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1. Introduction

The double enveloping hourglass worm drive as reported by
Dudas [1] and Crosher [2] was initially invented in 1765 by
H. Hindley. At the beginning of the 20th century, Samuel I.
Cone proposed that an hourglass worm be lathed using a lathe
tool with a straight blade. A meshing worm gear is manufac-
tured by an hourglass hob similar to an hourglass worm [3].
This type of drive is characterized by double lines and multi-
tooth contact. It has greater transmission efficiency, a smaller
size, and heavier load capacity in comparison with a cylindrical
worm drive. Moreover, the forming condition of the lubricant
layer between the teeth is quite good [4]. However, as a cor-
responding adverse effect, a globoid worm gear is sensitive to
manufacturing and misalignment errors [5]. Owing to its advan-
tages, this type of gear has rapidly become widely used. Chen
et al. [6] reviewed the development history of worm drives and
introduced their characteristics and applications. In addition,
a systematic classification table of worm gears was proposed.
Development trends and research hotspots of a worm drive were
pointed out. The authors stated that a double-enveloping hour-
glass worm drive and a high-precision heavy-load worm drive
will be the development priorities in the future.

Double enveloping worm drives have been the subject of re-
search conducted by numerous scientists. Mathematical mod-
elling and analyses of gears, the introduction of modifications,
surface analyses, the development of new types of globoid
worm gears, and manufacturing methods still continue.
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Litvin [4] presented a simplified geometrical analysis of a TA
worm drive. The helicoidal surface of a worm was not consid-
ered in the analysis. The investigation was divided into unmod-
ified and modified drives and relevant modification parameters
such as the centre distance and velocity ratio. Simon [7, 8] pro-
posed a new type of double-enveloping worm gear drive. The
gear tooth surface of the worm gearing is shaped by a flying
tool whose cutting edge is identical to the profile of the enter-
ing edge of the worms. Simon developed a method for the deter-
mination of the load distribution in a double enveloping worm
gear [9]. The author also proposed a newly modified type of
such drive [10]. In addition, Zhao, and Zhang [11] conducted
a curvature analysis for a helicoidal surface of a modified TA
worm. They disclosed in their study [12] the core role and fun-
damental position of the normal vector of the instantaneous
contact line based on the meshing theory for line-conjugate
tooth surfaces. Next, Zhao [13] conducted a meshing analysis
for a TA worm drive and confirmed that two contact lines ex-
ist simultaneously. The author proposed improving the mesh-
ing performance further by dislodging the constant contact line
through modification. The findings of the study conducted by
Huai et al. [14] show that a variable height modification can
remove the constant contact line from the tooth surface of the
worm wheel and that the global meshing performance of a vari-
able height-modified TA worm drive is considerably improved.
Zhao [15] suggested a methodology for counting the adden-
dum thickness of the edge tooth for a TA worm and attained
an analytical solution regarding the top thickness of the edge
tooth. Zhao et al. [16] also established a meshing geometry
of a modified globoid worm drive. The modification parame-
ters included the centre distance, the transmission ratio, and the
cutter frame height while machining the worm. A full math-
ematical description of the tooth flank surface of the globoid
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worm and worm wheel was presented by Polowniak and Sobo-
lak [17], who established the axial section of the worm as a
straight line, where the worm wheel was generated using a hob
cutter, which is identical to a TA worm. Wen, Xu, and Tang [18]
described a research method of a new modification principle for
toroidal worm gearing. Chen et al. [19] presented a novel hour-
glass worm drive, called an involute gear meshing with a planar
enveloping hourglass worm drive. They studied the theory of
a tooth contact analysis of an hourglass worm drive, which was
developed through numerical and finite element analyses. He,
Shi, and Yu [20] established a modification for a planar double-
enveloping hourglass worm gear drive to eliminate the phe-
nomenon of a crossed contact line. The modification is achieved
by changing the partial process parameters of the first envelope,
e.g. by changing the centre distance, transmission ratio, and rel-
ative position.

Methods for the mathematical modelling of the worm wheel
teeth are complex. Xu and co-authors [21] proposed a direct
digital modelling method for a worm gear drive, which is based
on the practical manufacturing process. The concept of worm
wheel tooth generation using the different axial section profiles
of the worm representing the hob cutting edges was introduced
by Mohan and Shunmugam [22]. In their study, the generation
of a worm wheel tooth flank by the fly cutter representing the
end tooth of a hob was presented. Chen and Tsay [23] studied an
hourglass worm gear composed of a ZN-type hourglass worm
generated by straight-edged blade cutters and a worm wheel
generated by worm-type hourglass hob cutters.

Subjects of investigation associated with the geometry of an
hourglass worm hob are still under consideration. Rui et al. [24]
presented a method for designing the land surfaces of a hob with
spiral rake faces to increase the service life of the hob. Yang
and co-authors [25] proposed a method for generating a spiral
flute of a planar double enveloping hourglass worm gear hob
based on the curved surface generating theory and the hourglass
worm forming principle. The machining of the spiral flutes was
simulated using a virtual manufacturing system, and the results
verify the correctness of the method. Rui et al. [26] put for-
ward a design and generation method of a dual-cone double-
enveloping hourglass worm gear hob for grinding the relief sur-
faces in which the land widths and relief angles are precisely
machined.

Aspects of the manufacturing process of worm gear sets
have been the subjects of investigation of numerous researchers.
Zhong et al. [27] proposed a high-precision and efficient ma-
chining method using a conical cutter of a plane double en-
veloping hourglass worm. In their study, Lagutin and co-
workers [28] presented a technique for the geometrical design
of globoid gears modified by increasing the machine-tool cen-
tre distance and gear ratio while cutting the worm with respect
to the same parameters of the worm gear. Tooth machining us-
ing fly-blades with two or four cutters was described. Sutya-
gin et al. [29] developed a method to increase the efficiency of
the tooth cutting of a globoid worm. They proposed the use of
rotary machining through a multi-cutter with an involute pro-
file. Dong and co-workers [30] presented a new rough turning
method based on a discretization of the spiral surfaces of the

toroidal worm. Sun et al. [31] introduced a conceptual method
for precise grinding of a single enveloping TI worm. Dudás [5]
suggested a solution for producing quasi-globoid worm gear-
ings using a normal lathe with a tilted worm holder to cut the
threads, and the worm wheel is then generated through this
quasi-globoid worm.

An investigation into a CAD modelling method for envelop-
ing the surface parts including a double-enveloping surface is
still ongoing. Liu et al. [32] introduced a novel CNC machin-
ing method for an enveloping surface based on the envelop-
ing characteristic, namely the contact lines. This method was
conducted for a double-enveloping surface. Liu et al. [33] pro-
posed the use of digitization modelling and a CNC machining
method for a cone-generated double-enveloping worm drive.
Lu and co-workers [34] developed a digital CAD modelling
method and CNC machining for enveloping the surface parts.
Kheyfets [35, 36] presented in a demonstrative way, through
drawing schemes and short descriptions, a concept of CAD
modelling of a worm and worm wheel tooth surface.

This study aims to present a modelling methodology of the
worm and worm wheel of a globoid worm gear in a CAD envi-
ronment. The knowledge of the correct modelling of the hour-
glass worm and worm wheel allows their generation and helps
in conducting various analyses including a TCA analysis.

The investigation of the double enveloping worm gear is
mainly focused on the mathematical meshing analysis or man-
ufacturing aspects. Furthermore, the meshing analyses are car-
ried out in the range of effective worm length. A CAD model
of a globoid worm considers the whole thread length, which al-
lows a complete analysis of the correctness of meshing. In this
paper, the formation of a worm tooth beyond this range for both
the active and passive tooth flank is described. The first step
of the proposed solution is to cut the tooth where the effective
worm length ends. The second step is to modify the tooth trace.
It is supposed that a globoid worm with a tooth trace modifica-
tion at the ends of the thread should be characterised by a more
favourable stress distribution during the entry into meshing and
greater rigidity of the beginning of the thread. It needs to be
investigated in the future.

The presented methodology for modelling the worm and
worm wheel of a globoid worm gear in a CAD environment
can be particularly useful for engineers designing such gears.
They are usually fluent users of CAD systems and can build the
gear model themselves. CAD models are applied in the analysis
of the geometrical contact pattern in a CAD environment [37],
in carrying out the FEM analysis [38–40], manufacturing real
parts, or prototyping models through the technique of rapid pro-
totyping [41,42]. They can be also used as reference models for
measurement.

2. Modelling a worm of globoid worm gear

In the process of modelling, aspects such as the transmission
ratio (the number of worms and worm gear teeth), the module,
the centre distance, the tooth flank angle, the pitch diameter
of the worm, and the worm gear are determined. The standard
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in [43] presents formulas for calculating the general gearset
proportions for the globoid worm gearing assembled with axes
at a 90◦ angle. There are also other standards available that
provide incomplete guidelines for the design of a double en-
veloping worm gear [44–47]. Adopting the basic parameters
facilitates the creation of a worm profile in the axial section.
Fig. 1 shows the nominal reference profile of the worm tooth
space in such a section. Depending on whether a working worm
or a worm applied as a geometrical tool for the modelling of
a worm wheel are modelled using a direct machining simula-
tion in a CAD environment, the profile is modified using the
appropriate clearance.

Fig. 1. Nominal axial reference profile of the tool for generating a tooth
space profile of a globoid worm: m, module; α2, tool profile angle; and

c1, tip clearance

In a worm with a rectilinear tooth profile, the outline of the
tool coincides with the profile of the worm wheel tooth space in
the central plane, as well as with the axial profile of the worm
tooth in the case of a zero circumferential backlash.

Fig. 2 shows the analysis and method for creating the central
section of the wheel and the axial section of the worm. Based
on the tooth thickness used in the globoid worm gearbox, the
structural materials are usually designed at a proportion of ap-

Fig. 2. Principle of creating a globoid worm gear in the axial section:
ρ , the angle between the axial profile of machining worm and working
worm; smx1( jx = 0), tooth thickness of the machining worm; smx1( jx �=
0), tooth thickness of the working worm; jx, backlash; dw2, the pitch
diameter of the worm wheel; h1, tooth height of the working worm;

h1 + c2, tooth height of the machining worm; c2, tip clearance

proximately 0.55 of the circular pitch of the worm gear and
approximately 0.45 for the worm. For this purpose, the nomi-
nal axial outline of the tool can be modified [43]. The outline of
the tool is copied in a circular pattern around the centre of the
worm wheel. Thus, the centre of the worm wheel is obtained.
Creating a worm outline in the axial section requires determin-
ing the effective worm thread length b1eff (or the angle of the
active worm range Ω defined in relation to the centre of the
worm wheel). The specified axial section of the worm will be
characterised by zero circumferential clearance in the meshing
of the gear. The model based on the above tooth outline in the
axial section will be applied if the worm model is used as the
geometry of the worm wheel modelling (the so-called machin-
ing worm). The thickness of the worm wheel tooth space will be
the same as the thickness of the worm tooth. When modelling
a working worm, it is necessary to consider the tip clearance
c2 and the circumferential backlash expressed by the angle ρ
(Fig. 2). For such a geometric analysis, a sketcher workbench
available in any CAD system is used.

After defining the axial section and the effective length of
the worm, the coordinates of the four characteristic tooth profile
points should be determined (Fig. 3) [17]. These are points A,
B, C, and D which are the vertices of the adopted straight-line
profile of the globoid worm, and are described by the following
vectors:

r(1)A =




x1A

y1A

z1A

1


, r(1)B =




x1B

y1B

z1B

1


, r(1)C =
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1


, r(1)D =




x1D

y1D

z1D

1


. (1)

Fig. 3. Principle of globoid worm modelling

The basis for modelling a globoid worm is a helix, which is
created as a spline curve based on a set of points. This set is
generated in an external program (MS Excel, MATLAB) and
imported into the CAD environment. Alternatively, helix can
be described mathematically by parametric equations without
using transformation matrices [48].
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The coordinates of a given point, A, B, C, and D, are in-
serted into the formula for a globoid helix. Obtaining the an-
alytic equation of a globoid helix is based on the determina-
tion of successive positions of any point (P) on the worm tooth
(Fig. 4).

Fig. 4. The coordinate system of globoid worm gear: P – any point
on the tooth flank of the worm in the plane y1z1; Pi (ϕ1i) – position of
point P after transformation of the system x′1y′1z′1 by an angle ϕ1i; and

a – centre distance between the worm and worm wheel

Figure 4 shows the two stationary coordinate systems
S1 (x1y1z1) and S2 (x2y2z2) connected with the worm and worm
wheel, respectively. These systems can be handled as sys-
tems associated with housing. The moveable coordinate sys-
tems S′1 (x

′
1y′1z′1) of the worm and S′2 (x

′
2y′2z′2) of the worm wheel

were introduced. The worm rotates around the z′1 axis by the an-
gle ϕ1 opposite to the trigonometric direction. Then, the worm
wheel rotates around the x′2 axis with the ϕ2 angle, as well as
the opposite to the trigonometric direction (in the case of using
a left-hand thread worm). ϕ1 is a geometric parameter, whereas
ϕ2 is an auxiliary parameter. There is a relation between ϕ1 and
ϕ2 that results from the following transmission ratio:

i =
ϕ2

ϕ1
. (2)

The centres of the coordinate systems were positioned away
from each other by the value a.

The description of the globoid helix is made by using homo-
geneous matrices of transformation. Matrices are used to repre-
sent transformations between systems. The matrices Mxy con-
cern transformations between systems. Mxy is a homogeneous
transformation matrix from the system y to x. For x and y, the
appropriate index related to the coordinate system number is
inserted.

It was assumed that point P lies on the tooth side of the worm
located in the plane y1z1. The vector determines the point:

r(1)P =




x1

y1

z1

1


 . (3)

A parametric equation of the globoid helix is shown as the
vector r(1

′)
P . Homogenous transformation matrices between par-

ticular coordinate systems were used:

r(1
′)

P = M1′1 ·M12 ·M2′2 ·M21 · r(1)P . (4)

The developed form of vector r(1
′)

P is presented as fol-
lows [17]:

r(1
′)

P =




x1 · cos(ϕ1)−a · sin(ϕ1)+a · cos(ϕ2) ·
·sin(ϕ1)+ y1 · cos(ϕ2) · sin(ϕ1)−

−z1 · sin(ϕ2) · sin(ϕ1)

−x1 · sin(ϕ1)−a · cos(ϕ1)+a · cos(ϕ1) ·
·cos(ϕ2)+ y1 · cos(ϕ2) · cos(ϕ1)−

−z1 · sin(ϕ2) · cos(ϕ1)

a · sin(ϕ2)+ y1 · sin(ϕ2)+ z1 · cos(ϕ2)

1




. (5)

The range of the worm tooth should be determined using the
parameter ϕ1. The parameter ϕ1p changes from the initial value
ϕ1k with a step of ∆ϕ1. The number of points depends on ∆ϕ1,
and thus the accuracy of the spline of the globoid helix will
approximate.

Based on the algorithm, sets of points representing individ-
ual globoid worm helices originating from points A, B, C, and
D were obtained. These points were introduced into a CAD en-
vironment (Fig. 5a). In this case, the CATIA V5R21 system was
used. Spline curves approximating globoid helices were devel-
oped on the appropriate sets of points (Fig. 5b). The profiles

a) b)

Fig. 5. Globoid helices represented as (a) sets of points and (b) splines
developed on sets of points
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were created at one end of a globoid worm (Fig. 3). Sections
A∗B∗ and C∗D∗ are the profiles of the worm tooth in the ax-
ial section, and section A∗C∗ closes the top land. Owing to the
modelling method applied, an additional helix line was gener-
ated from point D ending at point E∗ (the range of this helix is
2π smaller compared to the helix ending at point D∗). Section
B∗E∗ closes the bottom land (Fig. 3).

Worm tooth modelling can proceed using the profile lines and
helices which are the swept surface definition. To consider the
changes in the surface curvatures, the swept profile should fol-
low two guide curves. For each surface, the flank, top, and bot-
tom are created through separate operations (Sweep–Explicit)
(Fig. 6a). It is also possible to make a globoid surface by de-
veloping the surface between two guide curves (Sweep–Line)
(Fig. 6b).

a) b)

Fig. 6. Creation of a globoid surface by (a) sweeping a profile through
guide curves and b) developing a surface between guide curves

Owing to the changes in the curvatures in two directions, it
is not possible to create a globoid worm tooth by extruding the
profile along one guide curve (Fig. 7), as in the case of a cylin-
drical worm.

Fig. 7. Development of worm thread along one guide curve; a fragment
of the model with globoid helices

When the surface of the tooth flank is modelled by a sweep
operation (Fig. 6a, 6b), a slight distortion of the surface occurs.
This is because the output profile is projected onto a plane nor-
mal to one of the guide curves (Fig. 8). Thus, the axial section
of the created surface is not rectilinear.

In Fig. 9, surfaces of the globoid worm created through
sweep operations are shown.

Another way of modelling is to make the surface of the worm
multi-sectional. In this case, the profiles should be created be-
tween the respective points of the globoid helices as axial sec-
tions of the worm (Fig. 10).

Fig. 8. Cause of error when the globoid surface is modelled using
a sweep operation (fragment of a globoid surface)

Fig. 9. Surface of a globoid worm

Fig. 10. Created profiles between the corresponding points of globoid
helices for one tooth flank

Modern CAD systems allow the writing of macro programs.
In modelling a globoid surface, a macro program (Fig. 11) can
be written to connect the relevant points of the globoid helices
in the profiles. These represent the axial tooth profiles of the
globoid worm. The globoid surface was developed as a multi-
sectional surface (Fig. 12).

Fig. 11. Flowchart of a macro program connecting the relevant points
of the globoid helices in the profiles and then on the surface
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ated from point D ending at point E∗ (the range of this helix is
2π smaller compared to the helix ending at point D∗). Section
B∗E∗ closes the bottom land (Fig. 3).
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helices which are the swept surface definition. To consider the
changes in the surface curvatures, the swept profile should fol-
low two guide curves. For each surface, the flank, top, and bot-
tom are created through separate operations (Sweep–Explicit)
(Fig. 6a). It is also possible to make a globoid surface by de-
veloping the surface between two guide curves (Sweep–Line)
(Fig. 6b).
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Owing to the changes in the curvatures in two directions, it
is not possible to create a globoid worm tooth by extruding the
profile along one guide curve (Fig. 7), as in the case of a cylin-
drical worm.

Fig. 7. Development of worm thread along one guide curve; a fragment
of the model with globoid helices

When the surface of the tooth flank is modelled by a sweep
operation (Fig. 6a, 6b), a slight distortion of the surface occurs.
This is because the output profile is projected onto a plane nor-
mal to one of the guide curves (Fig. 8). Thus, the axial section
of the created surface is not rectilinear.

In Fig. 9, surfaces of the globoid worm created through
sweep operations are shown.

Another way of modelling is to make the surface of the worm
multi-sectional. In this case, the profiles should be created be-
tween the respective points of the globoid helices as axial sec-
tions of the worm (Fig. 10).

Fig. 8. Cause of error when the globoid surface is modelled using
a sweep operation (fragment of a globoid surface)

Fig. 9. Surface of a globoid worm

Fig. 10. Created profiles between the corresponding points of globoid
helices for one tooth flank

Modern CAD systems allow the writing of macro programs.
In modelling a globoid surface, a macro program (Fig. 11) can
be written to connect the relevant points of the globoid helices
in the profiles. These represent the axial tooth profiles of the
globoid worm. The globoid surface was developed as a multi-
sectional surface (Fig. 12).

Fig. 11. Flowchart of a macro program connecting the relevant points
of the globoid helices in the profiles and then on the surface
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Fig. 12. A globoid surface created using a multi-section surface
method

The top and bottomland surfaces of a thread can be modelled
using a sweep operation (Fig. 13) or a multi-sectional surface
method.

Fig. 13. A fragment of a surface made using a multi-sectional surface
method (tooth flank) and a sweep operation using profile and guide

curves (top land)

The globoid worm created using the multi-section surface
method has a rectilinear axial section, which is correct.

By modelling the worm surfaces, the effective worm length
was assumed. A worm tooth beyond this range can be formed
in two ways. The first solution is to cut the tooth, where the ef-
fective worm length ends. The second proposition is to modify
the tooth trace.

In the case of the first solution, two cutting planes should be
introduced into the axial plane (Fig. 14). The position of the
axial planes is determined based on the effective worm length
b1eff [43]. These planes cut the top land, flank, and bottomland
surfaces. Additional surfaces filling the ends of the worm tooth
were applied. All created surfaces were then joined and closed
into a solid (Fig. 15).

Fig. 14. Surfaces of globoid working worm with cutting planes

Fig. 15. Model of globoid working worm with cut tooth ends

A globoid worm with such a formed tooth may result in the
occurrence of concentrated stress at the beginning of the tooth
during entry into the meshing.

The tooth ending of the globoid worm may result from the
shape of the worm blank. Then, the tooth ends on its conical
surfaces. When the conical surfaces of a worm blank are located
near the ends of the effective worm thread length, a thinned
tooth will be formed and the contact region in this fragment
will have the shape of a wedge (Fig. 16).

Fig. 16. Model of a globoid worm and contact region at the entrance
of the mesh

The worm thread should be in the mesh within the entire
working depth of the tooth and within the limit of the effective
thread length of the worm specified in the model by ϕ1p and
ϕ1k. The end of the thread on both sides of the tooth is subject
to modification, i.e. active and passive tooth flanks. The bound-
ary of the modified and unmodified surfaces is the parameter
ϕ1p for one side and ϕ1k for the other.

The stages of the modelling of one thread end are shown,
whereas the other end is modelled analogously. The globoid
worm helices used to model the flank surface of a tooth with-
out a trace modification are created based on Eq. (5). To cre-
ate a flank surface with a tooth trace modification, additional
globoid worm helices should be determined, starting at the ends
of the helical curves made without modification. The coordi-
nates of the points AI , BI and CI , DI (Fig. 17) are determined
based on Eq. (5) and the positional vectors to particular points
A, B and C, D (1). The points AI , BI and CI , DI determine the
beginning of the modification:

r(1
′)

AI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
A ,

r(1
′)

BI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
B ,

(6)
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r(1
′)

CI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
C ,

r(1
′)

DI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
D ,

(7)

where
M∗

1′1 = M1′1 ·M12 ·M2′2 ·M21 . (8)

Fig. 17. Worm tooth flanks made with and without tooth trace modifi-
cation

In matrix M∗
1′1 of Eqs. (6) and (7) for ϕ1, ϕ1p is inserted,

and ϕ2 = ϕ1p · i. In the case of a globoid worm, the tooth trace
modification involves changing the pitch angle, which can be
obtained by considering the following expression:

ϕ2 = T · i ·ϕ1 , (9)

where T > 1 in the case of an active flank and T < 1 in the case
of a passive flank.

Vectors generated from Eqs. (6) and (7) should be inserted
into the following expression:

r(1
′)

PI = M1′1(ϕ1=ϕ1p) ·M1′1 ·M12 ·M2′2·

·M21 ·M11′(ϕ1=ϕ1p) · r
(1′)
iI(ϕ1=ϕ1p)

, (10)

where r(1
′)

iI(ϕ1=ϕ1p)
is the vector of the selected points from

Eqs. (6) and (7).
New globoid worm helices are obtained starting at the ends

of the un-modified helices. Eq. (9) should be considered in ma-
trix M2′2 in Eq. (10). The main parameter is ϕ1, which changes
from ϕ1p to ϕ1p −ϕ1w with a discretization step of dϕ1 (ϕ1w
is the value at which the modelled worm thread will be outside
the worm blank). Based on Eq. (10), sets of points represent-
ing globoid helices originating from points AI , BI and CI , DI

are obtained. These points were introduced into the CAD en-
vironment. Sections were created between the corresponding
points of the globoid helices. The modelling of a globoid worm
with a tooth trace modification at the end of the thread requires
the use of a multi-section surface method in a CAD environ-
ment. Then, there will be no gaps between the surfaces of the
given tooth flank, which will occur with the surface modelling
method when using a sweep operation. The surfaces of the tooth
flank with and without modification should be joined. The en-
tire flank of the tooth was created. After modelling the miss-
ing surfaces at the end of the thread (top and bottomland) and

joining all surfaces made, the surfaces of the worm tooth were
obtained (Fig. 17).

The next step is the execution of conical surfaces based on
the contour of the blank. These surfaces are used to cut both
sides of the worm model (Fig. 18), shaping the ends of the
thread. The cylindrical parts of the worm are then modelled.
The last stage is a transformation of the closed surfaces into
a solid (Fig. 19).

a) b)

Fig. 18. (a) Creation of conical surfaces and (b) cutting of the worm
using these surfaces

Fig. 19. Model of globoid worm

A globoid worm with a tooth trace modification at the ends
of the thread should be characterised by more favourable stress
distribution during the entry into the meshing and greater rigid-
ity at the beginning of the thread. The CAD model of the
globoid worm considers the whole thread length, which facili-
tates a complete analysis of the correctness of meshing.

3. Modelling of a worm wheel

The worm wheels of globoid gears can be machined in an en-
veloping or shaped manner. A profiling of the teeth is extremely
labour-intensive. In the case of an envelope processing, an hour-
glass hob is similar to an hourglass worm. In the worm geome-
try (the socalled machining worm) used for modelling the worm
wheel, appropriate clearances (tip clearance and circumferen-
tial backlash) should be provided (Fig. 2), increasing the thread
length of the machining worm in relation to the working worm.
The tool model is made based on a worm modelling method-
ology with a cut thread. The model of the machining worm is
shown in Fig. 20. In actual machining, the tooth surface of the
worm wheel is shaped by a definite number of cutting edges of
the hob cutter. A modelled tool can be imagined as a cutter in
which an infinite number of cutting edges were made.

Bull. Pol. Ac.: Tech. 69(2) 2021 7



7

Double enveloping worm gear modelling using CAD environment

Bull. Pol. Acad. Sci. Tech. Sci. 69(2) 2021, e136736

Double enveloping worm gear modelling using CAD environment

r(1
′)

CI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
C ,

r(1
′)

DI(ϕ1=ϕ1p)
= M∗

1′1 · r
(1)
D ,
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where
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Fig. 17. Worm tooth flanks made with and without tooth trace modifi-
cation

In matrix M∗
1′1 of Eqs. (6) and (7) for ϕ1, ϕ1p is inserted,

and ϕ2 = ϕ1p · i. In the case of a globoid worm, the tooth trace
modification involves changing the pitch angle, which can be
obtained by considering the following expression:

ϕ2 = T · i ·ϕ1 , (9)

where T > 1 in the case of an active flank and T < 1 in the case
of a passive flank.

Vectors generated from Eqs. (6) and (7) should be inserted
into the following expression:
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where r(1
′)

iI(ϕ1=ϕ1p)
is the vector of the selected points from

Eqs. (6) and (7).
New globoid worm helices are obtained starting at the ends

of the un-modified helices. Eq. (9) should be considered in ma-
trix M2′2 in Eq. (10). The main parameter is ϕ1, which changes
from ϕ1p to ϕ1p −ϕ1w with a discretization step of dϕ1 (ϕ1w
is the value at which the modelled worm thread will be outside
the worm blank). Based on Eq. (10), sets of points represent-
ing globoid helices originating from points AI , BI and CI , DI

are obtained. These points were introduced into the CAD en-
vironment. Sections were created between the corresponding
points of the globoid helices. The modelling of a globoid worm
with a tooth trace modification at the end of the thread requires
the use of a multi-section surface method in a CAD environ-
ment. Then, there will be no gaps between the surfaces of the
given tooth flank, which will occur with the surface modelling
method when using a sweep operation. The surfaces of the tooth
flank with and without modification should be joined. The en-
tire flank of the tooth was created. After modelling the miss-
ing surfaces at the end of the thread (top and bottomland) and

joining all surfaces made, the surfaces of the worm tooth were
obtained (Fig. 17).

The next step is the execution of conical surfaces based on
the contour of the blank. These surfaces are used to cut both
sides of the worm model (Fig. 18), shaping the ends of the
thread. The cylindrical parts of the worm are then modelled.
The last stage is a transformation of the closed surfaces into
a solid (Fig. 19).

a) b)

Fig. 18. (a) Creation of conical surfaces and (b) cutting of the worm
using these surfaces

Fig. 19. Model of globoid worm

A globoid worm with a tooth trace modification at the ends
of the thread should be characterised by more favourable stress
distribution during the entry into the meshing and greater rigid-
ity at the beginning of the thread. The CAD model of the
globoid worm considers the whole thread length, which facili-
tates a complete analysis of the correctness of meshing.

3. Modelling of a worm wheel

The worm wheels of globoid gears can be machined in an en-
veloping or shaped manner. A profiling of the teeth is extremely
labour-intensive. In the case of an envelope processing, an hour-
glass hob is similar to an hourglass worm. In the worm geome-
try (the socalled machining worm) used for modelling the worm
wheel, appropriate clearances (tip clearance and circumferen-
tial backlash) should be provided (Fig. 2), increasing the thread
length of the machining worm in relation to the working worm.
The tool model is made based on a worm modelling method-
ology with a cut thread. The model of the machining worm is
shown in Fig. 20. In actual machining, the tooth surface of the
worm wheel is shaped by a definite number of cutting edges of
the hob cutter. A modelled tool can be imagined as a cutter in
which an infinite number of cutting edges were made.
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Fig. 17. Worm tooth flanks made with and without tooth trace modifi-
cation

In matrix M∗
1′1 of Eqs. (6) and (7) for ϕ1, ϕ1p is inserted,

and ϕ2 = ϕ1p · i. In the case of a globoid worm, the tooth trace
modification involves changing the pitch angle, which can be
obtained by considering the following expression:

ϕ2 = T · i ·ϕ1 , (9)

where T > 1 in the case of an active flank and T < 1 in the case
of a passive flank.

Vectors generated from Eqs. (6) and (7) should be inserted
into the following expression:
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PI = M1′1(ϕ1=ϕ1p) ·M1′1 ·M12 ·M2′2·
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, (10)

where r(1
′)

iI(ϕ1=ϕ1p)
is the vector of the selected points from

Eqs. (6) and (7).
New globoid worm helices are obtained starting at the ends

of the un-modified helices. Eq. (9) should be considered in ma-
trix M2′2 in Eq. (10). The main parameter is ϕ1, which changes
from ϕ1p to ϕ1p −ϕ1w with a discretization step of dϕ1 (ϕ1w
is the value at which the modelled worm thread will be outside
the worm blank). Based on Eq. (10), sets of points represent-
ing globoid helices originating from points AI , BI and CI , DI

are obtained. These points were introduced into the CAD en-
vironment. Sections were created between the corresponding
points of the globoid helices. The modelling of a globoid worm
with a tooth trace modification at the end of the thread requires
the use of a multi-section surface method in a CAD environ-
ment. Then, there will be no gaps between the surfaces of the
given tooth flank, which will occur with the surface modelling
method when using a sweep operation. The surfaces of the tooth
flank with and without modification should be joined. The en-
tire flank of the tooth was created. After modelling the miss-
ing surfaces at the end of the thread (top and bottomland) and

joining all surfaces made, the surfaces of the worm tooth were
obtained (Fig. 17).

The next step is the execution of conical surfaces based on
the contour of the blank. These surfaces are used to cut both
sides of the worm model (Fig. 18), shaping the ends of the
thread. The cylindrical parts of the worm are then modelled.
The last stage is a transformation of the closed surfaces into
a solid (Fig. 19).

a) b)

Fig. 18. (a) Creation of conical surfaces and (b) cutting of the worm
using these surfaces

Fig. 19. Model of globoid worm

A globoid worm with a tooth trace modification at the ends
of the thread should be characterised by more favourable stress
distribution during the entry into the meshing and greater rigid-
ity at the beginning of the thread. The CAD model of the
globoid worm considers the whole thread length, which facili-
tates a complete analysis of the correctness of meshing.

3. Modelling of a worm wheel

The worm wheels of globoid gears can be machined in an en-
veloping or shaped manner. A profiling of the teeth is extremely
labour-intensive. In the case of an envelope processing, an hour-
glass hob is similar to an hourglass worm. In the worm geome-
try (the socalled machining worm) used for modelling the worm
wheel, appropriate clearances (tip clearance and circumferen-
tial backlash) should be provided (Fig. 2), increasing the thread
length of the machining worm in relation to the working worm.
The tool model is made based on a worm modelling method-
ology with a cut thread. The model of the machining worm is
shown in Fig. 20. In actual machining, the tooth surface of the
worm wheel is shaped by a definite number of cutting edges of
the hob cutter. A modelled tool can be imagined as a cutter in
which an infinite number of cutting edges were made.
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from ϕ1p to ϕ1p −ϕ1w with a discretization step of dϕ1 (ϕ1w
is the value at which the modelled worm thread will be outside
the worm blank). Based on Eq. (10), sets of points represent-
ing globoid helices originating from points AI , BI and CI , DI

are obtained. These points were introduced into the CAD en-
vironment. Sections were created between the corresponding
points of the globoid helices. The modelling of a globoid worm
with a tooth trace modification at the end of the thread requires
the use of a multi-section surface method in a CAD environ-
ment. Then, there will be no gaps between the surfaces of the
given tooth flank, which will occur with the surface modelling
method when using a sweep operation. The surfaces of the tooth
flank with and without modification should be joined. The en-
tire flank of the tooth was created. After modelling the miss-
ing surfaces at the end of the thread (top and bottomland) and

joining all surfaces made, the surfaces of the worm tooth were
obtained (Fig. 17).

The next step is the execution of conical surfaces based on
the contour of the blank. These surfaces are used to cut both
sides of the worm model (Fig. 18), shaping the ends of the
thread. The cylindrical parts of the worm are then modelled.
The last stage is a transformation of the closed surfaces into
a solid (Fig. 19).
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Fig. 18. (a) Creation of conical surfaces and (b) cutting of the worm
using these surfaces

Fig. 19. Model of globoid worm

A globoid worm with a tooth trace modification at the ends
of the thread should be characterised by more favourable stress
distribution during the entry into the meshing and greater rigid-
ity at the beginning of the thread. The CAD model of the
globoid worm considers the whole thread length, which facili-
tates a complete analysis of the correctness of meshing.

3. Modelling of a worm wheel

The worm wheels of globoid gears can be machined in an en-
veloping or shaped manner. A profiling of the teeth is extremely
labour-intensive. In the case of an envelope processing, an hour-
glass hob is similar to an hourglass worm. In the worm geome-
try (the socalled machining worm) used for modelling the worm
wheel, appropriate clearances (tip clearance and circumferen-
tial backlash) should be provided (Fig. 2), increasing the thread
length of the machining worm in relation to the working worm.
The tool model is made based on a worm modelling method-
ology with a cut thread. The model of the machining worm is
shown in Fig. 20. In actual machining, the tooth surface of the
worm wheel is shaped by a definite number of cutting edges of
the hob cutter. A modelled tool can be imagined as a cutter in
which an infinite number of cutting edges were made.
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Fig. 20. Globoid machining worm

After modelling the tool, a workpiece model should be cre-
ated. The workpiece is modelled solidly and partially corre-
sponds to the blank before processing. In the CAD system, the
tool and blank model must be set correctly within the space
so that the axial plane of the worm is in coincidence with the
central plane of the blank and their axes are located at an an-
gle of 90◦ and spaced apart by the nominal value of the centre
distance. In the following, coordinate systems were assigned
successively as x1y1z1 for the machining worm and as x2y2z2
for the worm wheel blank. The rotation of the tool describes
the angle ϕ ′

1, and the blank describes the angle ϕ ′
2 (Fig. 21).

A fixed xyz system is also introduced, which can be treated as
a system associated with the machine body. During the machin-
ing, the object and tool rotate with movements resulting from
the kinematics of the gear generation and are dependent on the
gear machining ratio, which is compatible with the transmission
ratio.

Fig. 21. The principle of worm wheel modelling: x1y1z1, tool system;
x2y2z2, blank system; ϕ ′

1, tool rotation angle; ϕ ′
2, blank rotation angle

A direct solid CAD method can be used to simulate the ma-
chining [37]. In such a simulation, the model of the tool and
workpiece creates discreet rotational movements resulting from
the kinematics of the gear generation, and in each of the subse-
quent positions from the solid representing the workpiece, the

solid, being the interference with the tool and the workpiece,
is subtracted. Unfortunately, owing to the complex geometry of
the worm in the current CAD systems, a simulation error occurs
during a machining simulation, which stops the simulation.

Therefore, a different modelling method was used. The for-
mation of a single tooth gap was considered. By adopting the
principle of relative movements, the model of the workpiece
during the simulation is fixed, and all relative movements are
performed by the tool. The reference model of the tool is placed
in a fixed location in space and copied to the next positions
resulting from the kinematics of the machining. This allows
eliminating the simulation errors associated with the iterative
change in the rotation angle [37]. Fig. 22 shows the starting and
end positions of the tool. For the considered tooth to be prop-
erly formed, the tool must enter from the outer position into and
out of the gap completely. Owing to the iterative process of the
simulation, it is appropriate to automate the process through the
programming of macros in a CAD environment (Fig. 23).

Fig. 22. Positions of the hob cutter model

Fig. 23. Flowchart of macro simulating relative movements of the tool

Because of the simulation, a geometrical set of iterative posi-
tions of the tool relative to the workpiece is obtained (Fig. 22).
The Boolean sum of this set in the worm wheel creates an ob-
ject corresponding to the geometrically considered tooth space.

8 Bull. Pol. Ac.: Tech. 69(2) 2021

Double enveloping worm gear modelling using CAD environment

In addition, in this case, obtaining the sum of the Boolean set
encounters problems in a CAD environment. Some iterative po-
sitions cannot be added to the rest of the model.

The tooth space of the worm wheel was determined using
an indirect method. An auxiliary ring model limited by the sur-
face of the root form, throat form, and width of the worm wheel
was made (Fig. 24a). The previously obtained set of consecu-
tive tool positions and the ring model are intersected with a set
of parallel planes perpendicular to the axis of the worm wheel.
This set is placed on the width of the gear (Fig. 24b). The num-
ber of sections made (the distance between them) affects the
modelling accuracy of the tooth space. The sectioning operation
can also be automated through macro programming (Fig. 25).

a) b)

Fig. 24. Indirect method for determining the tooth space: (a) solid ring
and (b) example sections

Fig. 25. Flowchart of macro for sectioning operation of the ring and
set of consecutive tool positions

In each of the section planes, the outline of the analysed tooth
space is separated (Fig. 26). Lines 1 and 2 in Fig. 26 are the
outer envelopes of all sections of tools in the tooth space con-
sidered.

The described step should be repeated for all generated sec-
tions. A set of sections of the modelled tooth space is obtained
as a frame model (Fig. 27).

Fig. 26. Preparation of the tooth space outlines in the example section
(here in the central plane)

Fig. 27. Frame model of tooth space of worm wheel

Multi-section surfaces are modelled on the frame model of
the tooth space (Fig. 28).

Fig. 28. Flank surfaces of the tooth space

It should be noted that the worm wheel flank is divided into
three regions. Region II is an envelope of the family of contact
lines of the globoid worm gear. Regions I and III are formed us-
ing the first cutting edge of the worm hob cutter [4,17,26]. One
extreme cutting edge of the tool forms one side of the worm
wheel tooth and the second edge forms the other flank. There-
fore, it is necessary to determine the surface on which the edge
of the tool moves during the machining of the worm wheel tooth
space. The tool is in the initial position, as shown in Fig. 21.
A simulation of the discrete movements of the tool and work-
piece is conducted. The angle of rotation for the tool ϕ ′

1 is as-
sumed such that the cutting edge at two extreme positions is
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outside the blank of the worm wheel. The number of profiles
depends on the discretization step, based upon which surface of
the worm wheel tooth flank generated during machining is de-
termined by the extreme edge of the tool. The discretization step
should be small. At each position of the system, the extreme
edge should be projected. The projected edges move with the
blank. Analogously, the surface generated by the second cut-
ting edge is then determined.

Figure 29 shows a model of a worm wheel developed based
on the tooth space from Fig. 28, a tool, and a surface defined
by successive positions of the extreme cutting edge. It can be
seen that the part of the tooth side of the worm wheel generated
using the machining simulation in a CAD environment is cut
using the extreme edge of the tool (Fig. 29).

a)

b)

Fig. 29. Surface generated by the extreme cutting edge of the tool

New flank surfaces of the tooth space are applied, as shown
in Fig. 28. There is a common part for the given surfaces (two
curves for one flank). These curves are the boundaries of the
regions. From the division obtained, regions I and III, as shown
in Fig. 30a, and region II, as shown in Fig. 30b, are selected.
The surfaces of regions I and III are connected to region II
(Fig. 30c). The bottomland is made and then connected to the
flank surfaces, resulting in the final tooth space model (Fig. 31).

a)

b)

c)

Fig. 30. Surfaces of the worm wheel tooth space: (a) defined by the
extreme cutting edge (regions I and III); (b) determined using the en-

veloping the tool (region II); and (c) the connection of regions

Fig. 31. Surfaces of worm wheel tooth space

The next step is to apply the surfaces of the tooth space to the
worm wheel blank (Fig. 32).

Fig. 32. Surfaces of the tooth space with the worm wheel blank

The tooth space surfaces are copied in a circular pattern. All
gaps are then subtracted from the solid representing the work-
piece (Fig. 33). The extreme cutting edges of the tool have a sig-
nificant influence on the shape of the worm wheel flanks.

Fig. 33. Model of worm wheel with separate details and marked re-
gions of the tooth flank
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a) b) c)

Fig. 34. Accuracy analysis of CAD model of the worm wheel: (a) coordinate system: r(1)2 i , element of the position vector of the worm wheel
described in the coordinate system of x1y1z1; Pi (x1iy1iz1i), reference point; (b) selected reference points; (c) determination of deviation ∆

The accuracy of the CAD model of the worm wheel was es-
timated by comparison with some coordinates selected from
a numerical representation of the worm wheel flank surface.
It was obtained according to the procedure described in [17].
The geometry of the tooth flank of the machining worm in both
cases, the modelling flank surface in a CAD system, and the
mathematical model, was established in the same manner. The
coordinates of selected points (Table 1) were introduced into
a CAD environment (Fig. 34a and b). The shortest distance be-
tween the reference point and worm wheel flank surface was
determined as the distance between this point and its projec-
tion on the flank surface in the normal direction to surface on
the plane parallel to the central plane and through this reference
point (Fig. 34c). The distance ∆ determines the accuracy of the
CAD model. The results are presented in Table 2.

Table 1
Reference points from a numerical model of the worm

wheel flank surface

Point Coordinates
Pi x1 y1 z1

P1 12.143434128410 –45.67253986882 –62.39850073050

P2 7.548386664807 –47.86964187523 –62.05139237830

P3 –3.914766067280 –43.87767864731 –61.15768739376

P4 –3.620680525997 –47.95702792369 –61.25718078848

P5 –3.366046488614 –52.01559524239 –61.34196141254

P6 –15.590832444430 –42.37325210445 –60.31241915492

P7 –14.107726686240 –45.75061160614 –60.53787834617

The worm wheel model created in a CAD system shows de-
viations from the mathematical model. These deviations do not
exceed the value of 5 microns. Such accuracy of CAD models is
sufficient in industrial practice and can be increased if needed.

Table 2
Values of deviations

Reference points

P1 P2 P3 P4 P5 P6 P7

Deviation
∆ [mm]

0.002 0.002 0.005 0.005 0.005 0.002 0.002

4. Conclusions

The methodology for the modelling of members of a double
enveloping worm gear in a CAD environment was presented.
A method for generating a globoid helix which is the basis for
modelling the worm was also described. A set of points gener-
ated in an external program were used, based upon which spline
curves can be created. It is supposed that the manner of form-
ing the end of the worm thread may have a significant effect
on the stiffness and distribution of stresses in this area. It needs
to be investigated in the future. Trimming a thread may result
in concentrated stress at the beginning of the tooth when en-
tering the mesh and a breaking of the tooth in this area. Addi-
tionally, a method for geometrically modifying the tooth trace
was developed. A globoid worm with a tooth trace modifica-
tion at the end of the thread should be characterised by more
favourable stress distribution, a smoother entry into the mesh,
and greater stiffness at the beginning of the thread. When mod-
elling the worm wheel in a CAD system, it was found that ow-
ing to the complex geometry of the machining worm, simula-
tion errors appear that prevent the use of a direct solid CAD
method in generating the model. The machining of a single
tooth space of the worm wheel (hybrid method) should be con-
sidered.

The presented methodology for modelling the worm gear sets
in a CAD environment can be particularly useful for engineers
designing such gears.
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The CAD model of the globoid worm considers the whole
thread length, which allows a complete analysis of the correct-
ness of meshing. In this paper, the formation of a worm tooth
beyond this range for both the active and passive tooth flank is
described. The first step of the proposed solution is to cut the
tooth, where the effective worm length ends. The second step
is to modify the tooth trace. A globoid worm with a tooth trace
modification at the ends of the thread should be characterised
by more favourable stress distribution during the entry into the
meshing and greater rigidity of the beginning of the thread. If
the worm or worm wheel is incorrectly designed in terms of
geometry, the meshing simulation of CAD models can indicate
the collision.

The worm wheel model created in a CAD system shows devi-
ations from the mathematical model. The accuracy of the CAD
model of the worm wheel was estimated by comparison with
some coordinates selected from a numerical representation of
the worm wheel flank surface. These deviations do not exceed
the value of 5 microns. Such accuracy of CAD models is suffi-
cient in industrial practice and can be increased if needed.

CAD models are applied in the analysis of the geometrical
contact pattern in a CAD environment and FEM analysis. They
are nominal models for manufacturing or prototyping through
the technique of rapid prototyping. They can be also used as
master models for measurement, e.g. in optical technics.
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