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Tylko pierwszy wyraz naszego wzorn ma wartosc teoretyczng, na-
stepne stanowig identyeznosé ze wzorem doswiadezalnym i odnalesé w nich
mozna tylko to, co sie w spélezynnikach doswiadezalnych juz mieseito.

To tez zarowno nasz waor, jak i wzér Helm holtza stuzyé moze
Jjedynie do stwierdzenia przyjetego przez nas zalozenia, o ile sie zna, imiane;
sity elektrycznej stosu z temperatury, nie zas do wyznaczenia tej sily przy
bewnej temperaturze z gory dla kazdego stosu.
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Groups generated by fwo operafors safisiying the
CODdlﬁOD 5'15'2:55'_16‘1”.

(GRUPY, UTWORZONE PRZEZ DWA OPERATORY, SPEENTAJACE
WARUNEK s:5, = s,=14,%).

§ 1. General considerations.

Since (5,8,)% == 8,555,8p = 585515, == 5, "1 = (s,5,)?, and 8,75, s,
=8y 5" 51858, 85)?=s,"H, it results that s} is invariant under the
group G generated by s;, s, Henee G contains at least one invariant ope-
rator besides the identity whenever n==—1, and G is generated by the
three operators s;8,, 8,8, 8;,—the first two of which have & common sqnare
and this square is the %1 power of the third. If the cowdition sq=—s,1s,"
ix transformed by s,™, and the letters of the resulting equation nre inter-
changed, it becomes s;s,==x,"5;"%. Hence these two conditions are equiva-
lent. As s5==s;7"8"==8,"18*"".5,5,.5,~" it is evident that s,~s," is of the
same order as S,.

It seems desirable to state explicitly two elementary theorems which
are of frequent use in the developments which follow, viz.

Iftwocommutative operators sarisfy the condi-
tion s;=sfthey generate the direct product of two cy-
clic groups whose orders are respectively thelowest
common multiple of the ordersof s,s, and a divisor of
the highest common factor of the four numbers qa, B.and
the ordersof s, s,, Thelattercyclic group maybethe
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identity, and it must be the identity whenever unity
is the highest common factor of the orders of 8y, Sy,
and a, §.

Ifs» isoforder »,and if%kis the smallest number
such that " isprime tomn then the order of sis both
amultiple of tm aud a divisor of mm; moreover. smay
beso selected that its orderis an arhitrary number
satisfyingthese conditions. In particular, when nis
divisible by allthe prime factors of mthe order of s
isexactly mn

§2 Several values ofn close to zero.

‘When #» =—1 the order of s,5, is 2 but no further restrictions are im-
posed upon s;, s,.  Since every possible symmetric group is included among
the groups which may be generated by two operators whose product is of
order 21), it is clear that the condition S8y==¢;7 1,71 I8 too general to lead
to a simple category of groups. Ou the contrary, a very simple category
results when #»==—2. In this case we have the condition

Ny 8y = &_,‘1.5‘1"2.

Since s,"** is invariant noder @ it results that @ is abelian. The condition
imposed upon s, s, may therefore be replaced by «8,=s"%s5,~", and hence
& %=s,"7% that is, G is generated by two commutative operators sy, %~ such
that the square of one is equal to the cube of the other, and therefore G is
cyelic in accord with a theorem of § 1. These results may be stated as fol-
ows: If twooperators S1, 8 satisfy the condition
S3==s,7"s;=% they generate the cyclic group whose
order is the lowest common multiple of their
orders.

‘When »=—3 the given condition becomes
$1Sp==5,"" §,~8,
e X . — =] e . — : oor . .
From the fact that $18=8715, "5, 856,77 and that s,~? is invariant under

(;., it results that the order of s;* divides that of s,; 1. e. the order of 8 di-
vides the order of s, multiplied by 4.

—_—
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Moreover, the group {s;s,, 5,5} generated by s5,, sys, is invariant un-
der G since s;7".5;8,.5,=5,72.5,5,.5,%=5,5, and it involves s,2 since (898 )%=,
From this it results that the erder of G divides the order of {8185, 8u5;} mul-
tipliedby 2, and that G is always solvable. It is known 1) that

818981718y iy s sy Tl sy

is transformed into its inverse both by 5,5, and by 5,5, From this equation
it may also be observed that the order of s,8,4 s, divides the lowest
common multiple of the orders s 2 and hence this order divides that of s,.

In case s, s, are commutative the given condition reduces to 8 t82=1
and hence & is either cyclic or the direct product of a cyclic group and the
group of order 2, ascording to a theorem of § 1. Moreover, every cyclic
group and every such direct product may be generated by two commutative
operators satisfying the condition s;sy=s,7's;~2. In fact, if G is generated
by the operator #, we may let 8,==, s,==¢~%  On the other hand, it @ is ge-
nerated by the two independent operators 7, &, (where 7, is of order 2) we
may assume s;=%t,, Sy==,~%,. 'When s,, s, are non-commutative, the order
of s, is even, since it transforms s,s,, 8,8, into each other. The order of 8%y
must also be even since its square is & 2 and it is nvt cummurative with ,.
Hence s, and s;5, are of the same order whenever s, s, are non commutative

If 5, s, are of orders 2 and 8 respectively, and satisfy the condition
$;81857=5,%, it is clear that they also satisfy the couvdition s,s.==s,—%,~® and
that they generate a group of order 1. This is » special case of the ge-
neral theorem that the order of G divides four times the square of the order
of s, whenever this order is even. To prove this theorem it is only neces-
sary to observe that the order of & divides twice the product of the orders
of 88,8, 75,71 and 5,5, and that these orders divide the order of s, and twice
this order respectively when the order of s, divides twice the order
of sy; when this condition is not satisfied the order of s, must divide
the order of s, multiplied by 4, and the iwo cyclic groups generated by
58,8, '&; " and s;~, respectively have at least two common operators. Hence
the order of & divides four times the square of that of s, in each case and
the example given above proves that the order of G may actually be equal
to the square of the order of s, multiplied by 4.

When s, is of 0dd order {s;%,, sps,] is identical with G sinee it involves
all the operators of 0dd order contained in G and hence includes s, From
this it results that the order of G divides four times
the square of the order of s, regardless of the form of the
order of this operator. It has been observed that {s;s,, s8] is generated

't Archiv der Mathematik und Physik, vol 9 (1903, p. 6.
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by two operators s;8,5,7%s™" and s;s, such such that the second transforms
the first into its inverse. It is of interest to observe that every group thag
can be generated in this way may also be generated by two operators sa-~
tisfying the condition under consideration. In fa ct, if £,~7¢, ty=1,—1 anq

si=ty, Sg==t8y™2

it is easy to verify that s,~'s;—P=f,% — ==l P==s5,. That is, the
group generated by ¢, ¢, is identical with one generated by two operators
satisfying the condition under consideration.

‘When n==1 there results the equation $18==83718) OF 8 oy8 =g~
From the preceding paragraph it results that this category of elementary
groups is included among those which satisfy the given condition when
n=—3. Some of the vreceding results are expressed in the following
theorem: If s5,=s5,7'5—" the group generated by 81, Sy
belongs toone of the following two categories
of solvable groups: 1) Those which are gener a-
ted by two operators such that one of them trans-
forms the other into its inverse, 2) Those which
result when the groups of the Preceding cate-
gory are extended by means of operators which
transform them into themselves and also have
their squares in the groups to be extended The
former of these categories is composed of the groups which result when
518=5,""8;, and if we we allow the identity to be one of the operators it
also inclndes the cyelic groups, which result when n=0.

§3. Conclusion.

The values of » which were considered in the preceding section are
1,0, —1, —2, —3. In the case then #=—1, the system of possible groups is,
however, very complex. In fact, it includes every possible group of finite
order either directly or as a subgroup since it includes every symmetric
group. In view of this fact it does not appear likely that this case will give
rise to theorems of special interest. On the contrary, the other four cases
relate to very elementary groups. In faet, for the two values of n which
are adjacent to —1 (viz., 0 and —2) the groups are cyelic, being generated
by s, and s;s, respectively. Hach of these groups is therefore completely
determined by the order of one of these generating operators.

‘When m=1, s, transforms s, into its inverse and each group is com-
pletely determined by the orders 6f's;, s, and the number of the common. .
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operators in the cyclic groups generated by 5. ¢ respectively. Finally,
when 1n=—3, s, transforms »%,? into its ivverse, and s, transforms into
itself the group generated by these operators, and it has its square in this
group. TFor values of » which differ from —-1 by more than 2 the conside-
rations again become so complex that it does not seem probably that it is
possible to establish theorems of special interest. In fact. if the condition
$18==8,""%" be put in the form s;5,=—(s,8,)~%. 5,%*1, and if it be assumed that
$1, 8,5 are of orders »}1 and 2 respectivly, it is evident that the condi-
tion is satisfied. As @ is generated by s,, 88, it is clear that G includes
all groups that may be generated by an operator of order 2 and an ope-
rator whose order exceeds 2 whenever n differs from —1 by more
than 2, As this includes an infinite number of symmetric groups even
when the latter operator is of order 31). it is clear that these systems
include very complex groups, and that all the cases leading to categories
composed of elementary groups are included in the above considerations.

One of the theorems expressed in § I can readily be extended by ob-
serving that if apowerofthe productoftwo operators -
is equal to some power of one ofthese operators,
this power is commutative with each of these
twooperators and itisindependent of the order
of the factors in this product. In particular, the condi-
tion under consideration is s;s,==(s,s,)~. 5,*+* and hence 5"+ is the square
of 5,55 According to this elementary theorem s*+' must be commutative
With «, and (s;5;)%=(s,8,)%. It may be added that the present paper has
close contact with the one on groups which are generated by two operators
satisfying the condition s;s,=s,~2s'~%, published in a recent number of the
»Bulletin of the American Mathematical Society®.

University of 1llinois.

) Bulletin of the Amerivan Mathematical Society, vol. 7 (1903), p. 6.
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