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A detailed study of the total crystal energy and heat of solution of
ten alkali based alloys is made w ithin the framew ork of the second order
p erturbation theory and employing the pseudo alloy atom mo del. Three dif -
ferent forms of the local Ùeld correction functions, vi z. H arrison, T aylor,
and I chimaru and U tsumi, are used to incorp orate the exchange and corre-
lation e˜ects w hile computing the band structure part of the total energy.
Reasonable agreement w ith the experimental values of the total energy of
pure comp onents is found (corresp ondi ng to the concentration factor x = 0

or 1). I t is observed that for all the systems, for small impurity concentra-
tion factors, the alloys form very good homogeneous solid solutions. A lso
the interaction parameter Â E =x ( 1 À x ) does not depend on x , w henever the
di˜erence in the atomic sizes of the two comp onents making up the alloy is
small.

PACS numb ers: 64.10.+ h, 71.15. Hx

1. I n t rod uct io n

I t is known t hat th e elect ronic pro perti es of sim plem etals can be understo od
usi ng the pseudopotenti als. The to ta l energy of pure meta ls in the fram ework of
the second order perturba ti on theory has been a subject of m any pseudopotenti al
studi es. The underl yi ng assumpti on in the calculati on of the to ta l energy of al loys
is the same as tha t for pure m etals.

The Ùrst calculati ons of an al loy's band energy were m ade by Hayes and
co-workers [1] usi ng a non- local potenti al and by Ing lesÙeld [2] using a local f orm
of the potenti al . They calcul ated the orderi ng energy in Li { Mg and Hg{ Mg sys-
tem s, respect ively. Al so Stro ud and Ashcro ft [3] have studi ed vari ous pro perti es of
al loys in the same second order perturba ti on scheme as in the case of pure metals.
Kra sko and Gurski i [4] have calcul ated the energy of a compl etely disordered al loy,
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characteri zed by a long range order. They have also calcul ated the concentra ti on
dependence of the latti ce constant in K{ Cs and K{ Rb al loys. W e have also re-
ported the theo reti cal to ta l energy and i ts screening dependence for various alkali
based al loys [5{ 10].

Ha fner [11] derived an ortho gonal ized pl ane wa ve based on the Ùrst pri n-
ci ples pseudopotenti al metho d and appl ied i t to inv estigate the random binary
al loys and ordered interm etal l ic com pounds between alka li m etals. Thi s trea tm ent
is the vi rtua l crysta l appro xi mati on in whi ch the di sordered al loy is replaced by a
m onatom ic periodi c latti ce and the al loy potenti al is considered as a linear com -
bi nati on of the average latti ce potenti al and the di ˜erence potenti al . Tani gawa
and Doy ama [12] have used a di ˜erent appro ach for the study of the to ta l crysta l
energy of al loys. Thi s appro ach is kno wn as the pseudo alloy atom (PAA) m odel
in whi ch a hyp otheti cal monato mic crysta l is supposed to be com posed of pseudo
al loy ato m s. In an actua l al loy di ˜erent a lloy consti tuent ato m s model the ato ms
of a sing le species, the pseudo al loy ato ms occupy the latti ce sites and form a
perfect latti ce in the sam e way as pure m etals. Thi s m odel takes into account the
self-consistent trea tm ent impl ici tl y. In thi s model the hyp otheti cal crysta l made up
of pseudo al loy ato ms is supp osed to have the same properti es as the actua l di sor-
dered al loy crysta l and the pseudopotenti al form ali sm is then appl ied to calcul ate
vari ous pro perti es of an al loy.

Lo oki ng at the above stated l im ited study of al loys we tho ught worthwhi le
to use the PAA m odel in the present investigati on to com pute the to ta l crysta l
energy and heat of soluti ons of ten alkali based al loys, vi z. Li { Na, Li { K, Li { R b,
Li { Cs, Na{ K, Na{ R b, Na { Cs, K{ Rb, K{ Cs, and Rb{ Cs system s. T o describe
electron{ ion intera cti ons in the binary system s, the bare ion local model potenti al
empl oyed in the present investigati on is given as [13, 14]:

W B ( r ) =

(
0 ; r < r c;

À 2 Z =r [ 1 À exp (À r = r c ) ] ; r Ñ r c:
(1)

The Fouri er tra nsform of the potenti al into q-space is g iven by [13, 14]

W B ( q ) = À

8 ¤ Z

¨ 0 q 2

£

cos( q r c ) À

q r c exp( À 1 )

(1 + q2 r 2
c )

[sin ( qr c ) + q r c cos( qr c )]

¥

: (2)

Thi s potenti al conta ins a sing le parameter r c . Instea d of Ùndi ng the poten-
ti al param eter by Ùtti ng a physi cal pro perty or from the Ùrst zero of the f orm
facto r, we have appl ied the zero pressure condi ti on f or the determ inati on of the
parameter. Thi s m odel potenti al has previ ously pro duced very good resul ts about
susceptibi l i ty and electri cal tra nsport pro perti es of sim ple meta ls [13, 14].

2 . T heor y

In the PAA model the al loy can be tho ught of as com posed of a system of N

periodi cal ly arra nged positi ve ions imm ersed in an electron gas. The al loy of the
typ e A 1 À x B x i s m ade up of tw o species A and B wi th an arbi tra ry concentra ti on x .
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The to ta l crysta l energies per pseudo-ato m , E ( x ), of the binary al loy can be
obta ined in the fram ework of the usual second order perturba ti on as [5{ 10, 15{ 18]

E ( x ) = E i (x ) + E e s ( x ) + E 1 ( x ) + E 2 (x ) ; (3)

where the indivi dual energy term s are given by

E i ( x ) = À ˜ Z 2
all oy =R a ; (4)

where R a = r s Z
1= 3
allo y ; here r s i s the radius of the sphere conta ining one electron

and ˜ is Ma delung ' s constant;

E e s (x ) = Z allo y [ 2 : 2 1 =r 2
s À 0 : 9 1 6 =r s À 0 : 1 1 5 + 0 : 0 3 1 ln( r s )] ; (5)

E 1 ( x ) = l im
q ! 0

[ 4 ¤ Z 2
allo y e 2 =¨ 0 ; allo y q 2 + Z allo y W B ( q )] ; (6)

whi ch in the case of our local model potenti al has the form [17, 18]

E 1 ( x ) = 4 ¤ Z r c; allo y =¨ 0 ; allo y [ 1 + exp( À 1 )] ; (7)

E ( x ) =

q

F ( q ) (8)

is the band structure energy, here F ( q ) | the energy wa ve num ber characteri stics
given as

F ( q ) = À

¨ 0 ;allo y

1 6 ¤
q j W B ( q ) j

[ " H ( q ) À 1 ]

f 1 + [ " H ( q) À 1 ][ 1 À f ( q )] g

: (9)

The values of ato mic vo lume ¨ and potenti al parameter r c for the al loy
A x B x can be f ound from the relati on

¨ 0 ;a llo y = (1 À x ) ¨ A + x ¨ B ; (10)

r c; allo y = (1 À x ) r c A + x r cB ; (11)

where ¨ A and ¨ B are the ato m ic vo lumes of the two pure components. r c A and
r cB are the param eters of the potenti al for the two pure components found by
sati sfyi ng the zero pressure condi ti on.

Next we consider the pha se mixture of A x + B x and express the crysta l
energy of the mixture as f ol lowing expression:

E m ix ( x ) = (1 À x ) E A + x E B : (12)

Here E A and E B are the to tal crysta l energies of the two pure com ponents form ing
an alloy. The to ta l crysta l energy and the energy of m ixi ng are then used to Ùnd
the heat of soluti on vi a the relati on

Â E (x ) = E ( x ) À E mix ( x ) : (13)
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3. R esul t s an d d iscu ssio n

The constants and parameters used in the present inv estigati on are tabu-
lated in T able I. The to ta l crysta l energy of alkali based al loys found wi th our
pro posed m odel potenti al using Eqs. (1) to (12) are tabul ated in T ables II to XI.
W e have used three di ˜erent form s of the local Ùeld correcti on functi ons, vi z. Ha r-
ri son (H) [19], T aylo r (T) [20], and Ichi m aru{ Utsum i (IU) [21], to incorporate the
exchange and correl ati on e˜ects whi le com puti ng the band structure part of the
to ta l energy. In these ta bl es the value of the concentra ti on factor x corresp ondi ng
to a value of 0 or 1 wi ll give the to tal energy of the pure com ponents m aki ng up the

T ABLE I

T he constants and parameters used in the present investigation.

Meta l ¨ 0 k F r s r c (a .u.) À E to t (Expt. )

(a .u.) (a .u.) (a .u.) H T IU (R yd.) [22, 23]

Li 144.9 0.5890 3.258 0.8142 0.8078 0.8104 0.5162

Na 254.5 0.4882 3.931 1.0786 1.0729 1.0752 0.4598

K 481.4 0.3947 4.862 1.4433 1.4408 1.4417 0.3878

R b 587.9 0.3693 5.197 1.5752 1.5747 1.5747 0.3700

Cs 745.5 0.3412 5.625 1.7447 1.7474 1.7406 0.3451

T ABLE I I

T otal crystal energy , E T ot (Ryd. ), for the
Li 1 À x N ax alloy .

x H T IU

0.0 (Li ) 0.56416 0.56723 0.56594

0.1 0.55444 0.55737 0.55614

0.2 0.54504 0.54783 0.54665

0.3 0.53595 0.53860 0.53748

0.4 0.52716 0.52926 0.52862

0.5 0.51866 0.52108 0.52005

0.6 0.51044 0.51274 0.51175

0.7 0.50247 0.50467 0.50373

0.8 0.49476 0.49686 0.49595

0.9 0.48727 0.48928 0.48841

1.0 (Na ) 0.48001 0.48193 0.48109



Tot al Crystal Energy and H eat of Solution . . . 569

al loys. The experim enta l tota l crysta l energy of these alloys are not avai labl e in the
l i tera ture hence we have compared presentl y obta ined values at the concentra ti on
x = 0 and 1 wi th the experim enta l values of the pure com ponents. It is observed
from the ta bles tha t tho se values agree reasonably wel l wi th the exp erimenta l data
[22, 23].

T ABLE I I I

T otal crystal energy , E Tot (Ryd. ), for the
Li 1 À x K x alloy .

x H T IU

0.0 (Li ) 0.56416 0.56723 0.56594

0.1 0.54132 0.54399 0.54287

0.2 0.52013 0.52247 0.52148

0.3 0.50065 0.50268 0.50181

0.4 0.48271 0.48449 0.48372

0.5 0.46615 0.46768 0.46701

0.6 0.45007 0.45210 0.45150

0.7 0.43643 0.43757 0.43705

0.8 0.42299 0.42398 0.42351

0.9 0.41035 0.41120 0.41078

1.0 (K) 0.39841 0.39915 0.39877

T ABLE IV

T otal crystal energy , E Tot (Ryd. ), for the
Li 1 À x Rb x alloy .

x H T IU

0.0 (Li ) 0.56416 0.56723 0.56594

0.1 0.53654 0.53911 0.53803

0.2 0.51132 0.51349 0.51257

0.3 0.48861 0.49042 0.48964

0.4 0.46809 0.46960 0.46894

0.5 0.44994 0.45067 0.45012

0.6 0.43235 0.43334 0.43289

0.7 0.41659 0.41738 0.41700

0.8 0.40196 0.40258 0.40226

0.9 0.38831 0.38879 0.38852

1.0 (R b) 0.37549 0.37587 0.37563
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The heat of soluti on for al l the ten alkali based al loys are shown in Fi gs. 1
to 10. The rati o Â E =x (1 À x ) has also been pl otted for them on the same sheet.
A study of these graphs shows tha t for al l the ten system s we have obta ined
smal l and positi ve values for the heat of soluti on in the enti re concentra ti on range.

T ABLE V

T otal crystal energy , E Tot (Ryd. ), for the
Li 1 À x C sx alloy .

x H T IU

0.0 (Li ) 0.56416 0.56723 0.56594

0.1 0.53029 0.53273 0.53170

0.2 0.50006 0.50202 0.50119

0.3 0.47361 0.47516 0.47449

0.4 0.45028 0.45146 0.45094

0.5 0.42947 0.43033 0.42993

0.6 0.41070 0.41129 0.41099

0.7 0.39359 0.39396 0.39375

0.8 0.37788 0.37806 0.37792

0.9 0.36333 0.36338 0.36328

1.0 (Cs) 0.34976 0.34973 0.34965

T ABLE VI

T otal crystal energy , E Tot (Ryd. ), for the
N a1 À x K x alloy .

x H T IU

0.0 (Na ) 0.48001 0.48193 0.48109

0.1 0.47023 0.47208 0.47131

0.2 0.46102 0.46262 0.46191

0.3 0.45208 0.45355 0.45289

0.4 0.44351 0.44484 0.44423

0.5 0.43526 0.43647 0.43592

0.6 0.42734 0.42844 0.42792

0.7 0.41971 0.42070 0.42023

0.8 0.41235 0.41326 0.41282

0.9 0.40526 0.40608 0.40567

1.0 (K) 0.39841 0.39915 0.39877
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Thi s has also been observed in some other theoreti cal investi gatio ns carri ed out by
T anigawa and D oyama [12], Som a et al . [15, 16], and Tewari and Kha nna [17]. The
positi ve values of energy di ˜erences predi ct tha t the hom ogeneous sol id soluti on is
therm odyna m icall y unsta ble relati ve to a phase m ixture at low tem perature. Al l

T ABLE VI I

T otal crystal energy , E Tot (Ryd. ), for the
N a1 À x Rb x alloy .

x H T IU

0.0 (Na ) 0.48001 0.48193 0.48109

0.1 0.46689 0.46857 0.46783

0.2 0.45446 0.45592 0.45527

0.3 0.44270 0.44397 0.44339

0.4 0.43157 0.43267 0.43216

0.5 0.42103 0.42197 0.42152

0.6 0.41102 0.41182 0.41143

0.7 0.40151 0.40218 0.40184

0.8 0.39244 0.39300 0.39270

0.9 0.38378 0.38424 0.38398

1.0 (R b) 0.37549 0.37587 0.37563

T ABLE VI I I

T otal crystal energy , E Tot (Ryd. ), for the
N a1 À x C sx alloy .

x H T IU

0.0 (Na ) 0.48001 0.48193 0.48109

0.1 0.46251 0.46408 0.46338

0.2 0.44619 0.44747 0.44689

0.3 0.43106 0.43208 0.43161

0.4 0.41703 0.41782 0.41744

0.5 0.40397 0.40457 0.40426

0.6 0.39177 0.39220 0.39195

0.7 0.38033 0.38061 0.38042

0.8 0.36957 0.36972 0.36958

0.9 0.35940 0.35945 0.35934

1.0 (Cs) 0.34976 0.34973 0.34965
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the three screening functi ons exhi bi t the sam e trend for the energy di ˜erence. The
num erical values of the heat of m ixing are almost identi cal for lower and higher
values of concentra ti ons, whi le showi ng a di ˜erence whi ch is maxi mum at about
x = 0 : 5 .

T ABLE IX

T otal crystal energy , E Tot (Ryd. ), for the

K 1 À x Rb x alloy .

x H T IU

0.0 (K) 0.39841 0.39915 0.39877

0.1 0.39598 0.39668 0.39623

0.2 0.39359 0.39425 0.39391

0.3 0.39123 0.39185 0.39152

0.4 0.38890 0.38948 0.38917

0.5 0.38659 0.38714 0.38684

0.6 0.38432 0.38483 0.38454

0.7 0.38207 0.38255 0.38227

0.8 0.37985 0.38029 0.38003

0.9 0.37766 0.37806 0.37782

1.0 (R b) 0.37549 0.37587 0.37563

T ABLE X

T otal crystal energy , E Tot (Ryd. ), for the
K 1 À x C sx alloy .

x H T IU

0.0 (K) 0.39841 0.39915 0.39877

0.1 0.39291 0.39355 0.39321

0.2 0.38758 0.38812 0.38782

0.3 0.38239 0.38283 0.38257

0.4 0.37734 0.37770 0.37747

0.5 0.37243 0.37272 0.37252

0.6 0.36766 0.36787 0.36770

0.7 0.36301 0.36315 0.36301

0.8 0.35848 0.35856 0.35844

0.9 0.35407 0.35408 0.35399

1.0 (Cs) 0.34976 0.34973 0.34965
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T ABLE XI

T otal crystal energy , E Tot (Ryd. ), for the
Rb 1 À x C sx alloy .

x H T IU

0.0 (R b) 0.37549 0.37587 0.37563

0.1 0.37274 0.37307 0.37285

0.2 0.37003 0.37031 0.37012

0.3 0.36737 0.36760 0.36742

0.4 0.36474 0.36493 0.36477

0.5 0.36215 0.36230 0.36215

0.6 0.35960 0.35971 0.35958

0.7 0.35709 0.35716 0.35704

0.8 0.35461 0.35465 0.35454

0.9 0.35217 0.35217 0.35208

1.0 (Cs) 0.34976 0.34973 0.34965

Fig. 1. The energy di˜erence and interaction parameter for Li {N a alloy .

Fig. 2. The energy di˜erence and interaction parameter for Li{K alloy .
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Fig. 3. The energy di˜erence and interaction parameter for Li{Rb alloy .
Fig. 4. The energy di˜erence and interaction parameter for Li{C s alloy .

Fig. 5. The energy di˜erence and interaction parameter for N a{K alloy .

Fig. 6. The energy di˜erence and interaction parameter for N a{Rb alloy .
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Fig. 7. The energy di˜erence and interaction parameter for N a{C s alloy .
Fig. 8. The energy di˜erence and interaction parameter for K {Rb alloy .

Fig. 9. The energy di˜erence and interaction parameter for K {C s alloy .

Fig. 10. T he energy di˜erence and interaction parameter for Rb{C s alloy .
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The rati o of the heat of soluti on Â E =x (1 À x ) for all the alkali system s
shows a l inear vari ati on wi th ato m ic f racti on. The l ines show the best Ùtted one
in the case of the IU screening f uncti on. The values due to the H and T screening
functi ons also show a l inear behavi our. The best Ùtted l ine in each case is expressed
by (i n Rydb ergs)

Â E (x ) =x (1 À x ) = À 0 : 0 0 2 1 2 5 x + 0 : 0 1 4 9 1 0 ; for Li Na system;

Â E (x ) =x (1 À x ) = À 0 : 0 2 3 7 0 6 x + 0 : 0 7 3 3 5 3 ; for Li K system ;

Â E (x ) =x (1 À x ) = À 0 : 0 3 9 3 0 6 x + 0 : 1 0 2 8 3 0 ; for Li Rb system ;

Â E (x ) =x (1 À x ) = À 0 : 0 6 5 8 9 0 x + 0 : 1 4 6 0 1 3 ; for Li Cs system ;

Â E (x ) =x (1 À x ) = À 0 : 0 0 3 0 9 2 x + 0 : 0 1 7 5 9 1 ; for NaK system ;

Â E (x ) =x (1 À x ) = À 0 : 0 0 7 2 6 7 x + 0 : 0 3 0 9 8 1 ; for NaR b system;

Â E (x ) =x (1 À x ) = À 0 : 0 1 5 8 7 7 x + 0 : 0 5 2 4 6 9 ; for NaCs system ;

Â E (x ) =x (1 À x ) = À 0 : 0 0 0 1 2 8 x + 0 : 0 0 1 5 0 8 ; for KR b system ;

Â E (x ) =x (1 À x ) = À 0 : 0 0 0 9 6 8 x + 0 : 0 0 7 2 5 3 ; for KCs system ;

Â E (x ) =x (1 À x ) = À 0 : 0 0 0 1 3 5 x + 0 : 0 0 2 0 0 8 ; for RbCs system :

The Ùrst term in the Ùtted equati ons is very smal l indi cati ng tha t the rati o
of the heat of soluti on m ay be consi dered to be nearl y a constant. It is di £ cul t to
carry out a deta i led compari son wi tho ut exp erimenta l studi es on these al loys in
the sol id phase. Yokokawa and Kl eppa [18] have measured the heat of soluti on in
the l iquid state of K{ R b system at 1 1 1 £ C over the ful l com positi on range. They
found tha t the rati o Â E =x (1 À x ) does not depend on x . The present results have
been obta ined f or the sol id phase and cannot be com pared di rectl y wi th the resul ts
of the l iqui d phase, neverthel ess i t is found tha t in the sol id phase al l the al loy
system s considered ha ve given a value of Â E =x (1 À x ) whi ch is to be considered
independent of x .
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Fig. 11. T he energy di˜erence for binary alkali alloys using the IU function.

Fig. 12. T he interaction parameter for binary alkali alloys using the IU function.

Fi gure 11 shows the energy di ˜erence for al l the alkali based al loy system s
found using the IU screening f uncti on whi le the rati o Â E =x (1 À x ) i s plotted
against ato mic concentra ti on in Fi g. 12.

Fi gure 11 shows tha t the curves representi ng the energy di ˜erence are not
sym m etri cal about the concentra ti on of 0.5 in all the cases. The asym metry in
the curves increases wi th the increase in the rati o of volumes of the two elements
m aki ng up the al loy. Ho wever al l the curves are seen to have x dependence whi ch
can be Ùtted to polyno m ials. It is also seen tha t the num erical values of the energy
di ˜erence increaseswi th the increase in the rati o of the ato m ic sizes, the highest in
the present study being tha t for the Li Cs system. Hi gher values of energy di ˜erence
show tha t solubi l i ty is less. For the Li based al loys as we go from Na to wards Cs,
the m etal ha vi ng a smaller ato m ic size gives a smal ler energy di ˜erence indi cati ng
a better solubi l i ty . A sim i lar trend is observed for other com binatio ns as well .

From Fi g. 12 we can see tha t the rati o Â E =x (1 À x ) i s very nearly constant
in the case of KR b, RbCs, KCs, Li Na , and Na K but where the rati os of the ato m ic
sizes are large i t is not seen to be a consta nt. The largest devi ati on from a constant
for a rati o is predi cted for Li Cs.

The present results obta ined by our model potenti al in the PAA model are
encouraging and m ay be further extended in the study of the latti ce dyna m ics and
the anha rm onic properti esof these system s. Thi s wi l l requi re f urther investigati ons.
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