencies on the basis of
diflerent model potentials [4-16, 22, 24, 38, 39, 41, 42, 48-50, 55, 56]. We have also
obtained excellent results for PDC of potassium. This can be adjudged from the
comparison of our theoretical curves with the experimental points [70], as shown
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Fig. 2. Phonon dispersion curves of sodium (Na) for the wave numbers along the
directions [100], [110] and [111]. Full (solid) line curves represent the results of the
present study with T-screening functions. Experimental points depicted by legends x,
A and V are due to Woods et al. [69].
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Fig. 3. Phonon dispersion curves of potassium (K) for the wave numbers along the
directions [100], [110] and [111]. Full (solid) line curves represent the results of the
present study with KL-screening functions. Experimental points depicted by legends x,
A and V are due to Cowley et al. [70].

in Fig. 3. We further note that in the present study, K-L [62] dielectric function
has given the best agreement with experimental values.
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4.4. Rubidium (Rb)

This metal possesses a large thermal expansivity and hence it provides a
good opportunity to study the volume dependence of the phonons in some detail.
Due to this feature of Rb, Copley and Brockhouse [71] have reported accurate
measurements of the PDR at different temperatures, such as 12 K, 85 K, 120 K,
and 205 K. Here our main efforts are devoted to the study of PDC of Rb along
three major symmetry directions. In Fig. 4 the PDC of Rb obtained in the present
work are shown along with the experimental points [71]. The agreement between
theory and experiment is excellent and the results are compatible to other such
findings [4-16, 24, 25, 41, 43-45, 51, 53]. For Rb, the use of V-S [64] dielectric
function has yielded satisfactory results.

1.5

|
14| [800]Rb [433] | keo]
1.3 - X a |
_ |
1.2 x ‘
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R '] |
é 0.9 - |
™ 0.8 - i
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0 025 05 075 1 075 05 025

Reduced wave vecter

Fig. 4. Phonon dispersion curves of rubidium (Rb) for the wave numbers along the
directions [100], [110] and [111]. Full (solid) line curves represent the results of the
present study with VS-screening functions. Experimental points depicted by legends X,
A and V are due to Copley and Brockhouse et al. [71].

4.5. Cesium (Cs)

This is the heaviest among all the alkali metals. Moreover, chemically it is
most reactive and hence it is difficult to obtain its sufficiently large sized samples
in single crystal form. Due to this reason, people had to attend this metal without
experimental data for quite a long time. Mizuki and Stassis [11] have reported
in detail the measured values of its phonon [requencies. The comparison between
experimental findings [11] and our calculations of dispersion relations, incorporat-
ing Hartree [60] dielectric function are shown in Fig. 5. If we look to the previous
such studies [4-10, 25, 43, 44, 45] it is interesting to point out that for Cs Singh
et al. [10] have obtained really better PDC. In all the three symmetry directions
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Fig. 5. Phonon dispersion curves of cesium (Cs) for the wave numbers along the direc-
tions [100], [110] and [111]. Full (solid) line curves represent the results of the present
study with H-screening functions. Experimental points depicted by legends x, A and V
are due to Mizuki and Stassis [11].

we could generate good results only for the small values of g. For higher values of
wave vector our theoretical findings are lower than the experimental points. Any
reason could be possible for this discrepancy. As cesium is a heavy alkali metal,
probably relativistic effects might be playing an effective role.

5. Conclusions

In the present paper, instead of reciprocal-space sum method, we have used
real-space sum method to demonstrate that with an appropriate choice of bare-ion
pseudopotential and dielectric function, one can achieve an excellent agreement be-
tween calculated and experimental phonon frequencies. For this purpose, a local
form of the potential bearing only one parameter and commonly used six different
dielectric functions are employed. As the parameter of the potential is estimated on
a sound physical basis by using ¢ = go value, the results for the evaluated phonon
frequencies for the alkali metals are highly encouraging. Here pseudopotential form
factor is characterised without fitting any experimental phonon frequency at zone
boundary, therefore, overall good results in all the symmetry directions could indi-
cate the possibility for further investigation of remaining lattice dynamical study in
detail. Apart from a cross-over between the longitudinal and transverse branches
in the [100] direction of Li and low lying modes in Cs, excellent agreement be-
tween theory and experiment is observed. Just to highlight the results it may be
noted that v, (100) frequency of all the alkali metals is found to be in agreement
with experimental value within maximum deviation up to 1.37%. Such deviation
for the frequency v1,(1/2,1/2,1/2) is noticed to be maximum up to 5%. But it
is absolutely necessary to examine the stability of the potential against various
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dielectric functions before its application for the comprehensive study of metals.
This can give a unique combination of bare-ion pseudopotential with a proper
screening function and hence one can also decide the nature of screening in. the
particular metal. It would be interesting to repeat the present investigation by
employing Ichimaru-Utsumi [72] screening function. This function accurately re-
produces the Monte Carlo results as well as those of the microscopic calculations
and which satisfies the self-consistency conditions in the compressibility sum rule
and the short range correlation. Further, we also add here that to examine the
fine structure characteristics of PDC, on the basis of pseudopotential theory, one
must incorporate the complete character of the form factor as well as sufficient
long range forces.
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