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1. Introduction 

Most real technical systems are very complex and 
it is difficult to analyze their reliability, availability 
and safety. Large numbers of components and 
subsystems and their operating complexity cause 
that the identification, evaluation, prediction and 
optimization of their reliability, availability and 
safety are complicated. The complexity of the 
systems’ operation processes and their influence on 
changing in time the systems’ structures and their 
components’ reliability characteristics are very 
often met in real practice. We meet complex 
technical systems, for instance, in piping 
transportation of water, gas, oil and various 
chemical substances. Complex technical systems 
are also used in electrical energy distribution, in 
telecommunication, in rope transportation, in 
maritime transport and in shipyard and port 
transport systems using belt conveyers and 
elevators. Rope transportation systems like port 
elevators and ship-rope elevators used in shipyards 
during ship docking and undocking are model 
examples of such systems.  Taking into account the 

importance of the safety and operating process 
effectiveness of such systems it seems reasonable 
to expand the two-state approach to multi-state 
approach [30], [34], [88]-[90] in their reliability 
and safety analysis. The assumption that the 
systems are composed of multi-state components 
with reliability states or safety states degrading in 
time without repair gives the possibility for more 
precise analysis of their reliability, safety and 
operational processes’ effectiveness. This 
assumption allows us to distinguish a system 
reliability or safety critical state to exceed which is 
either dangerous for the environment or does not 
assure the necessary level of its operational process 
effectiveness. Then, an important system reliability 
or safety characteristic is the time to the moment of 
exceeding the system reliability or safety critical 
state and its distribution, which is called the system 
risk function. This distribution is strictly related to 
the system multi-state reliability function and the 
system multi-state safety function that are basic 
characteristics of the multi-state system.    
The convenient tools for analyzing these problems 
are semi-markov modeling [14], [58], [73] of the 
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systems’ operation processes and multistate 
approach [30], [34], [88]-[90] to the systems’ 
reliability evaluation proposed in the paper.  
The aim of the paper is to propose a complete 
approach to the reliability and safety identification, 
evaluation, prediction and optimization for as wide 
as possible a range of complex technical systems. 
Pointing out the possibility of this approach 
extensive and well founded practical application in 
the operating processes of these systems is also an 
important aspect of the paper.  
The objective of this paper is to present recently 
developed mainly by the authors the general 
reliability, availability and safety analytical models 
of complex non-repairable and repairable multi-
state technical systems related to their operation 
processes [35]-[38], [42]-[51], [72]-[80] and their 
practical applications to real industrial systems and 
processes [10], [16], [18], [26], [29], [32], [47], 
[48]-[49], [75], [80]. Integrated general models of 
complex industrial systems, linking their 
reliability, availability and safety models and their 
operation processes models and considering 
variable in different operation states their 
reliability and safety structures and their 
components reliability and safety parameters are 
considered. The common usage of the multistate 
system reliability and availability evaluation 
models [1]-[4], [6], [8], [17], [21]-[24], [27]-[34], 
[40], [42], [50], [55]-[57], [60], [62], [65]-[69], 
[86]-[89] and the semi-markov model [5], [7], [11], 
[13]-[14], [25], [58]-[59], [61], [63], [83] for the 
system operation processes modelling in order to 
construct the joint general system reliability and 
availability models related to their operation 
process is the proposed approach main idea. Joint 
models linking the reliability models of the 
considered typical multistate systems and their 
varying in time operation processes models are 
suggested to be applied in the reliability, 
availability and safety analysis of real complex 
technical systems. These joint reliability models of 
complex technical systems, together with linear 
programming [25] are proposed to reliability, 
availability and safety optimization [25], [53]-[54], 
[83]-[84], [90]-[91]  and system operation cost 
analysis [41], [82], [90]-[91].      
There are proposed the methods and tools useful in 
the statistical identifying the unknown parameters 
of the joint general system reliability and 
availability models related to their operation 
process [43]-[44]. There are presented statistical 
methods of determining unknown parameters of 
the semi-markov model of the complex technical 
system operation processes. There is suggested the 
chi-square goodness-of-fit test to be applied to 

verifying the distributions of the conditional 
system operation process sojourn times in the 
particular operation states. Moreover, there are 
presented the methods of estimating the unknown 
intensities of departure from the reliability state 
subsets of the exponential distribution of the 
component lifetimes of the multistate system in 
various operation states and the goodness-of-fit 
method s proposed to be applied to testing the 
hypotheses concerned with the exponential form of 
the multistate reliability function of the particular 
components of the system in variable operations 
conditions. 
The proposed in the paper models and methods 
may be successfully applied, for instance, to 
reliability, availability and safety analysis, 
identification, prediction and optimization of the 
port and maritime transportation systems related to 
their varying in time their operation processes, 
their structures and their components reliability 
and safety characteristics. 
 
2. Modeling complex technical systems 
operation processes 

In analyzing the operation process of the complex 
technical system with the distinguished operation 
states νzzz .,..,, 21 , the semi-markov process may 
be used to construct its general probabilistic model 
[45]. To build this model the following parameters 
are defined:  
- the vector of probabilities νx1)]0([ bp  of the 
system operation process initials operation states,  
- the matrix of probabilities ννx][ blp  of the system 
operation process transitions between the operation 
states,  
- the matrix of conditional distribution functions 

ννx)]([ tH bl , of the system operation process 

conditional sojourn times blθ  in the operation 

states.  
To describe the system operation process 
conditional sojourn times in the particular 
operation states the uniform distribution, the 
triangle distribution, the double trapezium 
distribution, the quasi-trapezium distribution, the 
exponential distribution, the Weibull distribution, 
the normal distribution and the chimney 
distribution are suggested as suitable.  
Under these definitions and assumptions, the 
following main operation process characteristics 
can be predicted: - the vector  νxb tH 1)]([ , of the 
unconditional distribution functions  
 

   )(tH b  = ∑
=

v

l
blbl tHp

1
),(  ,,...,2,1 vb =                    (1) 
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of the sojourn times ,bθ ,,...,2,1 vb =  of the system 
operation process at the operation states,  
- the vector  νxbM 1][ , of the mean values  
 

   ][ bb EM θ=  = ∑
=

v

l
blbl Mp

1
, ,,...,2,1 vb =              (2) 

 
of the unconditional sojourn times ,bθ  ,,...,2,1 vb =   

- the vector νxbp 1][  of the limit values of the 
transient probabilities  
 

   bp  = ,
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∑
=

v

l
ll

bb

M

M
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π
 ,,...,2,1 vb =                              (3) 

 
at the particular operation states, where ,bM  

,,...,2,1 vb =  are given by (2), while the 

probabilities bπ  of the vector νπ xb 1][  satisfy the 

system of equations   
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




∑ =

=

=

v

l
l

blbb p

1
,1

]][[][

π

ππ
                                              (4) 

 

- the vector νxbM 1]ˆ[  of the mean values  
 

   ,]ˆ[ˆ θθ bbb pEM ==  ,,...,2,1 vb =                       (5) 
 

of the total sojourn times bθ̂  in the particular 
operation states for sufficiently large operation 
time .θ   
 
3. Modeling reliability, availability and 
safety of multistate systems with ageing 
components 

In the systems’ reliability and safety analysis it is 
practically reasonable to expand their two-state 
models to the multi-state models [34].  The multi-
state series, parallel, “m out of n”, consecutive “m 
out of n”, series-parallel, parallel-series, series-“m 
out of n”, “ m out of n”-series, series-consecutive 
“m out of n” and consecutive “m out of n”-series 
systems with degrading components can be defined 
and their reliability functions can be determined. 
Having these definitions, the multi-state system 
risk function and other multi-state system 
reliability characteristics can be introduced and 
determined. The reliability functions of multi-state 
systems composed of components having 
exponential reliability functions can be given as 
well. Moreover, in an analogous way, a multi-state 

approach to defining the basic notions and analysis 
of systems’ safety can be proposed.  
Introducing the multi-state approach to reliability 
analysis of systems with ageing components we 
assume that: 
- Ei, i = 1,2,...,n, are components of a system, 
- all components and a system under consideration 
have the state set {0,1,...,z}, ,1≥z   
- the state indexes are ordered, the state 0 is the 
worst and the state z is the best, - 
- Ti(u),  i = 1,2,...,n,  are independent random 
variables representing the lifetimes of components 
Ei in the state subset {u,u+1,...,z}, while they were 
in the state z at the  moment t = 0,  
- T(u) is a random variable representing the 
lifetime of a system in the state subset  
{ u,u+1,...,z} while it was in the state z at the 
moment t = 0,  
- the system state degrades with time t without 
repair,  
- ei(t) is a component Ei state at the moment t, 

),,0 ∞∈<t  given that it was in the state z  at the 
moment t = 0,  
- s(t) is a system state at the moment t, ),,0 ∞∈<t  
given that it was in the state z at the moment t = 0.  
The above assumptions mean that the states of the 
system with degrading components may be 
changed in time only from better to worse.  
Under these assumptions, the multi-state system 
reliability characteristics, like ones presented 
below, may be introduced and determined. 
Definition 1. A vector   
      
   Ri(t ⋅, ) = [Ri(t,0),Ri(t,1),...,Ri(t,z)], ),,0 ∞∈<t                             
 
where   
 
   Ri(t,u) = P(ei(t) ≥ u | ei(0) = z) = P(Ti(u) > t),  
 
   ),,0 ∞∈<t  u = 0,1,...,z,  i = 1,2,...,n                                   

 
is the probability that the component Ei is in the 
state subset },...,1,{ zuu +  at the moment t, 

),,0 ∞∈<t  while it was in the state z at the 
moment t = 0, is called the multi-state reliability 
function of a component Ei.  
 
Definition 2. A vector      
 
   Rn(t ⋅, ) = [Rn(t,0),Rn(t,1),...,Rn(t,z)], ),,0 ∞∈<t                                                             
 
where   
 
   Rn(t,u) = P(s(t) ≥ u | s(0) = z) = P(T(u) > t),  



Kołowrocki Krzysztof, Soszyńska Joanna 
Reliability and safety of complex technical systems: modelling – identification – prediction - optimization 

 

 136

   ),,0 ∞∈<t u = 0,1,...,z,                                       
 
is the probability  that the system is in the state 
subset },...,1,{ zuu +  at the moment t, ),,0 ∞∈<t  
while it was in the state z at the moment t = 0, is 
called the multi-state reliability function of a 
system.  
Definition 3. A probability  
 
   r(t) = P(s(t) < r | s(0) = z) = P(T(r) ≤ t),   
 
   ),,0 ∞∈<t  
 
that the system is in the subset of states worse than 
the critical state r, r ∈{1,...,z} while it was in the 
state z at the moment t = 0 is called a risk function 
of the multi-state system or, in short, a risk.  
 
4. Complex technical systems reliability, 
availability and safety evaluation and 
prediction 

To construct the general reliability, availability and 
safety analytical models of complex non-repairable 
and repairable multi-state technical systems related 
to their operation processes, the linking their 
reliability, availability and safety models and their 
operation processes models and considering 
variable in different operation states their 
reliability and safety structures and their 
components reliability and safety parameters is 
practically very well justified [77].  
Thus, we assume that  the changes of the operation 
process states have an influence on the system 
multi-state components reliability and the system 
reliability structure, denoting the conditional 
reliability function of the system multi-state 
component iE , i = 1,2,...,n, while the system is at 

the operation state ,bz ,,...,2,1 vb =  by  

 

   
)()],([ b

i tR ⋅ =[1, ,)]1,([ )(b
i tR ..., )()],([ b

i ztR ],  
 
   ),,0 ∞∈<t  .,...,2,1 vb =   
 
To predict the complex technical system reliability 
and risk we determine the following 
characteristics:  
- the conditional reliability functions of the system 

while the system is at the operational states bz   

 

  
)()],([ bt ⋅R =[1, ,)]1,([ )(btR ..., )()],([ bztR , ),,0 ∞∈<t    

  
   ,,...,2,1 ν=b                            

- the unconditional reliability function of the 
system    
 

   
),( ⋅tR  = [1, ),1,(tR ..., ),( ztR ],                                                                                                     

 
where  
 

   ),( utR )(

1
]),([ b

v

b
b utp∑≅

=
R , 0≥t , ,,...,2,1 ν=b    (6)                           

 
- the mean values of the system unconditional 
lifetimes in the reliability state subsets 

},...,1,{ zuu +     
 

   
,)()(

1
∑≅
=

ν
µµ

b
bb upu  ,,...,2,1 zu =                       (7)                                                                              

 
where  
 

   
∫=
∞

0

)( ,)],([)( dtutu b
b Rµ

 
,,...,2,1 zu =
               

(8) 

 
are the mean values of the system conditional 
lifetimes in the reliability state subsets 

},...,1,{ zuu +  while the system is at the operation 

state ,bz ,,...,2,1 vb =        
 
- the variances of the system unconditional 
lifetimes in the reliability state subsets 

},...,1,{ zuu +  
 

   ∫=
∞

0

2 2)( tuσ ,)]([),( 2udtut µ−R  ,,...,2,1 zu =  (9)                                          

 
- the mean values of the system unconditional 
lifetimes in the particular reliability states 
 
   ),1()()( +−= uuu µµµ  ,1,...,2,1 −= zu   
 
   ),()( zz µµ =                                                    (10)              
 
- the system risk function    
 
   r(t) = −1  R(t,r), ),,0 ∞∈<t                             (11)                                                
 
- the moment when the risk exceeds a permitted 
level δ    
 

   =τ r ),(1 δ−                                                       (12)                                             
 

where r )(1 t−  is the inverse function of the risk 
function r(t).  
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Further, assuming that the reliability functions of 
the system components iE , i = 1,2,...,n, in various 

operation states  ,bz ,,...,2,1 ν=b  are exponential 
reliability functions with the coordinates    
 
   ])]([exp[)],([ )()( tuutR b

i
b

i λ−= , t ≥ 0,            (13)  
 
   ,0)]([ )( >b

i uλ  u = 1,2,…,z, ,,...,2,1 ν=b                                          
 
it is possible to find the system unconditional 
multistate reliability functions for basic 
exponential complex technical multi-state systems 
like  series, parallel, “m out of n”, consecutive “m 
out of n”, series-parallel, parallel-series, series“-m 
out of n”, “ m out of n”-series, series-consecutive 
“m out of n” and consecutive “m out of n”-series 
systems and other composed of them more 
complex systems. The exemplary results  are:    
 
i) for a series system  
 
   ),( ⋅tnR  = [1, )1,(tnR ,..., ),( ztnR ],                                                                                                                                                                     
 
where    
 

   ),( utnR ≅ ])]([exp[
1

)(

1
∑−∑
==

n

i

b
i

v

b
b tup λ ,             (14)  

 
   ,0≥t  ;,...,2,1 zu =                                                                                                                                          
 
ii) for a parallel system  
 
    Rn(t ⋅, ) = [1,Rn(t,1),...,Rn(t,z)],                                                                                                     
 
where   
 

   Rn(t,u) ≅ ∏ −−∑−
==

n

i

b
i

v

b
b tup

1

)(

1
]])]([exp[1[1 λ ,   (15)  

 
   ,0≥t  .,...,2,1 zu =                                                       
 
For the considered exponential complex technical 
systems, it is possible to determine the mean 
values )(uµ  and the standard deviations )(rσ  of 
the unconditional lifetimes of the system in the 
reliability state subsets },,...,2,1{ u  ,,...,2,1 zu =  the 
mean values )(uµ  of the unconditional lifetimes 

of the system in the particular reliability states ,u  
the system risk function r(t) and the moment τ  
when their risk exceeds a permitted level δ  after 
substituting in (6)-(13) for ),( utR , ,,...,2,1 zu =  
the coordinates of their unconditional reliability 

functions, like ones given for instance by (14) and 
(15) for series and parallel systems.  
If we assume here that the considered systems are 
repairable in the sense that after exceeding the 
critical reliability state r   is repaired and that the 
time of renovation is very small in comparison to  
their lifetimes in the reliability states subsets not 
worse than the critical one, then it is possible to 
obtain their renewal characteristics [46]. One of the 
basic characteristics of the renewable system is the 
expected value of the number ),( rtN  of exceeding 
the reliability critical state r of this system up to 
the moment ,t ,0≥t  that for sufficiently large t, is 
given approximately by  
 

   ,
)(

),(
r

t
rtH

µ
=  }.,...,2,1{ zr ∈                       (16) 

If we assume here that the considered systems after 
exceeding the critical reliability state r  are 
repaired and that the time of renovation is not very 
small in comparison to the their lifetimes in the 
reliability states subsets not worse than the critical 
one, then it is possible to obtain to obtain their 
renewal and ability characteristics [46]. One of the 
basic characteristic in this case is the expected 
value of the number ),( rtN  of exceeding the 
reliability critical state r of this system up to the 
moment ,t ,0≥t  that for sufficiently large t, is 
given approximately by 
 

   
)()(

)(
),( 0

rr

rt
rtH

oµµ
µ
+

+
≅

−

,  },,...,2,1{ zr ∈          (17) 

 
where )(roµ  is the mean value of the system 
renovation time.   
 
5. Parameters of complex technical systems 
operation, reliability and safety models 
identification 

There are proposed statistical methods of 
estimating the unknown parameters of the semi-
markov model of the complex system operation 
process resulting in the following formulae [43]: 

 - for the vector νxp 1)]0([  of the probabilities of the 
initial states  
 

   )0(

)0(
)0(

n

n
p b

b =  for ,,...,2,1 ν=b  

 
where )0(bn

 
are the  number of the realizations of 

the system operation process starting from the 
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operation state ,bz ,,...,2,1 ν=b  and )0(n
 
is the 

total number of all realizations of the system 
operation process starting at the initial moment t = 
0, 
 
- for the matrix ννxblp ][  of the probabilities of the 
system operation process transitions from the 
operation state bz  to the operation state lz     
 

   bbp  = 0   for ,,...,2,1 ν=b   
 

   b

bl
bl

n

n
p =  for ,,...,2,1, ν=lb  b ≠ l ,  

 
where 1bn  ,,...,2,1, ν=lb  b ≠ l, are the numbers of 
the system operation process transitions from the 
operation state bz  to the operation state lz  and bn , 

,,...,2,1 ν=b  is the total number of the system 
operation process departures from the operation 
state bz  during the experiment time ,Θ  
- for the parameters of the suggested as suitable 
distributions of the conditional system operation 
process sojourn times in the particular operation  
states.   
Moreover, in the proposed approach, testing the 
uniformity of statistical data sets coming from the 
complex systems operation processes and 
including the realizations of the system operation 
process conditional sojourn times in the operation 
states observed in different experiments are 
suggested. After that, there is suggested the chi-
square goodness-of-fit test application to verifying 
the distributions of the system operation process  
conditional sojourn times in the particular 
operation  states for distinguished as suitable 
distributions  
There are also proposed the methods of estimating 
unknown parameters of the exponential 
distribution of the component lifetimes of the 
multistate system in the subsets of reliability states. 
These methods are considered for different kinds 
of the empirical investigations including the cases 
of small number of realizations and non-completed 
investigations. 
It is suggested to assume that the coordinates of the 
vector of the system components conditional 
multistate reliability function are exponential 
reliability functions of the form given by (13), 
where )()]([ buλ  is an unknown intensity of 
departure from this subset of the reliability states.  
We want to estimate the value of this unknown 
intensity of departure from the reliability states 

subset },...,1,{ zuu + , ,,...,2,1 zu =  on the basis of 
empirical data. The estimators of this unknown 
intensity of departure )()]([ buλ , for various 
experimental conditions, are determined by 
maximum likelihood method in the following  
cases:    
Case 1. The estimation on the basis of the 
realizations of the component lifetimes up to the 
first departure from the reliability states subset on 
several experimental posts – Completed 
investigations, the same observation time on all 
experimental posts. 
We assume that during the time ,)(bτ  ,0)( >bτ  we 
have been observing the realizations of the 
component lifetime )()( uT b  in the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  at the operation 

state bz , ν,...,2,1=b , on )(bn  identical 
experimental posts. We assume that at the 
beginning of the experiment all components are 
new identical components staying at the best 
reliability state z  and that during the fixed 
observation time )(bτ  all components have left the 
reliability states subset },...,2,1{ z , i.e. all observed 
components reached the worst reliability state 0.  It 
means that the number )()( um b   of components 

that have left the reliability states subset  
},...,1,{ zuu + , ,,...,2,1 zu =  is equal to )(bn , i.e. 
)()( )( bb num = , zu ,...,2,1= . We mark by )()( ut b

i , 

)(,...,2,1 )( umi b= , ,,...,2,1 zu =  the moments of 

departures from the reliability states subset 
},...,1,{ zuu + , ,,...,2,1 zu =  of the component on 

the −i th observational post.  
In this case, the estimation of the unknown 
component intensity of departure  from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  
is  
 

   )()](ˆ[ buλ
∑

=

=

)(

1

)(

)(

)(
bn

i

b
i

b

ut

n
.                                                                                             

 
Case 2. The estimation on the basis of the 
realizations of the component lifetimes up to the 
first departure from the reliability states subset on 
several experimental posts – Non-completed 
investigations, the same observation time on all 
experimental posts.   
We assume that during the time ,)(bτ  ,0)( >bτ  we 
have been observing the realizations of the 
component lifetimes )()( uT b  in the reliability 
states subset },...,1,{ zuu + , ,,...,2,1 zu =  at the 
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operation state bz , ν,...,2,1=b , on )(bn  identical 
experimental posts. We assume that at the 
beginning of the experiment all components are 
new identical components staying at the best 
reliability state z  and that during the fixed 
observation time )(bτ not all components have left 
the reliability states subset },...,2,1{ z , i.e. )(bm , 

)()( bb nm < , observed components reached the 
worst reliability state 0.  It means that the number 

)()( um b   of components that have left the 

reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  

is less or equal to )(bn , i.e. )()( )( bb num ≤ , 

zu ,...,2,1= . We mark by )()( ut b
i , 

)(,...,2,1 )( umi b= , ,,...,2,1 zu =  the moments of 

departures from the reliability states subset 
},...,1,{ zuu + , ,,...,2,1 zu =  of the component on 

the −i th observational post.  
In this case, the estimation of the unknown 
component intensity of departure from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  
is  
 

   )()](ˆ[ buλ
∑ −+

=

=

)()(

1

)()()()(

)(

)]([)(

)(
ubm

i

bbbb
i

b

umnut

um

τ
.           

 
Assuming the observation time )(bτ  as the moment 
of departure from the reliability states subset 

},...,1,{ zuu + , ,,...,2,1 zu =  of the components 
that have not left this reliability states subset we 
get so called pessimistic evaluation of the intensity 
of departure from the reliability states subset 

},...,1,{ zuu + , ,,...,2,1 zu =  of the form   
 

   )()](ˆ[ buλ
∑ −+

=

=

)()(

1

)()()()(

)(

)]([)(
ubm

i

bbbb
i

b

umnut

n

τ
.  

 
Case 3. The estimation on the basis of the 
realizations of the component lifetimes up to the 
first departure from the reliability states subset on 
several experimental posts – Non-completed 
investigations, different observation times on 
particular experimental posts.   
We assume that we have been observing the 
realizations of the component lifetimes )()( uT b  in 
the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  at the operation state bz , ν,...,2,1=b , 

on )(bn  identical experimental posts. We assume 
that the observation times on particular 

experimental posts are different and we mark by 
)(b

iτ , ,0)( >b
iτ  )(,...,2,1 bni = , the observation time 

respectively on the i-th experimental post. We 
assume that at the beginning of the experiment all 
components are new identical components staying 
at the best reliability state z  and that during the 
fixed observation time )(bτ not all components have 
left the reliability states subset },...,2,1{ z , i.e. )(bm , 

)()( bb nm < , observed components reached the 
worst reliability state 0.  It means that the number 

)()( um b   of components that have left the 

reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  is less or equal to )(bn , i.e. 
)()( )( bb num ≤ , zu ,...,2,1= . We mark by )()( ut b

i , 

)(,...,2,1 )( umi b= , ,,...,2,1 zu =  the moments of 

departures from the reliability states subset 
},...,1,{ zuu + , ,,...,2,1 zu =  of the component on 

the −i th observational post.  
In this case, the estimation of the unknown 
component intensity of departure )()( ubλ  from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =   
is  
 

   )()](ˆ[ buλ
∑ ∑+

=

= +=

)()(

1

)(

1)()(

)()(

)(

)(

)(
ubm

i

bn

ubmi

b
i

b
i

b

ut

um

τ
.                                                                        

 
Assuming the observation times ,)(b

iτ  

,,...,1)(),( )()()( bbb numumi +=  as the moment of 
departure from the reliability states subset 

},...,1,{ zuu + , ,,...,2,1 zu =   of the components 
that have not left this reliability states subset we 
get so called a pessimistic evaluation of the 
intensity of departure from the reliability states 
subset of the form   
 

   )()](ˆ[ buλ
∑ ∑+

=

= +=

)()(

1

)(

1)()(

)()(

)(

)(
ubm

i

bn

ubmi

b
i

b
i

b

ut

n

τ
.                                                                      

 
Case 4. The estimation on the basis of the 
realizations of the component simple renewal flow 
(stream) on one experimental post.   
We assume that during the time ,)(bτ  ,0)( >bτ  we 
have been observing the realizations of the 
component lifetime )()( uT b  in the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  at the operation 

state bz , ν,...,2,1=b , on one experimental posts. 
We assume that at the moment when the 
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component is leaving the reliability states subset 
},...,2,1{ z , i.e. the observed component reached the 

worst reliability state 0, it is replaced at once by 
the same new component staying at the reliability 
state z . It means that at the beginning all 
components are new identical components staying 
at the best reliability state z . We assume that 
during the fixed observation time )(bm  components 
have left the reliability states subset },...,2,1{ z , i.e. 

)(bm  observed components reached the worst 
reliability state 0. It means that the number )()( um b   

of components that have left the reliability states 
subset  },...,1,{ zuu + , ,,...,2,1 zu =  is equal either 

to )(bm  or to  1)( +bm , i.e. )()( )( bb mum =  or 

1)( )()( += bb mum , zu ,...,2,1= . We mark by 

)()( ut b
i , )(,...,2,1 )( umi b= , ,,...,2,1 zu =  the 

moments of departures from the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  of the 
component on the −i th observational post.  
In this case, the estimation of the unknown 
component intensity of departure from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  
is  
 

)()](ˆ[ buλ ,

)()(

)(

)(
)(

1

)(

)(

)(

udut

um

b
um

i

b
i

b

b

+∑

=

=

                                                                         

 
where 
 









+=

=∑−
= =

.1)(0

)()1(
)(

)()(

)()(
)(

1

)()(
)(

)(

bb
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b
b

mumif

mumift
ud
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τ
                                                   

  
In  the case if )()( )( bb mum = , after assuming the 

observation time )(bτ  as the moment of departure 
from the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  of the last component that has not left 
this reliability states subset we get so called a 
pessimistic evaluation of the intensity of departure 
from the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  of the form   
 

)()](ˆ[ buλ .

)()(

1

)(
)(

1

)(

)(

)(

udut

m

b
um

i

b
i

b

b

+∑

+=

=

 

 

Case 5. The estimation on the basis of the 
realizations of the component simple renewal flows 
(streams) on several experimental posts – The 
same observation time on all experimental posts.   
We assume that during the time ,)(bτ  ,0)( >bτ  we 
have been observing the realizations of the 
component lifetime )()( uT b  in the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  at the operation 

state bz , ν,...,2,1=b , on )(bn   experimental posts. 
We assume that, at each observation post, at the 
moment when the component is leaving the 
reliability states subset },...,2,1{ z , i.e. the observed 
component reached the worst reliability state 0, it 
is replaced at once by the same new component 
staying at the reliability state z . It means that, at 
each experiment post, at the beginning all 
components are new identical components staying 
at the best reliability state z . We assume that, at 
the j -th, )(,...,2,1 bnj = , experimental post, during 

the fixed observation time )(b
jm  components have 

left the reliability states subset },...,2,1{ z , i.e. )(b
jm  

observed components reached the worst reliability 
state 0. It means that the number )()( um b

j  of 

components that have left the reliability states 
subset  },...,1,{ zuu + , ,,...,2,1 zu =  is equal either 

to )(b
jm  or to  1)( +b

jm , i.e. )()( )( b
j

b
j mum =  or 

1)( )()( += b
j

b
j mum , zu ,...,2,1= . We mark by 

)()( )]([ jb
i ut , )(,...,2,1 )( umi b

j= , the moments to the 

components departures from the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  at the j -th, 

)(,...,2,1 bnj = , experimental post.  

In this case, the estimation of the unknown 
component intensity of departure from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  
is  
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=
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where for )(,...,2,1 bnj =  
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In the case if there exist ,j },,...,2,1{ )(bnj ∈  such 

that )()( )( b
j

b
j mum = , ,,...,2,1 zu =  assuming the 

observation time )(bτ  as the moment of departures 
from the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  of the last components on all 
experimental posts that have not left this reliability 
states subset we get so called pessimistic 
evaluation of the intensity of departure from the 
reliability states subset },...,1,{ zuu + , ,,...,2,1 zu =  
of the form   
 

)()](ˆ[ buλ .
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Case 6. The estimation on the basis of the 
realizations of the component simple renewal flows 
(streams) on several experimental posts – Different 
observation times on experimental posts. 
We assume that we have been observing the 
realizations of the component lifetime )()( uT b  in 
the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  at the operation state bz , ν,...,2,1=b , 

on )(bn  experimental posts. We assume that the 
observation times on particular experimental posts 

are different and we mark by )(b
jτ , ,0)( >b

jτ  
)(,...,2,1 bni = , the observation time respectively on 

the i-th experimental post. We assume that, at each 
observation post, at the moment when the 
component is leaving the reliability states subset 

},...,2,1{ z , i.e. the observed component reached the 
worst reliability state 0, it is replaced at once by 
the same new component staying at the reliability 
state z . It means that, at each experiment post, at 
the beginning all components are new identical 
components staying at the best reliability state z . 
We assume that, at the j -th, )(,...,2,1 bnj = , 

experimental post, during the fixed observation 
time )(b

jm  components have left the reliability 

states subset },...,2,1{ z , i.e. )(b
jm  observed 

components reached the worst reliability state 0. It 
means that the number )()( um b

j  of components that 

have left the reliability states subset  

},...,1,{ zuu + , ,,...,2,1 zu =  is equal either to )(b
jm  

or to  1)( +b
jm , i.e. )()( )( b

j
b

j mum =  or 

1)( )()( += b
j

b
j mum , zu ,...,2,1= . We mark by 

)()( )]([ jb
i ut , )(,...,2,1 )( umi b

j= , the moments to the 

components departures from the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  at the j -th, 

)(,...,2,1 bnj = , experimental post.  

In this case, the maximum likelihood evaluation of 
the unknown component intensity of departure  
from the reliability states subset },...,1,{ zuu + , 

,,...,2,1 zu =  is  
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where for )(,...,2,1 bnj =  
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In the case if there exist ,j },,...,2,1{ )(bnj ∈  such 

that )()( )( b
j

b
j mum = , ,,...,2,1 zu =  assuming the 

observation times )(b
jτ , ,,...,2,1 )(bnj =  as the 

moments of departures from the reliability states 
subset },...,1,{ zuu + , ,,...,2,1 zu =  of the last 
components on experimental posts that have not 
left this reliability states subset we get so called a 
pessimistic evaluation of the intensity of departure 

)()( ubλ  from the reliability states subset 

},...,1,{ zuu + , ,,...,2,1 zu =  of the form   
 

)()](ˆ[ buλ .
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There is also suggested in the proposed approach, 
the chi-square goodness-of-fit test application to 
verifying the hypotheses concerned with the 
exponential form of the multistate reliability 
function of the particular components of the 
system in variable operations conditions.      
 
6. Complex technical systems operation, 
reliability, availability, safety optimization 
and cost analysis 

The results of the  joint general model of reliability 
of systems in variable operation conditions and 
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linear programming are proposed to complex 
technical systems reliability, availability and risk 
optimization [46]. These theoretical tools 
application in finding the optimal values of limit 
transient probabilities of the system operation 
states maximizing the system lifetimes in the 
reliability or safety state subsets are very well 
founded in practice.  
It is expressed in (6) that the system operation 
process has a significant influence on the system 
reliability. This influence is also clearly expressed 
in the equation (7) for the mean values of the 
system unconditional lifetimes in the reliability 
state subsets.   
Thus, to improve the system reliability, if ,r  

,,...,2,1 zr =  is the system critical reliability state, 
we may look for the corresponding optimal values 

,bp&  ,,...,2,1 ν=b  of the transient probabilities ,bp  
,,...,2,1 ν=b  in the system operation states to 

maximize the mean value )(rµ  of the 
unconditional system lifetime in the reliability state 
subset },,...,,1,{ zrr + ,,...,2,1 zr =  under the 

assumption that the mean values )(rbµ , 
,,...,2,1 ν=b  ,,...,2,1 zr =  of the system 

conditional lifetimes in this reliability state subset 
are fixed. More exactly, we formulate the 
optimization problem as a linear programming 
model with the objective function of the following 
linear form  
 

   ∑=
=

ν
µµ

1
)()(

b
bb rpr                                           (18)                                                                              

 
for a fixed },...,2,1{ zr ∈  and with the following 
boundary constraints 
 

    ∑ =
=

ν

1
,1

b
bp  ,bbb ppp

)( ≤≤  ,,...,2,1 ν=b                                                                                                          

 
where )(rbµ , ,0)( ≥rbµ  ,,...,2,1 ν=b  are fixed 
mean values of the system conditional lifetimes in 
the reliability state subset },...,1,{ zrr +  and ,bp

(
  

10 ≤≤ bp
(

 and ,bp
)

 ,10 ≤≤ bp
)

 ,bb pp
)( ≤  

,,...,2,1 ν=b  are lower and upper bounds of the 

unknown transient probabilities bp , ,,...,2,1 ν=b  
respectively.  
Now, we can obtain the optimal solution of the 
formulated linear programming problem [46], i.e. 
we can find the optimal values bp&  of the transient 

probabilities ,bp  ,,...,2,1 ν=b  that maximize the 
system mean lifetime in the reliability state subset 

},,...,1,{ zrr + defined by the linear form (18) 
giving its maximum value in the following form 
 

   ∑=
=

ν
µµ

1
)()(

b
bb rpr &&                                           (19)                        

 
for a fixed critical reliability state },...,2,1{ zr ∈ .  

From the above, replacing r  by ,u ,,...,2,1 zu =  
we obtain the corresponding optimal solutions for 
the mean values of the system unconditional 
lifetimes in the reliability state subsets  

},...,1,{ zuu +  of the form  
 

   ∑=
=

ν
µµ

1
)()(

b
bb upu &&  for  ,,...,2,1 zu =              (20)                                                 

 
and by (9) the corresponding values of the 
variances of the system unconditional lifetimes in 
the reliability state subsets are 
 

   ∫=
∞

0

2 2)( tuσ& ,)]([),( 2udtutn µ&& −R                    (21) 

 
   ,,...,2,1 zu =                                                                         
 
where )(uµ&  is given by (20) and ),,( utnR&  
according to (6), is the coordinate of the 
corresponding optimal unconditional multistate 
reliability function of the system   
 

   
),( ⋅tnR&  = [1, ),1,(tnR& ..., ),( ztnR& ],                                                                   

 
given by  
 

   ),( utnR& )(

1
]),([ b

v

b
nb utp∑≅

=
R& , 0≥t ,             (22) 

    
   ,,...,2,1 zu =                                                                    
 
and by (10) the optimal solutions for the mean 
values of the system unconditional lifetimes in the 
particular reliability states are of the form  
 

   ),1()()( +−= uuu µµµ &&&  ,1,...,1,0 −= zu   
 

   ).()( zz µµ && =                                                  (23)                                
 
Moreover, considering (11) and (12), the 
corresponding optimal system risk function and the 
moment when the risk exceeds a permitted level δ, 
respectively are given by  
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   )(tr& = 1 - ),,( rtnR&  ),,( ∞−∞∈t                   (24)                                                                             

 
and    
 

   =τ& ),(δ-1r&                                                     (25)                                                                         
 

where )(t-1r&  is the inverse function of the risk 

function )(tr&  given by (24).  

Further, replacing )(rµ  by )(rµ&  in the 
expressions (16) and (17) for the repaired systems 
characteristics we may get their corresponding 
optimal values  
 

   ,
)(

),(
r

t
rtH

µ&
& =  },,...,2,1{ zr ∈                        (26) 

 

   
)()(

)(
),( 0

rr

rt
rtH

oµµ
µ
+

+
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& ,  }.,...,2,1{ zr ∈          (27) 

 
The way of cost analysis of complex technical 
systems in variable operation process is proposed 
and its application to the evaluation the cost before 
and after the system operation process optimization 
is suggested [41]. The methods of corrective and 
preventive maintenance policy maximizing 
availability and minimizing renovation cost of the 
complex technical systems in variable operation 
conditions are suggested in the proposed approach 
as well [90].  
 
7. Modelling, identification and prediction 
of operation, reliability, availability and 
safety of port and maritime complex 
technical systems 

The objective of this section is to express the very 
well grounded applications of the constructed 
general reliability, availability and safety analytical 
models of complex non-repairable and repairable 
multi-state technical systems related to their 
operation processes and the methods of these 
models unknown parameters identification to the 
evaluation and optimization of complex port 
transportation systems and technical systems of 
ships operating at sea waters. Presented particular 
statistical identification methods and selected cases 
of the constructed models are applied to the 
reliability, availability and safety parameters 
identification and characteristics evaluation and 
optimisation of the  port oil pipeline transportation 
system and the maritime ferry technical system 
[48]-[49].  
 

7.1. Port oil pipeline transportation system 
reliability and risk identification and 
prediction 

The considered oil terminal is designated for the 
reception from ships, the storage and sending by 
carriages or cars the oil products. It is also 
designated for receiving from carriages or cars, the 
storage and loading the tankers with oil products 
such like petrol and oil. The considered terminal is 
composed of three parts A, B and C, linked by the 
piping transportation system with the pier.  
The oil pipeline transportation system consists 
three subsystems 1S , 2S , 3S :  

- the subsystem 1S  composed of two identical 
pipelines, each composed of 178 pipe segments of 
length 12m and two valves,  
- the subsystem2S  composed of two identical 
pipelines, each composed of  717 pipe segments of 
length 12m and to valves, 
- the subsystem3S  composed of two identical and 
one different pipelines, each composed of 360 pipe 
segments of either 10 m or 7,5 m length and two 
valves.  
The subsystems 1S , 2S , 3S  are forming a general 

series port oil pipeline system reliability structure. 
However, the pipeline system reliability structure 
and the subsystems and components reliability 
depend on its changing in time operation states. 
Taking into account the varying in time operation 
process of the considered system we distinguish 
the following as its eight operation states:  
• an operation state −1z  transport of one kind of 

medium from the terminal part B to part C 
using two out of three  pipelines in subsystem 
S3,   

• an operation state −2z  transport of one kind of 
medium from the terminal part C (from 
carriages) to part B using one out of three 
pipelines in subsystem S3,   

• an operation state −3z  transport of one kind of 

medium from the terminal part B through part 
A to pier using one out of two pipelines in 
subsystem S2 and one out of two pipelines in 
subsystem S1, 

• an operation state −4z  transport of two kinds 
of medium from the pier through parts A and B 
to part C using one out of two pipelines in 
subsystem S1, one out of two pipelines in 
subsystem S2 and two out of three pipelines in 
subsystem S3, 

• an operation state −5z  transport of one kind of 

medium from the pier through part A to B using 
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one out of two pipelines in subsystem S1 and 
one out of two pipelines in subsystem S2, 

• an operation state −6z  transport of one kind of 

medium from the terminal part B to C using 
two out of three  pipelines in subsystem S3, and 
simultaneously transport one kind of medium 
from the pier through part A to B using one out 
of two pipelines in parts S1 and one out of two 
pipelines in subsystem S2, 

• an operation state −7z  transport of one kind of 

medium from the terminal part B to C using one 
out of three  pipelines in part S3, and 
simultaneously transport second kind of 
medium from the terminal part C to B using one 
out of three  pipelines in part S3. 

On the basis of the statistical data coming from 
experts, the transient probabilities blp  between the 

operation states bz  and lz  were evaluated. Their 

approximate values are given in the matrix below  
 
   =][ blp  

 





























0194.0226.000064.0516.0

02380667.0000095.0

233.0233.00023.00023.0488.0

1000000

0000001

8.0000002.0

311.0111.0534.00022.0022.00

 

 
Unfortunately, because of lack of sufficient  
statistical data, it is not possible yet to determine 
the matrix of the conditional distribution functions 

77)]([ xbl tH  of the lifetimes blθ  for ,7,...,2,1, =lb  

,lb ≠  and further consequently it is also not 
possible to determine the vector 81)]([ xb tH  of the 
unconditional distribution functions of the 
lifetimes bθ  of this operation process at the 

operation states ,bz  .7,...,2,1=b  On the basis of 
the statistical data coming from experiment it is 
possible to evaluate approximately the conditional 
mean values ],[ blbl EM θ=  ,7,...,2,1, =lb  ,lb ≠   
of sojourn times in the particular operation states 
and their approximate evolutions are as follows:    
 

   ,192012 =M  ,48013 =M  ,4.199915 =M  
 

   ,125016 =M  ,6.112917 =M  ,996021 =M   
 

   ,81027 =M  ,57531 =M ,38047 =M  

   ,7.87451 =M ,48052 =M  ,30054 =M  
 

   ,3.43656 =M  ,5.104257 =M  ,32561 =M  
 

   ,7.51065 =M  ,43867 =M  ,1.87471 =M   
 

   ,51072 =M  ,7.258575 =M  .238076 =M  
 
Hence, by (2), the unconditional mean sojourn 
times in the particular operation states are:  
  

   ,52.16101 ≅M  2M  ,2640≅  3M ,575=  
 
   4M ,380=  5M ,35.789≅  6M ,76.475≅  
 
   7M .76.1529≅                                                 (28) 
 
The limit values of the transient probabilities at the 
operational states, according to (3)-(4) and (28), 
are:  
 
   ,389.01 =p  ,062.02 =p  ,003.03 =p     
 
   ,002.04 =p  ,20.05 =p  ,058.06 =p   
 
   .286.07 =p                                                     (29) 
 
After discussion with experts, taking into account 
the safety of the operation of the oil pipeline 

transportation system, in all operation states bz , 

,7,...2,1=b  we distinguish the following three 
reliability states )2( =z  of the system and its 
components:  
• a reliability state 2 – piping operation is fully 

safe,  
• a reliability state 1 – piping operation is less 

safe and more dangerous because of the 
possibility of environment pollution,  

• a reliability state 0 – piping is destroyed. 
From the above, the oil piping transportation 
subsystems ,iS  ,3,2,1=i  are composed of three-

state components ,ijE  i.e. z = 2, with the multi-

state reliability functions 
 
   ),()( ⋅tR b

ij = [1, )1,()( tR b
ij , )2,()( tR b

ij ], ,7,...,2,1=b  

 
in different operation states bz , ,7,...,2,1=b  with 

the co-ordinates )1,()( tR b
ij  and )2,()( tR b

ij  that by the 

arbitrary assumption are  exponential.  
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At the system operational state 1z , the system is 

composed of the subsystem 3S ,  which is a series-
”2 out of 3” system containing three series 
subsystems with the structure showed in Figure 1. 

 
 
 
 
 
 
 
 
 

Figure 1. The scheme of port oil transportation 
system at operation state z1 

Thus, the subsystem S3  is a multi-state series-”2 
out of 3” system and its multi-state reliability 
function at the operational state 1z  is given by 
 

    
)1()],([ ⋅tR ,)]1,([,1[ )1(tR= ],)]2,([ )1(tR  t ≥ 0,                                                                                            

 
where   

 

   
)1()]1,([ tR = [ )1()2(

362,3 )]1,(tR ]3019.4exp[ t−=    

 
                 ]7375.4exp[2 t−+ ]8885.6exp[2 t−−        
      

   
)1()]2,([ tR = )1()2(

362,3 )]2,([ tR ]3668.5exp[ t−=  

 
                ]5544.5exp[2 t−+ ]2378.8exp[2 t−− (30) 
 
At the system operational state 2z , the system is 

composed of a series-parallel subsystem 3S , which 
contains three pipelines with the structure showed 
in Figure 2. 
 
 
 
 
 

 
 
 
 

 
Figure 2. The scheme of port oil transportation 

system at operation state z2 
 
Thus, the subsystem S3 is a multi-state series-
parallel system and its multi-state reliability 
function at the operational state 2z  is given by 
 

   
)2()],([ ⋅tR ,)]1,([,1[ )2(tR= ],)]2,([ )2(tR  t ≥ 0,                                                                                           

 
where   

 

    
)2()]1,([ tR  = )2(

362,3 )]1,(tR         

 
    ]5865.2exp[ t−= ]15098.2exp[2 t−+  
 
   ]7375.4exp[2 t−−  ]30196.4exp[ t−−   
 
   ]8884.6exp[ t−+ ,       
                                                   

   
)2()]2,([ tR  =

)2(
362,3 )]2,(tR   

 
   ]8710.2exp[ t−= ]6834.2exp[2 t−+  
 
   ]5544.5exp[2 t−−  ]3668.5exp[ t−−   
 
   ]4378.8exp[ t−+ .                                            (31)                                         
 
Proceeding in an analogous way it is possible to 
determine the system conditional reliability 
function in the remaining operation states. Next, in 
the case when the operation time is large enough,  
the unconditional multi-state reliability function of 
the pipeline system is given by the vector  
 

   
),(3 ⋅tR = [1, ),1,(3 tR )2,(3 tR ], ,0≥t                                                                                  

 
where according to (6) and considering (29), the 
vector co-ordinates are given respectively by   
 
   )1,(3 tR )1()]1,([389.0 tR⋅= )2()]1,([062.0 tR⋅+  
 
   )3()]1,([003.0 tR⋅+ )4()]1,([002.0 tR⋅+  
 
   )5()]1,([2.0 tR⋅+ )6()]1,([058.0 tR⋅+  
 
   )7()]1,([286.0 tR⋅+  for t ≥ 0,     
                                        
   )2,(3 tR )1()]2,([389.0 tR⋅= )2()]2,([062.0 tR⋅+  
 
   )3()]2,([003.0 tR⋅+ )4()]2,([002.0 tR⋅+  
 
   )5()]2,([2.0 tR⋅+ )6()]2,([058.0 tR⋅+  
 
   )7()]2,([286.0 tR⋅+ , t ≥ 0,                               (32)                       
 
where ,)]1,([ )1(tR  ,)]1,([ )2(tR  ,)]2,([ )1(tR  

)2()]2,([ tR  are given by (30) and (31) and 
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,)]1,([ )3(tR  ,)]1,([ )4(tR  ,)]1,([ )5(tR  ,)]1,([ )6(tR  

,)]1,([ )7(tR  ,)]2,([ )1(tR ,)]2,([ )2(tR  ,)]2,([ )3(tR  

,)]2,([ )4(tR  ,)]2,([ )5(tR  ,)]2,([ )6(tR )7()]2,([ tR  are 
given by similar expressions that can be found. 
Hence, the mean values and the standard 
deviations of the pipeline system unconditional 
lifetimes in the reliability state subsets, according 
to (7)-(9), respectively are:   
 
   )1(µ )1(11 µp= )1(22 µp+ )1(33µp+   
 
   )1(44 µp+ )1(55 µp+ )1(66 µp+ )1(77 µp+  
 
   +⋅= 364.0389.0 +⋅ 807.0062.0 307.0003.0 ⋅  
 
   +⋅+ 079.0002.0 307.02.0 ⋅ 079.0058.0 ⋅+  
    
   364.0286.0 ⋅+ ≅ 0.363 years,        
                                  
   308.0)1( ≅σ years,     
                                                                                                                            
   )2(µ ≅ 0.294 years, 252.0)2( ≅σ  years.      (33)                                                                                                                       

 
The mean values of the pipeline system lifetimes in 
the particular reliability states, by (10), are:  
 
   ,069.0)2()1()1( =−= µµµ   
 
   294.0)2()2( == µµ  years.                                                                      
 
If the critical reliability state is r =1, then the 
system risk function, according to (11), is given by  
 
   r(t) = )1,(1 3 tR− for t ≥ 0.                                         

 
 
Hence, the moment when the system risk function 
exceeds a permitted level, for instance δ  = 0.05, 
from (12), is  
 
   τ = r−1(δ) 066.0≅  years.                                                                                                                       
 
7.2. Maritime ferry technical system safety 
and risk identification and prediction   

We consider a passenger ro-ro ferry operating in 
Baltic Sea between Gdynia and Karlskrona ports 
on regular everyday line.  In the ferry safety 
analysis we omit the protection and rescue 
subsystem and the social subsystem and we 
consider its strictly technical subsystems only.  
We assume that the ferry is composed of five main 
technical subsystems 1S , 2S , ,3S  ,4S ,5S  having 

an essential influence on its safety. These 
subsystems are:  

1S  - a navigational subsystem,  

2S  - a propulsion and controlling subsystem, 

3S  - a loading and unloading subsystem,  

4S  - a hull subsystem, 

5S  - an anchoring and mooring subsystem. 

The ferry technical system is the series system of 
subsystems 1S , 2S , 3S , 4S , 5S . However, the 
system safety structure and the subsystems and 
components safety depend on its changing in time 
operation states.  Taking into account the operation 
process of the considered ferry technical system 
we distinguish the following as its eighteen 
operation states:  
• an operation state −1z loading at Gdynia Port,  

• an operation state −2z unmooring operations at 
Gdynia Port, 

• an operation state −3z leaving Gdynia Port and 
navigation to “GD” buoy,  

• an operation state −4z navigation at restricted 
waters from “GD” buoy to the end of Traffic 
Separation Scheme, 

• an operation state −5z navigation at open 
waters from the end of Traffic Separation 
Scheme to “Angoring” buoy, 

• an operation state −6z navigation at restricted 
waters from “Angoring” buoy to “Verko” Berth 
at Karlskrona, 

• an operation state −7z mooring operations at 
Karlskrona Port, 

• an operation state −8z unloading at Karlskrona 
Port, 

• an operation state −9z loading at Karlskrona 
Port,  

• an operation state −10z unmooring operations 
at Karlskrona Port, 

• an operation state −11z ship turning at 
Karlskrona Port,  

• an operation state −12z leaving Karlskrona Port 
and navigation at restricted waters to 
“Angoring” buoy, 

• an operation state −13z navigation at open 
waters from “Angoring” buoy to the entering 
Traffic Separation Scheme, 

• an operation state −14z navigation at restricted 
waters from the entering Traffic Separation 
Scheme to “GD” buoy, 

• an operation state −15z navigation from “GD” 
buoy to turning area, 
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• an operation state −16z ship turning at Gdynia 
Port,  

• an operation state −17z mooring operations at 
Gdynia Port, 

• an operation state −18z unloading at Gdynia 
Port. 

The ferry operation process is very regular in the 
sense that the operation state changes are from the 
particular state ,bz  ,17,...,2,1=b  to the 

neighboring state ,1+bz  ,17,...,2,1=b  and from 18z  

to 1z  only. Therefore, the probabilities of 
transitions between the operation states are given 
by 
 

.

00...001

10...000

...

00...100

00...010

][























=blp  

 
On the basis of statistical data coming from experts 
the mean values of the conditional sojourn times in 
the operation states are:  
 
   ,33.5412 =M  ,57.223 =M ,57.3634 =M  
 
   ,5.5245 =M ,95.52556 =M ,16.3767 =M     
 
   ,02.778 =M ,43.2189 =M ,69.53910 =M  
 
   ,93.21011 =M ,38.41112 =M ,86.231213 =M  
 
   ,69.5091314 =M ,14.501415 =M ,28.341516 =M  
 
   ,52.41617 =M ,62.51718 =M .74.18181 =M  
 
Hence, by (2), the unconditional mean lifetimes in 
the operation states are (in minutes):  
 
   1M ,33.54= =2M ,57.2 =3M ,57.36  
 
   =4M ,5.52 =5M ,95.525 =6M ,16.37  
 
   =7M ,02.7 =8M ,43.21 =9M ,69.53  
 

   =10M ,93.2 =11M ,38.4 =12M ,86.23  
 
   =13M ,69.509 =14M ,14.50 =15M ,28.34  
 
   =16M ,52.4 =17M ,62.5 =18M .74.18          (34)  

 
The limit values of the transient probabilities at the 
operational states bz  (the long term proportions bp  

of transients at the operational states bz ), 

according to (3)-(4) and (34), are given by  
 
   ,037.01 =p ,002.02 =p  ,025.03 =p  
 
   ,036.04 =p ,364.05 =p  ,025.06 =p  
 
   ,005.07 =p ,014.08 =p ,037.09 =p  
 
   ,002.010 =p ,003.011 =p ,017.012 =p  
 
   ,354.013 =p ,035.014 =p ,024.015 =p  
 
   ,003.016 =p ,004.017 =p  .013.018 =p           (35)                           
                                                 
We assume as earlier that the ferry technical 
system is composed of 5=n  subsystems ,iS  

,5,...,2,1=i  and that the changes of the process of 
ship operation states have an influence on the 
system subsystems iS  safety and on the system 

safety structure as well. The subsystems ,iS  

5,4,3,2,1=i  are composed of five-state 
components, i.e. z = 4, with the multi-state safety 
functions 
 

   ),()( ⋅ts b
i  

 

   = [1, ),1,()( ts b
i ),2,()( ts b

i ),3,()( ts b
i )4,()( ts b

i ],   
 
   ),,0 ∞∈<t  ,18,...,2,1=b  ,4,3,2,1=u  
 
with exponential co-ordinates different in various 
operation states bz , .18,...,2,1=b  
On the basis of expert opinions, the ferry technical 
system safety structures and the ship components 
safety functions in different operation states are 
fixed. For instance, at the operation state 1z , i.e. at 

the loading state the ferry built of 21 =n  

subsystems 3S  and 4S  forming a series structure 
shown in Figure 3. 
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Figure 3. The scheme of the ferry structure at the 

operation state 1z  

 
The conditional safety function of the ferry 
technical system while the ferry is at the 
operational state 1z is given by  
 

   ),()1(
2 ⋅ts  

 

   
= [1, )1,()1(

2 ts , )2,()1(
2 ts , )3,()1(

2 ts , )4,()1(
2 ts ],  

                                             
where  
                                             
 
   )1,()1(

2 ts  
 

    
= exp[−0.433t] exp[−0.05t] = exp[−0.483t],      

 

   )2,()1(
2 ts  

 

    
= exp[−0.59t] exp[−0.06t] = exp[−0.65t]              

                                                                                      
    )3,()1(

2 ts   

 
   = exp[−0.695t] exp[−0.065t] = exp[−0.76t],       
 

   )4,()1(
2 ts  

 
   = exp[−0.85t] exp[−0.07t] = exp[−0.92t].       (36)           
                                               
At the operation states 2z , i.e. at the unmooring 
operations state the ferry technical system is built 
of subsystems ,1S  2S  and 5S  forming a parallel-
series structure shown in Figure 4. 
 

 
 
Figure 4. The scheme of the ferry structure at the 

operation state 2z  
 
The conditional safety function of the ferry while 
the ferry is at the operational state 2z  is given by  
 

   ),()2(
3 ⋅ts  

 
   =[1, )1,()2(

3 ts , )2,()2(
3 ts , )3,()2(

3 ts , )4,()2(
3 ts ],  

 
where  
 

   
)1,()2(

3 ts = 12 exp[-0.462t] + 8 exp[-0.561t]  
 
                    -16exp[-0.495t]- 3exp[-0.594t],  
 

   
)2,()2(

3 ts = 12 exp[-0.54t] + 8 exp[-0.65t]  
 
                   + 6 exp[-0.62t] - 16 exp[-0.58t]  
 

     - 6 exp[-0.61t] - 3 exp[-0.69t],   
         

   
)3,()2(

3 ts = 12 exp[-0.62t] + 8 exp[-0.745t]  
 
                   + 6 exp[-0.72t] - 16 exp[-0.67t]  
 
                    - 6 exp[-0.695t] - 3 exp[-0.795t],   
                                                                                                                        

   
)4,()2(

3 ts = 12 exp[-0.685t] + 8 exp[-0.82t]  
 
                    + 6 exp[-0.795t] - 16 exp[-0.74t]  
 
                    - 6 exp[-0.765t] - 3 exp[-0.875t].   (37)          
 
At the remaining operation states bz , 18,..,3=b , 
after proceeding in an analogous way, we 
determine the system conditional safety functions 
in particular operation states.  
In the case when the system operation time is large 
enough, the unconditional safety function of the 
ferry is given by the vector  
 

   ),(5 ⋅ts  
 
    = [1,

 ),1,(5 ts ),2,(5 ts ),3,(5 ts )4,(5 ts ], ,0≥t  

                                             
where, according to (6) and after considering (35), 
its co-ordinates are as follows:  
 

   ),(5 uts ),(037.0 )1(
2 uts⋅= ),(002.0 )2(

3 uts⋅+  
 

   ),(025.0 )3(
2 uts⋅+ ),(036.0 )4(

3 uts⋅+  
 

   ),(364.0 )5(
3 uts⋅+ ),(025.0 )6(

3 uts⋅+   
 

   ),(005.0 )7(
3 uts⋅+ ),(014.0 )8(

2 uts⋅+  
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   ),(037.0 )9(
2 uts⋅+ ),(002.0 )10(

3 uts⋅+  
 

   ),(003.0 )11(
2 uts⋅+ ),(017.0 )12(

3 uts⋅+  
 

   ),(354.0 )13(
3 uts⋅+ ),(035.0 )14(

3 uts⋅+  
 

   ),(024.0 )15(
2 uts⋅+ ),(003.0 )16(

2 uts⋅+  
 
   ),(004.0 )17(

3 uts⋅+ ),,(013.0 )18(
2 uts⋅+              (38)                                                                                 

 
for t ≥ 0, ,4,3,2,1=u  where ),()1(

2 uts
 
and ),()2(

3 uts  

are given by (36)-(37) and ),()( utb

bns  for 

,18,...,4,3=b  are given by similar expressions that 
can be found. 
Thus, the mean values and standard deviations of 
the system unconditional lifetimes in the safety 
state subsets, according to (7)-(9) respectively are:    
 
   )1(µ ,07.4≅  ,1.4)1( ≅σ            
                                             

   
54.1037.0)2( ⋅≅µ 43.2002.0 ⋅+ 9.3025.0 ⋅+  

 
            80.3036.0 ⋅+ 80.3364.0 ⋅+ 24.3025.0 ⋅+  
 

            43.2005.0 ⋅+ 50.2014.0 ⋅+ 50.2037.0 ⋅+  
 
            43.2002.0 ⋅+ 37.3003.0 ⋅+ 80.3017.0 ⋅+  
 
            80.3354.0 ⋅+ 80.3035.0 ⋅+ 90.3024.0 ⋅+  
 
            37.3003.0 ⋅+ 43.2004.0 ⋅+  ,59.3≅        
             

,34.3)2( ≅σ  
 
   ,19.3)3( ≅µ   ,65.3)3( ≅σ  

 
   ,87.2)4( ≅µ   .75.2)4( ≅σ                          (39) 

 
The mean values of the system lifetimes in the 
particular safety states, by (10), are  
 
   ,48.0)2()1()1( =−= µµµ  
 
   ,4.0)3()2()2( =−= µµµ  
 
   ,32.0)4()3()3( =−= µµµ   
 
   .87.2)4()4( == µµ                                             
 
If the critical safety state is r = 2, then the system 
risk function, according to (11) , is given by  

 
   r(t) = ).2,(1 5 ts−

 
 
Hence, the moment when the system risk function 
exceeds a permitted level, for instance δ  = 0.05, 
from (12), is  
 
   τ = r−1(δ) ≅ 0.19 years.                                         
 
8. Optimization and cost analysis of 
operation, reliability, availability and safety 
of port and maritime complex technical 
systems 

The results of the theoretical models of complex 
technical systems reliability, availability and safety 
optimization are applied to reliability and 
maintenance optimization of the port piping oil 
transportation system and safety and maintenance 
optimization of the technical system of the ferry 
operating at the sea and to their operation cost 
analysis [50], [90]. For these systems the optimal 
transient probabilities of the operation states 
maximizing the system lifetimes respectively in the 
reliability and safety state subsets improving the 
piping system reliability and the ferry technical 
system safety are determined. The cost analyses of 
these systems in variable operation conditions 
before and after the operation process optimization 
can be performed. The corrective and preventive 
maintenance policy maximizing availability and 
minimizing renovation cost of these systems can 
be performed as well.      
 
8.1. Port oil pipeline transportation system 
reliability, risk and availability optimization  

The objective function (19), in this case as the 
critical state is 1=r  and considering (33), takes 
the form  
 
   )1(µ 364.01 ⋅= p 807.02 ⋅+ p 307.03 ⋅+ p    
 
           079.04 ⋅+ p  307.05 ⋅+ p  079.06 ⋅+ p     
 
           .364.07 ⋅+ p                                             (40)                                                          
 
On the basis of the lower bp

(
 and upper bp

)
 bounds 

of the unknown transient probabilities bp , 
,7,...,2,1=b  coming from experts, we assume the 

following boundary constraints  
 

   ∑ =
=

7

1
,1

b
bp        
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   ,86.021.0 1 ≤≤ p  ,94.001.0 2 ≤≤ p   
 
   ,10.002.0 3 ≤≤ p  ,14.006.0 4 ≤≤ p  
 
   ,46.005.0 5 ≤≤ p  ,59.0001.0 6 ≤≤ p   
 
   .92.005.0 7 ≤≤ p                                                                                                                         
 
Finally, applying linear programming [46], we get 
the optimal transient probabilities  
 
   ,21.01 =p&  ,609.02 =p&  ,02.03 =p&  ,06.04 =p&   
 
   ,05.05 =p& ,001.06 =p& ,05.07 =p&                  (41)                                                                       
                                                                                     
that maximize the system mean lifetime in the 
reliability state subset }2,1{  expressed by the linear 
form (40) giving, according to (19) and (41), its 
optimal value  
 
   )1(µ& 364.021.0 ⋅=  807.0609.0 ⋅+   
 
           307.002.0 ⋅+  079.006.0 ⋅+  307.005.0 ⋅+   
 
           079.0001.0 ⋅+  364.005.0 ⋅+  = 0.61.     (42)                                                                     
 
Further, substituting the optimal solution (7) into 
the formula (20), we obtain the optimal solution 
for the mean value of the system unconditional 
lifetime in the reliability state subset }2{   
 
   )2(µ& 304.021.0 ⋅=  666.0609.0 ⋅+     
 
           218.002.0 ⋅+  058.006.0 ⋅+  218.005.0 ⋅+    
 
           058.0001.0 ⋅+  304.005.0 ⋅+  = 0.50.     (43)                                                                              
 
Hence,  according to (23), the optimal solutions for 
the mean values of the system unconditional 
lifetimes in the particular reliability states are 
  
 ,11.0)2()1()1( =−= µµµ &&& .50.0)2()2( == µµ &&                                                                        
 
Moreover, according to (22) and (32), the 
corresponding optimal unconditional multistate 
reliability function of the system is of the form   
 

),( ⋅t3R&  = [1, ),1,(t3R& )2,(t3R& ], t ≥ 0,                                                                                               
 
with the coordinates given by  
 

   )1,(t3R& )1()]1,([21.0 tR⋅=    

 
   )2()]1,([609.0 tR⋅+ )3()]1,([02.0 tR⋅+   
 
   )4()]1,([06.0 tR⋅+  )5()]1,([05.0 tR⋅+   
 
   )6()]1,([001.0 tR⋅+  )7()]1,([05.0 tR⋅+ ],                           
 

   )2,(t3R& )1()]2,([21.0 tR⋅=    
 
   )2()]2,([609.0 tR⋅+ )3()]2,([02.0 tR⋅+   
 
   )4()]2,([06.0 tR⋅+  )5()]2,([05.0 tR⋅+     
 
   )6()]2,([001.0 tR⋅+  )7()]2,([05.0 tR⋅+ ],        (44)                           
 
where  ,)]1,([ )(btR  ,)]2,([ )(btR  ,7,...,2,1=b  are 
given in [47]. 
Further, according to (21) and (44), the 
corresponding optimal standard deviations of the 
system unconditional lifetime in the system 
reliability state subsets are 
 
   ≅)1(σ& 0.505, ≅)2(σ& 0.420.  
 
If the critical safety state is r =1, then the optimal 
system risk function, according to (24), is given by  
 

   )(tr& = )1,(1 3 tR&− , t ≥ 0,                                                                                                       
 

where )1,(t3R&
 
is given by (44).  

Hence and considering (25), the moment when the 
optimal system risk function exceeds a permitted 
level δ  = 0.05, is  

 
   τ&= )(δ-1r&  ≅  0.1 years.        
 
8.2. Maritime ferry technical system safety 
and risk optimization  

In this case, as the critical state is 2=r , then 
considering the expression for )2(µ  in (39), the 
objective function (19), takes the form  
 

   )2(µ 54.11⋅= p 43.22 ⋅+ p 90.33 ⋅+ p    
 
            80.34 ⋅+ p 80.35 ⋅+ p 24.36 ⋅+ p  
 
           43.27 ⋅+ p 50.28 ⋅+ p 50.29 ⋅+ p  
 
           43.210 ⋅+ p 37.311 ⋅+ p 80.312 ⋅+ p  
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           80.313⋅+ p 80.314 ⋅+ p 90.315⋅+ p  
 
          37.316 ⋅+ p 43.217 ⋅+ p .54.118⋅+ p           (45)                    
 
On the basis of the lower bp

(
 and upper bp

)
 bounds 

of the unknown transient probabilities bp , 

,18,...,2,1=b  coming from experts we assume the 
following bound constraints  
 

   ∑ =
=

18

1
,1

b
bp       

                                                        

   ,056.00006.0 1 ≤≤ p  ,002.0001.0 2 ≤≤ p   
 

   ,027.0018.0 3 ≤≤ p  ,056.0027.0 4 ≤≤ p  
 

   ,780.0286.0 5 ≤≤ p  ,024.0018.0 6 ≤≤ p   
 

   ,018.0002.0 7 ≤≤ p ,018.0001.0 8 ≤≤ p    
 

   ,056.0001.0 9 ≤≤ p  ,003.0001.0 10 ≤≤ p  
 

   ,004.0002.0 11 ≤≤ p  ,024.0013.0 12 ≤≤ p   
 

   ,780.0286.0 13 ≤≤ p ,043.0025.0 14 ≤≤ p    
 

   ,024.0018.0 15 ≤≤ p  ,004.0002.0 16 ≤≤ p  
 

   ,007.0002.0 17 ≤≤ p .018.0001.0 18 ≤≤ p              
 
Finally, after applying linear programming [46], 
we get the optimal transient probabilities  
 
   1p& ,0006.0=  2p& ,001.0=  3p& 027.0= ,  
 
   4p& 056.0= , 5p&  ,552.0=  6p& ,018.0=  
 
   7p& ,002.0=  8p& ,001.0=  9p& ,001.0=  
 
   10p& ,001.0=  11p& ,002.0=  12p& 013.0= ,  
 
   13p& ,286.0=  14p& ,025.0=  15p& 024.0= , 
 
   16p& ,002.0=  17p& ,002.0=  18p& ,001.0=         (46)      
 
that maximize the system mean lifetime in the 
safety state subset }4,3,2{  expressed by the linear 
form (45) giving, according to (19) and (46), its 
optimal value  
 

   )2(µ& ≅ 54.11 ⋅p& 43.22 ⋅+ p& 90.33 ⋅+ p&  
 
           80.34 ⋅+ p& 80.35 ⋅+ p& 24.36 ⋅+ p&  
 

          43.27 ⋅+ p& 50.28 ⋅+ p& 50.29 ⋅+ p&  
 

          43.210 ⋅+ p& 37.311 ⋅+ p& 80.312 ⋅+ p&  
 

          80.313 ⋅+ p& 80.314 ⋅+ p& 90.315 ⋅+ p&  
 

          37.316 ⋅+ p& 43.217 ⋅+ p& 54.118 ⋅+ p&  
 
            = 3.83                                                     (47) 
 
Further, substituting the optimal solution (46) into 
the formulae (20), we obtain the optimal solution 
for the mean value of the system unconditional 
lifetime in the safety state subset },4,3,2,1{ }4,3{  
and }4{ that respectively amounts: 
 
   )1(µ& ≅ 4.28,  )3(µ& ≅ 3.41, )4(µ& ≅ 3.08.        (48)   
              
Hence, according to (23) and considering (47)-
(48), the optimal solutions for the mean values of 
the system unconditional lifetimes in the particular 
safety states are  
 
   ,45.0)1( ≅µ&  ,42.0)2( ≅µ&  ,33.0)3( ≅µ&   
 
   .08.3)1( ≅µ&                                       
 
Moreover, according to (22) and (38), the 
corresponding optimal unconditional multistate 
safety function of the system is of the form   
 

   ),(5 ⋅ts&  =  

 
   [1, )1,(5 ts& , )2,(5 ts& , )3,(5 ts& , )4,(5 ts& ] , ,0≥t         
                                           
where according to (22) and after considering the 
values of bp  given by (46), its co-ordinates are as 

follows:  
 

   ),(5 uts& ≅ ),(0006.0 )1(
2 uts⋅  ),(001.0 )2(

3 uts⋅+  
 

                ),(027.0 )3(
2 uts⋅+  ),(056.0 )4(

3 uts⋅+  
 

                ),(552.0 )5(
3 uts⋅+ ),(018.0 )6(

3 uts⋅+    
   

                ),(002.0 )7(
3 uts⋅+  ),(001.0 )8(

2 uts⋅+   
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                ),(001.0 )9(
2 uts⋅+ ),(001.0 )10(

3 uts⋅+    
  

                ),(001.0 )11(
2 uts⋅+  ),(013.0 )12(

3 uts⋅+   
 

                ),(286.0 )13(
3 uts⋅+ ),(025.0 )14(

3 uts⋅+      
 

                ),(024.0 )15(
2 uts⋅+ ),(002.0 )16(

2 uts⋅+   
                ),(002.0 )17(

3 uts⋅+ ),(001.0 )18(
2 uts⋅+   (49) 

 
for ,0≥t

 
,4,3,2,1=u  where ),()( utb

bns  for 

,18,...,2,1=b  are given in [48].  
If the critical safety state is r = 2, then the system 
risk function, according to (24), is given by  
 
    )(tr& = )2,(1 5 ts&−  for t ≥ 0,                               
                                                                                             
where )2,(5 ts&

 
is given by (49) for 2=u .  

Hence, considering (25), the moment when the 
optimal system risk function exceeds a permitted 
level δ  = 0.05, is  
 

   ≅= − )(1 δτ r&&  0.25 years.                           
 
8.3. Port oil pipeline transportation system 
preliminary cost analysis 

First, we analyze the port pipeline system cost 
before its operation process optimization. The 
system is composed of 2870=n components 
(pipe segments). According to the information 
coming from experts, the mean operation cost of a 
single basic component  of the considered pipeline 
transportation system during the operation time θ  
= 1 year amounts  
 
   6.9)( =θic PLN, .2870,...,2,1=i  
 
Thus, the total operation cost of the non-repaired 
pipeline transportation system during the operation 
time ,θ  ,0≥θ  is given by  
 
   2755228706.9)( =⋅=θC PLN, .0≥θ   
 
In the case when the pipeline transportation system 
is repaired after exceeding the critical reliability 
state 1=r  and its renovation time is ignored, 
according to the expert opinion, we assume that the 
cost of the system singular renovation is  
 
   88500=igc PLN. 

It can be fixed, using (16), that the mean value of 
the number of exceeding the critical reliability state 
during the operation time θ  = 1 year is  
 
   .755.2755.2)1,( == θθH  
 
Thus, the total operation cost of the repaired 
pipeline transportation system with ignored its 
renovation time during the operation time θ  = 1 
year amounts [46]  
 
   88500755.227552)( ⋅+=θigC  

 
               = 27552 + 243817.5  
 
               =  271369.5 PLN.                              (50) 
 
In the case when the pipeline transportation system 
is repaired after exceeding the critical reliability 
state 1=r  and its renovation time is not ignored 
and have distribution function with the mean value 
and the standard deviation respectively   
 
   ,005.0)(0 =rµ  ,005.0)(0 =rσ   
 
according to the expert opinion, we assume that the 
cost of the system singular renovation is  
 
   88500=nigc PLN. 

 
It can be fixed, applying (17), that the mean value of 
the number of exceeding the critical reliability state 
during the operation time θ  = 1 year is  
 

   ≅)1,(tH  .731.2
368.0

005.1

368.0

005.0 ==+θ
 

 
Thus, the total operation cost of the renewed 
pipeline transportation system with ignored its 
renewal time during the operation time θ  = 1 year  
amounts [46] 
 
   88500731.227552)( ⋅+=θigC   

 
              = 27552 + 241693.5  
 
              = 269245.5 PLN.                               (51) 
 
After the optimization the operation process of  the 
pipeline transportation system performed in 
Section 8.2, in the case when the system is repaired 
after exceeding the critical reliability state 1=r  
and its renovation time is ignored, it can be fixed, 
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using (26), that the mean value of the number of 
exceeding the critical reliability state during the 
operation time θ  = 1 is  
 
   .639.1639.1)1,( == θθH&  
 
Thus, the total operation cost of the repaired 
pipeline transportation system with ignored its 
renovation time during the operation time θ  = 1 
year, after its operation process optimization, 
amounts [46]  
 
   88500639.127552)( ⋅+=θigC  

 
               = 27552 + 145051.5  
 
               = 172603.5 PLN.                                (52) 
 
After the optimization the operation process of  the 
pipeline transportation system is repaired after 
exceeding the critical reliability state 1=r  and its 
renovation time is not ignored it can be fixed, 
applying (27), that the mean value of the number 
of exceeding the critical reliability state during the 
operation time θ  = 1 year is  
 

   ≅)1,(tH&  .634.1
615.0

005.1

615.0

005.0 ==+θ
 

 
Thus, the total operation cost of the repaired 
pipeline transportation system with ignored its 
renewal time during the operation time θ  = 1 year, 
after its operation process optimization, amounts 
[46]  
 
   88500634.127552)( ⋅+=θigC   

 
              = 27552 + 144609 = 172161 PLN.      (53) 
 
Comparing the costs before the system operation 
process optimization given by (50) and (51) with 
the costs after the system operation process 
optimization given by (52) and (53) can justify the 
sensibility of this optimization action. 
  
9. Conclusion 

The joint model of reliability of complex technical 
systems in variable operation conditions linking a 
semi-markov modeling of the system operation 
processes with a multi-state approach to their 
reliability and safety analysis is proposed. The 
final results obtained from this joint model and a 
linear programming are suggested to be used to the 

complex technical systems reliability and safety 
optimization. It can be recognize that the proposed 
approach and theoretical tools may by very useful 
in reliability and safety identification, evaluation 
and optimization of a very wide class of real 
technical systems operating in varying conditions 
that have an influence on  changing their reliability 
and safety structures and their components 
reliability and safety characteristics.  
These tools practical application to the reliability 
and availability prediction and optimization of the 
oil piping transportation system operating in 
variable conditions in port  and to the safety and 
risk evaluation and optimization of the ferry  
technical system operating in variable operation 
conditions at sea waters and the results achieved 
are very interesting for the reliability and safety 
practitioners from port and maritime transport 
industry and from other industrial sectors as well. 
The pipeline transportation system is considered in 
the varying in time operation conditions. The 
system reliability structure and its components 
reliability functions are changing in variable 
operation conditions. The system reliability 
structures are fixed with a high accuracy. Whereas, 
the input reliability characteristics of the pipeline 
components and the system operation process 
characteristics are not sufficiently exact because of 
the lack of statistical data necessary for their 
estimation. The input characteristics of the ferry 
operation process are of high quality because of the 
very good statistical data necessary for their 
estimation. Whereas, the ferry technical system 
safety structures are fixed generally with not high 
accuracy in details concerned with the subsystems 
structures because of their complexity and 
concerned with the components safety 
characteristics because of the lack of statistical 
data necessary for their estimation. Therefore, the 
results of the proposed tools application may be 
considered as a preliminary illustration of their 
possibilities of using in practice. However, the 
obtained evaluation may be very useful examples 
in port and maritime technical transportation 
systems unknown parameters identification and 
characteristics prediction and optimization, 
especially during the design and when planning 
and improving its operation processes safety and 
effectiveness.  
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