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ABSTRACT

Purpose: This study introduces a new approximated analytical solution of the free vibration 
analysis to evaluate the natural frequencies of functionally graded rectangular sandwich 
plates with porosities.
Design/methodology/approach: The kinematic relations are developed based on the 
classical plate theory (CPT), and the governing differential equation is derived by employing 
the Rayleigh-Ritz approximate method. The FGM plate is assumed made of an isotropic 
material that has an even distribution of porosities. The materials properties varying 
smoothly in the thickness direction only according to the power-law scheme.
Findings: The influences of changing the gradient index, porosity distribution, boundary 
conditions, and geometrical properties on the free vibration characteristics of functionally 
graded sandwich plates are analysed.
Research limitations/implications: A detailed numerical investigation is carried out 
using the finite element method with the help of ANSYS 2020 R2 software to validate the 
results of the proposed analytical solution.
Originality/value: The results with different boundary conditions show the influence of 
porosity distribution on the free vibration characteristics of FG sandwich plates. The results 
indicated a good agreement between the approximated method such as the Rayleigh-Ritz 
and the finite element method with an error percentage of no more than 5%.
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1. Introduction 
 
Sandwich structures made of functionally graded 

materials (FGMs) have found widespread use in the 
automotive, marine construction, transportation, and 
aerospace industries due to their excellent bending rigidity, 
low specific weight, and distinct vibration characteristics 
[1]. Recently, a critical review of the fabrication, design, and 
application of FGM materials was introduced by Aman Garg 
et al. [2]. Many researchers have conducted static and 
dynamic analyses of FGM structures. Abderrahmane et al. 
[3] used refined shear deformation theory to examine the 
dynamic analysis of the functionally graded sandwich plate 
seated on an elastic foundation with three types of support. 
Irwan Katili et al. [4] used the finite element method (FEM) 
based on a discrete shear projection method to study static 
and free vibration analysis of FGM plates. Yang and Shen 
[5] investigated the dynamic response of initially stressed 
functionally graded rectangular thin plates subjected to 
partially distributed impulsive laterals and without or resting 
on an elastic foundation. By employing the variable shear 
deformation theory, a comprehensive study on the dynamic 
response of a functionally graded plate is presented in [6,7]. 
Jun Liu et al. [8] investigated free vibration and transient 
dynamic behaviours of FGM sandwich plates used semi-
analytically by the scaled boundary finite element method. 
However, in the process of FGM manufacturing, the 
presence of porosity and micro-voids inside the materials 
possibly occurs due to technical problems. 

Nuttawit and Variddhi [9] studied the influence of 
porosities on vibration analysis of elastically restrained ends 
of FGM beams, whereas Zhao et al. [10] studied free 
vibrations of a functionally graded porous rectangular plate 
with uniform elastic boundary conditions. Ismail Mechab et 
al. [11] examined the porosity impact on the free vibration 
of FGM nanoplates, which rested on a Winkler–Pasternak 
foundation. Yan Qing Wang and Jean W. Zu [12] presented 
a new mathematical model for the vibration behaviors of 
FGM plates with porosities subjected to thermal load. 
Farajollah et al. [13] investigated the free vibration analysis 
of functionally graded porous doubly-curved shells based on 
the first-order shear deformation theory. Prapot and Nuttawit 
[14] described flexural vibration analysis of FG sandwich 
plates resting on an elastic foundation with arbitrary 
boundary conditions; the governing equations of free 
vibration problems are derived from the first-order shear 
deformation theory that covers the essential effects of shear 
deformation and rotary inertia. Hassen et al. [15] presented 
a comprehensive study of free vibration analysis of porous 
FGM beams resting on an elastic foundation with two 
parameters. 

Nuttawit Wattanasakulpong et al. [16] used the modified 
couple stress approach to study free vibration analysis of 
FGM sandwich microbeams subjected to different end 
conditions. Xiang-Yu Zhang et al. [17] studied the 
mechanical behavior of additively manufactured FGPMs 
used in biomedical applications. Y.H Dang et al. [18] also 
discussed free vibration characteristics due to porosities 
happening inside FGM samples of the graphene reinforced 
porous nanocomposite cylindrical shell with a spinning 
motion. Tran Van Lien et al. [19] conducted free vibration 
analysis of the functionally graded plates resting on various 
elastic foundations using a mathematical formulation based 
on a simple quasi-3D theory with both Reddy and the new 
trigonometric shear functions. Saidi and Sahla [20] 
employed vibration analysis of functionally graded plates 
with porosity composed of a mixture of Aluminium (Al) and 
Alumina (Al2O3) embedded in an elastic medium. 
Vyacheslav and Tomasz [21] provided three-dimensional 
modeling of free vibrations and static response of 
functionally graded material (FGM) sandwich plates. A.F. 
Mota et al. [22] studied the dynamic response of porous 
functionally graded nanocomposite plates, using different 
porosity distributions. Yantao Zhang [23] investigated the 
influences of material porosity and volume fraction on the 
free damped vibration characteristics of functionally graded 
sandwich plates with porosities based on classical boundary 
conditions. Many researchers have used classical plate 
theory (CPT) to construct a mathematical model of sandwich 
structures for static and dynamic problems [24,25]. 
Recently, however, the FGPMs have found new and 
essential applications in the investigation of FGM structures, 
which today is a topical field of research. 

From the above review of the literature, it is found that 
most researchers are interested in studying the free vibration 
analysis of FGM sandwich plates, but limited research work 
is available that takes into account the porous metal 
properties for both face sheets and core material in their 
analysis. 

In the present study, the free vibration characteristics of 
the functionally graded sandwich plate with uniform 
distribution of porosities varying smoothly through the core 
thickness direction are investigated. A new approximate 
analytical solution (Rayleigh-Ritz method) including porous 
stiffness coefficients is developed based on classical plate 
constitutive equations. The material properties of FGM core 
layers are assumed to vary smoothly and continuously 
through the direction of thickness only. Various parameters 
which influence free vibration are considered, such as the 
porous factor, gradient index, plate geometrical ratios, and 
boundary conditions. The numerical results are carried out 
and compared with the approximated solution to validate the 
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accuracy of this modification. As such, the paper reports on 
a comprehensive study of porous FGM materials and 
provides useful analysis and results for the use of such 
materials in the engineering industry. 

The paper is organized as follows. The next section will 
include an introduction to the free vibration of thin FG plates 
and a brief overview of the classical plate theory, describing 
the approximated Ryleigh-Ritz method used in the present 
work, and finite element analysis. Section 3 gives 
the convergence and verification study as well as frequent 
results covering the effects of the various parameters of the 
FG core on the free vibration characteristics of functionally 
graded sandwich plates. Finally, several key conclusions and 
useful proposals for further research on these structures are 
presented in the last section. 

 
 

2. Problem formulation 
 
2.1 Constitutive equations 

 
This section includes analytical solution procedures for 

treating vibration problems related to FG plates with porous 
metal. An FGM plate made of ceramic–metal is employed 
in this study. The plate's length, width, and thickness are 
denoted by a, b and h, respectively. The top surface's 
material structure (z = h/2) is assumed to be ceramic-rich, 
and it constantly varies from the bottom surface's metal-rich 
surface (z = h/2). On the middle surface of the plate, a 
cartesian coordinate system (x, y, z) is adopted to describe 
the plate motion, where in-plane coordinates are represented 
by x and y, while the z denotes the out-of-plane coordinate 
of the plate and the origin is at one of the plate corners. Most 
of the literature finds that the influences of Poisson's ratio 
are ignored, so it is assumed to be unchanged in this 
investigation. Assuming the classical or Kirchhoff's plate 
theory (CPT) given on the FG plate, the displacement field 
is assumed as [26], 

 

𝑢𝑢���, 𝑦𝑦, 𝑑𝑑� � �𝑑𝑑 ����   

𝑢𝑢���, 𝑦𝑦, 𝑑𝑑� � �𝑑𝑑 ����   (1) 
𝑢𝑢���, 𝑦𝑦, 𝑑𝑑� � ���, 𝑦𝑦� 

 
where ux,uy, and uz represented the displacement parameters 
through the line of coordinates of a certain point on the x-y 
plane, and w is the transverse deflection of a point on the 
mid-plane (x–y plane). Transverse shear deformation is 
neglected in Kirchhoff's case; on that is, deformation is due 
to bending and in-plane stretching. The stress-strain 
relations are given by [27], 
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In Eq. 2, the normal strains in terms in x and y directions 

are εxx and εxx, while γxy indicates to shear strain component. 
According to Hooke's law, the following matrix form can be 
used to describe the relationships of the stress and strain 
expressions at a given point of the functionally graded plate, 

 

�
𝜎𝜎��𝜎𝜎��
𝜏𝜏��

� � �
𝐴𝐴�� 𝐴𝐴�� 0
𝐴𝐴�� 𝐴𝐴�� 0

0 0 𝐴𝐴��
� �

𝜀𝜀��𝜀𝜀��
𝛾𝛾��

� (3) 

 
The components of the normal and shear stress σxx, σyy 

and τxy can be used to construct the reduced stiffness 
parameters Aij (i, j = 1, 2, 6), 

 

𝐴𝐴�� � 𝐴𝐴�� � ����
����  

𝐴𝐴�� � 𝐴𝐴�� � �����
����   (4) 

𝐴𝐴�� � ����
������  

 

The materials properties E, ν represent Young's modulus 
and Poisson's ratio of the functionally graded plate. The 
linear constitutive relations of an FG plate, such as the 
bending and twisting moments 𝑀𝑀�� ,𝑀𝑀�� and 𝑀𝑀�� 
Respectively on a plate element. The pure bending case can 
be written as, [23,28], 

 

�
𝑀𝑀��𝑀𝑀��
𝑀𝑀��

� � � �
𝜎𝜎�𝜎𝜎�𝜏𝜏��
� 𝑑𝑑 𝑑𝑑𝑑𝑑 �/�

��/�  (5) 

 
2.2 Energy expressions model 

 
The strain energy U stored in an elastic body, for a 

general state of stress, is given by, 
 

U � �
�∭ � 𝜎𝜎�𝜀𝜀� � 𝜎𝜎�𝜀𝜀� � 𝜎𝜎�𝜀𝜀� �

𝜏𝜏��𝛾𝛾�� � 𝜏𝜏��𝛾𝛾�� � 𝜏𝜏��𝛾𝛾��� 𝑑𝑑�𝑑𝑑𝑦𝑦𝑑𝑑𝑑𝑑 �  (6) 
 

Integration extends over the entire body volume for thin 
plates σ�, γ��, γ��  can be omitted. Thus, introducing Hooke's 
law, the above expression is reduced to the following form 
involving only stresses and elastic constants, 

 

U �∭ � �
�� �𝜎𝜎�� � 𝜎𝜎�� � 2𝑣𝑣𝑣𝑣�𝜎𝜎�� � �

�� 𝜏𝜏��� � 𝑑𝑑�𝑑𝑑𝑦𝑦𝑑𝑑𝑑𝑑�  (7) 
 

U � �
� �  � ��  �/�

��/� �𝜎𝜎��𝜀𝜀�� � 𝜎𝜎��𝜀𝜀�� � 𝜏𝜏��𝛾𝛾���𝑑𝑑𝑑𝑑� 𝑑𝑑�𝑑𝑑𝑦𝑦 (8) 
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The kinetic energy (T) of the plate in cartesian 
coordinates at any instant can be expressed as, 

 

T � �
� �  � ��  �/�

��/� 𝜌𝜌�𝑧𝑧� ������ �
� 𝑑𝑑𝑧𝑧� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (9) 

 
where Ω denotes the mid-plane (domain) of the FG plate. 
Using Eqs. (1), (2), and (3) in Eqs. (8) and (9) lead to the 
total potential energy function U, 

 

U � �
� �  � �

𝐷𝐷�� ���
��
����

� � ��������
�� �

2𝐷𝐷�� �
��
���

���
��� � 4𝐷𝐷�� � �

��
�����

��𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (10) 

 

T � �
� �  � 𝐼𝐼� ����� �

� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (11) 
 

where, the flexural rigidity coefficients D11, D12, D66 in Eq. 
10 can be evaluated as, 

 

�𝐷𝐷��,𝐷𝐷��,𝐷𝐷��� � �  �/�
��/� �𝐴𝐴��,𝐴𝐴��,𝐴𝐴���𝑧𝑧�𝑑𝑑𝑑𝑑 (12) 

 
2.3 Functionally graded sandwich plates with 

porosity 
 
The continuous variation of material properties of FG 

plate constituents can be represented by an exponential law, 
a sigmoid law, and a power-law variation. In the present 
study, the FG plate is assumed to follow power-law variation. 
The ceramic volume fraction Vc can be defined as [29], 

 

𝑉𝑉��𝑧𝑧� � ����/�
� �� (13) 

 
The volume fraction sum of metal and ceramic is stated 

as, �𝑧𝑧� � 𝑉𝑉��𝑧𝑧� � 1, where  𝑉𝑉� is the volume fractions of 
metal, k is the power-law variation index and is a non-
negative variable parameter, in which k ϵ [0, ∞). The value 
of k=0 represents a fully ceramic plate, whereas k=∞ 
indicates a fully metallic plate. The material property of the 
FGM plate is supposed to change continually along the 
thickness direction and obey power-law distribution in the 
following, 

 

𝑃𝑃�𝑧𝑧� � 𝑃𝑃� � �𝑃𝑃� � 𝑃𝑃�� ������� �� (14) 
 
In Eq. (15), Pm and Pc are the values of material 

properties of ceramic and metal, constituents of the FG plate, 
respectively. For our present formulations, the material 
properties, viz. Young's modulus (E) and mass density (ρ) 
are taken to vary throughout the gradient direction except for 
Poisson's ratio (ν) remains constant. The material properties 
of an FGM plate with porosity are assumed to vary 

continuously within the plate thickness according to the 
power-law distribution (k), (β) is the porosity distribution 
factor based on plate thickness. For the even distribution of 
porosities inside the material, the general Young's modulus 
E (z) and mass density ρ (z) of the imperfect FGM plate can 
be written, respectively, as [30], 

 

𝐸𝐸�𝑧𝑧� � �𝐸𝐸� � 𝐸𝐸�� ������� �� �𝐸𝐸� � �𝐸𝐸� � 𝐸𝐸�� �� (15) 
 

𝜌𝜌�𝑧𝑧� � �𝜌𝜌� � 𝜌𝜌�� ������� �� �𝜌𝜌� � �𝜌𝜌� � 𝜌𝜌�� �� (16) 
 

Consider a rectangular plate of length a and width b with 
its four edges simply supported, as shown in Figure 1. 
Assume the mechanical properties 𝐸𝐸� � 𝐸𝐸� � 𝐸𝐸, 𝜐𝜐� �
𝜐𝜐��𝜐𝜐 and the mass density 𝜌𝜌� � 𝜌𝜌� = ρ; and the thickness of 
two face sheets is the same (i.e., h1=h2), then the general 
representation of the flexural rigidity and inertia for the 
sandwich plate �𝐷𝐷��& 𝐼𝐼� � can be written as 

 

𝐷𝐷�� �
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������ 𝐸𝐸�𝑧𝑧��

������ �

����
𝑑𝑑𝑑𝑑

⎠
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
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 (17) 

 

𝐷𝐷�� �

⎝
⎜
⎛
���������
������ � �

��� �
�

��� �
�

�������
� ����

�������� �
����������
��������

� ���
�������� ��ℎ � 2ℎ��� � ℎ�� ⎠

⎟
⎞

 (18) 

 

𝐷𝐷�� � �  �/�
��/� 𝐴𝐴��𝑧𝑧�𝑑𝑑𝑧𝑧 � �  �/�

��/�
�����
���� 𝑧𝑧�𝑑𝑑𝑑𝑑 (19) 

 

𝐷𝐷�� �
⎝
⎜
⎛
����������

������ � �
��� �

�
��� �

�
������� �

����
��������

� ����������
�������� � � �

������ �
��������

�

� � ��
��� ⎠

⎟
⎞

 (20) 

 

𝐷𝐷�� � �  �/�
��/� A��z�dz � �  �/�

��/�
����

������ z�dz (21) 
 

𝐷𝐷�� � �
���������
������ � �

��� �
�

��� �
�

������� �
����
������� �

����������
������� � ���

����� �8 ��� � ℎ��
� � ℎ��

� (22) 
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and, 
 

𝐼𝐼� � �  
�
�
���

𝜌𝜌�𝑧𝑧�𝑑𝑑𝑑𝑑 (23) 
 

where Io is the total moment of inertia of the FGM sandwich 
plate which can be expressed in term of the porosities and 
gradient index as, 

 

𝐼𝐼� � ��������
����� � 𝜌𝜌�𝜌 � �𝜌𝜌� � 𝜌𝜌�� ��� � 2𝜌𝜌𝜌� (24) 

 

 

 
 

Fig. 1. Sandwich plate with FGM core and isotropic skins 
 
To evaluate the behaviour of the deflection plate as a 

function of x and y directions that satisfy the boundary 
conditions. The assumed harmonic type function of the 
displacement component can be expressed as [10,31], 

 

𝑤𝑤�𝑥𝑥, 𝑦𝑦, 𝑡𝑡� � 𝑊𝑊�𝑥𝑥, 𝑦𝑦� 𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐 (25) 
 

W (x, y) and ω are the respective maximum deflection and 
natural frequency of free vibration. Now, by using Eq. (25) 
in Eqs. (10), and (11), the maximum strain energy (Umax) and 
kinetic energy (Tmax), can be obtained as follows, 

 

U��� � �
� �  � �

𝐷𝐷�� ���
��
��� �

� � ������� �
�� �

2𝐷𝐷�� �
��
���

���
��� � 4𝐷𝐷�� ��

��
�����

��𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦  (26) 

 

or, alternately 
 

U��� � �  � 𝐷𝐷�� �
�������� �

� � ������� �
�� �

2𝑣𝑣 ���
���

���
��� � 2�1 � 𝑣𝑣� ���������

��𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦  (27) 

T��� � ��
� �  � 𝐼𝐼�𝑊𝑊�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (28) 

 

To find n natural frequencies using the Rayleigh-Ritz 
method, the deflection function W (x, y) can be used as 
follows [32,33], 

 

𝑊𝑊�𝑥𝑥, 𝑦𝑦� �  ∑ �𝜙𝜙𝜙𝜙𝜙𝜙�𝑥𝑥, 𝑦𝑦�����  (29) 
 

where Ci, are n unknown constant and ϕi�x, y� are n known 
arbitrary (assumed) functions of (x, y), and W (x, y) satisfies 
the geometric edge conditions and can be expressed as, 

 

𝜙𝜙𝜙𝜙�𝑥𝑥, 𝑦𝑦� � ����𝑥𝑥, 𝑦𝑦�, 𝜙𝜙 � 0,1,2,⋯ ,𝑛𝑛 (30) 
 

Here, n is the number of polynomials included in the 
deflection shape function. The function � � x��y��  �a �
x����b � x���  with the exponents a1, a2, a3, and a4, governing 
the different geometric BCs. The parameter a1=0,1 or 2 
according to as the edge x=0 is free, simply supported or 
clamped. Same interpretations can be used to the parameters 
a2, a3, and a4 corresponding to the sides y=0, x=a, and y=b, 
respectively. Moreover, expansion coefficients of the 
binomial ψ� will be obtained from the triangular 
arrangement available in Pascal's triangle as given in  
Table 1. 
 
Table 1. 
Values of expansion coefficients ψ� 

i 1 2 3 4 5 6 7 8 9 10 

ψ� 1 x y x2 xy y2 x3 x2y xy2 y3 

 
Now, taking the partial derivative of ω2 with respect to 

unknown constants as, ∂ω2/ ∂ci = 0, i = 1, 2, 3……... n. Thus, 
Eq. (27) can be further simplified to become similar to the 
free vibration eigenvalue problem, 

 
��K���� �  λ��M������δ� � 0 (31) 

 
where [K]n×n represents the stiffness coefficients matrix 
while [M]n×n is the inertia coefficients matrix of the 
functionally graded sandwich plate, and (δ) is the column 
vector of unknown constant coefficients. Solutions of the 
standard generalized eigenvalue problem, the frequencies 
and mode shapes of the FG porous sandwich plate are 
obtained from Eq. (31). By equating Umax and Tmax, the 
Rayleigh quotient (ω2) can be expressed as, 

 

𝜔𝜔� � ����
�  � �������� (32) 

 

𝜔𝜔� �
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The non-dimensional frequency parameters of the 
functionally graded sandwich plate may be obtained as, 

 

 /
/

 /
/

 (34) 

 
where, (H) is the sandwich plate's total height, to solve the 
above equations, a code written using MATLAB software is 
used. The FG core considered here consists of Alumina and 
Aluminium and the skins are made of structural steel with 
the material properties listed in Table 2. 
 
Table 2. 
Material properties employed in the FG sandwich plates 

Property 
FG core 

Skins 
(Steel) Aluminium 

(Al) 
Ceramic 
(Al2O3) 

Modula's of Elasticity, GPa 70 380 210 
Mass density, Kg/m3 2702 3800 7800 
Poisson’s ratio 0.3 0.3 0.3 

 
2.4 Numerical investigation 

 
FEA allows the analysis of various structures without 

improving and including complex relations. Hence, it is 
important to evaluate most design problems [34-42]. In this 
work, a numerical investigation was carried out to evaluate 
the free vibration characteristics of FGM sandwich plates 
with porous metal. As a consequence, numerical simulation 
is used to develop the performance, stability, and vibration 
responses of the generated models and to check the accuracy 
of the current study. The commercial finite element code 
ANSYS program 2020 R2 is used to simulate the free 
vibration of the sandwich plate [39, 43-50]. A 3D model of 
an FG sandwich plate is built and the boundary conditions 
for each side of the structure are applied as shown in Figure 
2. A mesh convergence study was carried out and the 
precision mesh size was selected. Then, the model was 
meshed with an 8-node SOLID186 element type for both the 
face sheets and the core with a total number of elements of 
40000, as shown in Figure 3. At the connection area of the 
layers and amongst the layers and skins of the sandwich, all 
parts are assumed to be perfectly bonded together [51-60]. 
The skin parts are considered isotropic materials with 
properties shown in Table 2. Furthermore, the mechanical 
properties of the porous metal core are calculated using 
equations 14, 15, and 16 by building a separate program in 
Microsoft Excel 2019. 

 
 

Fig. 2. FGM Sandwich plate 
 

 
 

Fig. 3. Meshed model 
 
Table 3. 
Material properties of the porous metal core calculated using 
Eqs. (15-17) 

Porosity, 
β 

Power-law 
index, k 

E, GPa ρ, kg/m3 υ 

0.0 0.5 281.7 3451.9 0.3 
0.0 1.0 225.0 3251.0 0.3 
0.0 5.0 106.9 2832.8 0.3 
0.1 0.5 257.0 3126.8 0.3 
0.1 1.0 200.3 2925.9 0.3 
0.1 5.0 82.20 2507.7 0.3 
0.2 0.5 232.2 2801.7 0.3 
0.2 1.0 175.5 2600.8 0.3 
0.2 5.0 57.40 2182.6 0.3 
0.3 0.5 207.5 2476.6 0.3 
0.3 1.0 150.8 2275.7 0.3 
0.3 5.0 32.70 1857.5 0.3 

2.4.	�Numerical investigation

http://www.archivesmse.org
http://www.archivesmse.org
http://www.archivesmse.org


33

Analytical and numerical free vibration analysis of porous functionally graded materials (FGPMs) sandwich plate using ...

Volume 110    Issue 1   July 2021
 

 
 

Fig. 4. View of Modal Analysis of FGM sandwich plate 
 

The sample of results of the FG core properties at 
porosity (β = 0 to 0.3) and power-law index (k=0.5, 1, and 
5) is presented in Table 3. Modal analysis is, along with 
linear static analysis, one of the two most common types of 
FE analysis. The modal analysis is carried out to generate 
substep results of the free vibration characteristics (natural 
frequencies and the mode shapes) for the selected FG 
models based on various parameters previously discussed as 
shown in Figure 4. 

 
 
3. Results and discussion 

 
The free vibration analysis of an FGM sandwich plate 

with porous metal using the Rayleigh-Ritz method is 
presented in this study. The FG core materials are assumed 
to be distributed to the upper and lower plate parts. 
Numerical validation is performed using ANSYS 2020 R2 
to prove the accuracy and performance of the proposed 
solution. 

This section investigates a number of numerical 
examples concerning the non-dimensional fundamental 
frequency and mode shapes of the sandwich plate with 
different boundary conditions integrated with porosity 
factors β and gradient indices k. 

The FGM core is made of aluminium and ceramic 
(Al/Al2O3) with different heights (h=10, 15, 20, 1.5, and 25 
mm), while the facings are made of steel alloy with varying 
thicknesses (h1=0.5, 1.5.2, and 2.5 mm). 

Plates have the following dimensions: (a=b=0.5 m). In 
order to present the numerical results in tabular and 

graphical form, the following non-dimensional frequency 
parameters are used: 

 

 (35) 

 
where, ω is the natural frequency, ρo= 1 Kg/m3 and Eo=1 
GPa [3].  

Table 4 gives analytical and numerical results of the 
frequency parameter for sandwich FGM plate at four 
different slenderness ratios, (a/H= 10, 20, 30, and 100) 
porous factor (β=0,0.1,0.2 and 0.3), and gradient index  
(k=0, 0.5, 1, 2, and 5), respectively. It is found that the 
natural frequencies increase when the porous parameter 
increasing and decrease with increasing gradient index due 
to the decrease in the material rigidity. Also, it is clear from 
table 4 that for a thin plate, the suggested approximated 
analytical solution by Rayleigh-Ritz is close to the FEA 
solutions. When the plate thickness increases, the error 
percentage in CPT will be higher, for example, there is an 
apparent error between the analytical and numerical solution 
reach to 13% at slenderness ratio (a/H=10), and this 
percentage is affected by power-law index and porous factor 
for same FG plate thickness. 

In Table 5, the numerical results for the first six total 
deformation frequencies of FG square sandwich plates at 
porosity (β = 0 to 0.3), slenderness ratio (a/H = 20), and 
gradient index (k = 1) are considered. From the results 
obtained, it is evident that the present results indicate that the 
natural frequency increases with porosity, and for higher 
modes of the natural frequency there are not any big changes 
modes of the natural frequency there are not any big 

3.	�Results and discussion
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changes. This is due to the high stability of the sandwich 
plate at large deformations. 

Convergence of the nondimensional frequency of FGM 
sandwich plate with porous core and steel face sheet (2 mm), 
under the effect of five types of BCs, is presented in Table 6 
with respect to thickness ratio (a/H = 50) and various 
porosity factors. The influence of the porous factor and the 

gradient index has also been investigated. It is discovered 
that the value of the frequency parameter increases as the 
number of constraints in the selected model increases; for 
example, at porous factor (β = 0.1) and with a gradient index 
(k = 1), the frequency parameter in the CCCC model is 
(2.348), while for CCCS it was (2.114), SCSC was equal 
(2.085), and SSSC was equal (1.998). 

 
 
Table 4. 
Analytical and numerical results of the first nondimensional frequencies of (Al/Al2O3) square plate for various parameters 

a/H Porosity, β Power-law index, k 

  0 0.5 1 2 5 
Ana. Num. Ana. Num. Ana. Num. Ana. Num. Ana. Num. 

10 

0 1.855 1.783 1.642 1.639 1.580 1.529 1.536 1.399 1.458 1.275 
0.1 1.875 1.819 1.663 1.648 1.585 1.533 1.545 1.429 1.445 1.287 
0.2 1.892 1.836 1.681 1.662 1.586 1.542 1.552 1. 436 1.437 1. 295 
0.5 2.009 1.929 1.734 1.719 1.616 1.649 1.565 1.521 1.369 1.316 

20 

0 1.862 1.838 1.685 1.700 1.634 1.612 1.587 1.502 1.527 1.365 
0.1 1.879 1.860 1.694 1.709 1.642 1.617 1.590 1.498 1.534 1.374 
0.2 1.891 1.879 1.711 1.726 1.654 1.623 1.593 1.494 1.540 1.386 
0.5 1.981 1.965 1.758 1.777 1.680 1.648 1.607 1.470 1.559 1.594 

50 

0 1.942 1.931 1.837 1.853 1.807 1.794 1.777 1.731 1.759 1.722 
0.1 1.964 1.958 1.851 1.869 1.816 1.806 1.788 1.740 1.765 1.729 
0.2 1.979 1.977 1.864 1.881 1.839 1.819 1.801 1.780 1.773 1.748 
0.5 2.065 2.048 1.919 1.941 1.883 1.868 1.850 1.839 1.812 1.792 

100 

0 2.209 2.215 2.195 2.189 2.145 2.128 2.134 2.119 2.118 2.108 
0.1 2.232 2.229 2.169 2.172 2.157 2.160 2.146 2.151 2.135 2.124 
0.2 2.242 2.236 2.188 2.179 2.176 2.170 2.165 2.148 2.157 2.137 
0.5 2.314 2.294 2.255 2.265 2.240 2.228 2.231 2.219 2.221 2.198 

 
 
Table 5. 
Total deformation frequencies (Hz) for FG square sandwich plates (a/H = 20, k =1) 

Porosity 
Total Deformation 
Frequency 1 Frequency 2 Frequency 3 Frequency 4 Frequency 5 Frequency 6 

0.00 681.05 1680.70 1680.70 2656.11 3293.52 3293.52 
0.03 681.08 1680.75 1680.75 2655.83 3293.02 3293.03 
0.07 681.21 1680.99 1681.00 2655.84 3292.88 3292.90 
0.10 681.42 1681.43 1681.43 2656.16 3293.09 3293.11 
0.13 681.73 1682.06 1682.06 2656.77 3293.63 3293.66 
0.17 682.13 1682.87 1682.88 2657.66 3294.50 3294.53 
0.20 682.62 1683.87 1683.88 2658.83 3295.68 3295.71 
0.23 683.20 1685.06 1685.06 2660.25 3297.13 3297.17 
0.27 683.87 1686.41 1686.42 2661.91 3298.85 3298.89 
0.30 684.63 1687.94 1687.95 2663.80 3300.79 3300.83 
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Table 6. 
Frequency Parameter of (Al/Al2O3) square sandwich plate with various porosity factors for different boundary conditions 

BCs a/H Face sheet thickness, mm Power-law index, k Porosity factor, β 
CCCC 50 2  0 0.1 0.2 0.3 

0 2.58 2.60 2.62 2.64 
0.5 2.43 2.45 2.46 2.48 
1 2.34 2.35 2.35 2.41 
2 2.23 2.23 2.23 2.25 
5 2.09 2.09 2.11 2.12 

CCCS 50 2 0 2.32 2.33 2.34 2.35 
0.5 2.19 2.20 2.21 2.22 
1 2.11 2.11 2.12 2.13 
2 2.01 2.01 2.02 2.08 
5 1.88 1.88 1.90 1.91 

SSSC 50 2 0 2.18 2.19 2.22 2.23 
0.5 2.07 2.08 2.10 2.11 
1 1.99 2.00 2.02 2.03 
2 1.90 1.91 1.91 1.92 
5 1.80 1.82 1.83 1.84 

SSSS 50 2 0 1.94 1.95 1.97 1.99 
0.5 1.85 1.86 1.88 1.90 
1 1.79 1.81 1.82 1.83 
2 1.73 1.74 1.75 1.76 
5 2.57 2.591 2.61 2.63 

CSCS 50 2 0 2.35 2.36 2.37 2.41 
0.5 2.23 2.23 2.25 2.26 
1 2.09 2.09 2.11 2.12 
2 2.04 2.08 2.11 2.14 
5 1.07 1.07 2.14 2.16 

 
However, it is also concluded that when the gradient 

index increases, the overall stiffness of the plate decreases, 
and affects the frequency parameter's value. Graphical 
representations of the natural frequency relationships for 
simply supported FG sandwich plates given are shown in 
Figures 5-8. Figure 5 shows a 3D surface for the 
fundamental frequency at porosity (β = 0), with a face sheet 
thickness of 2 mm, for various FGM thicknesses. In a similar 
fashion, Figure 6 shows the same representation of porosity 
(β =0.3). Figures 7 and 8 present the fundamental frequency 
of a simply supported functionally graded sandwich plate by 
changing the gradient index from (k=0) to (k=2). 

Based on the findings, it is concluded that the porosity 
coefficients play a crucial part in determining the stability of 
the FGM plate. As shown in Figure 9, one can plot the 

variation of the frequency parameter of the rectangular 
sandwich plate with respect to aspect ratios. It is observed 
that the frequency parameter increases as the aspect ratio 
increases and that there is distinct convergence at lower 
aspect ratio values. It may also be viewed that frequency 
parameters are increasing with an increase in aspect ratios. 
This is due to the that the stiffness of the FG rectangular 
sandwich plate increases gradually with an increase in aspect 
ratios. Figure 10 shows the influence of the number of layers 
on the frequency parameter of the rectangular plate at three 
values of side to length ratios (a/b =0.5, 1 and 2) at gradient 
index (k=0.5) and porosity (β =0). The figure shows that the 
stability of sandwich structure made of porous metal 
becomes more with an increase of the number of FG core 
layers for the same FGM thickness. 

http://www.archivesmse.org
http://www.archivesmse.org


36

E.K. Njim, S.H. Bakhy, M. Al-Waily

Archives of Materials Science and Engineering RESEARCH PAPER

 
 

Fig. 5. 3D Surface for the fundamental frequency at (β =0), 
for various FGM thickness 

 

 
 

Fig. 6. 3D Surface for the fundamental frequency at (β =0.3), 
for various FGM thickness 

 

 
 

Fig. 7. 3D Surface for the fundamental frequency at gradient 
index (k =0), for various FGM thickness 

 
 

Fig. 8. 3D Surface for the fundamental frequency at gradient 
index (k =2), for various FGM thickness 

 

 
 

Fig. 9. Numerical results of the frequency parameter of a 
rectangular plate with different aspect ratios 
 

 
 

Fig. 10. Numerical results of the frequency for a different 
number of layers of FGM rectangular plate at (k=0.5) 
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By non-dimensionalizing the circular frequency, the 
curves shown in Figures 11 and 12 state a 3 D surface for 
analytical results of the frequency parameter using 
MATLAB code results at porosity (β = 0, and (β =0.3) 
respectively. It is clear that the frequency parameter 
increases with the increase in porosity due to an increase in 
the stiffness of the plate. Accordingly, in Figure 13, the first 
six deflections of 3-D numerical mode shapes are generated 
for a simply supported FG square sandwich plate at (β = 0 
and k =0.5). Where the first mode shape is the bending mode, 
the lateral second and third are similar and the fourth one 
represents the torsional mode, while the fifth and sixth 
modes have the same results, but with a different 
configuration. 

 

 
 

Fig. 11. Analytical results of the frequency parameter of the 
square sandwich plate at (β =0) 

 

 
 

Fig. 12. Analytical results of the frequency parameter of the 
square sandwich plate at (β = 0.3) 

a)  
 

b)  
 

c)  
 

d)  
 
Fig. 13. The first four mode shapes for a square sandwich 
plate at (β =0, k =0.5, and a/h=50); a)-d) modes 1-4, 
respectively 
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4. Conclusion 
 
The most commonly used FGM sandwich constructions 

are the FGM core with homogeneous skin. The contributions 
of the FG porous metal in the design of biomedical and 
aerospace structures can be considered for the features of 
lightweight and high bending stiffness by suitably selecting 
the core metal type and the number of layers. Free vibration 
analysis of functionally graded porous materials (FGPMs) 
with various edge conditions is considered in this work. The 
sandwich plate is made up of a two-phase porous metal 
(Ceramic-Aluminium) core that is glued to homogeneous 
steel plates on both sides with appropriate adhesion. The 
material properties, including the porosity volume fraction, 
are assumed to vary depending on the thickness of a power-
law distribution. 

A simple and accurate mathematical model is based on 
CPT principles and the Ryleigh-Ritz approximate technique 
was presented to identify natural frequencies of the FG 
sandwich plate based on various parameters. The numerical 
study using ANSYS Workbench 2020 R2 confirms the 
analytical solution results are carried out. The paper also 
investigates the effect of various parameters on the free 
vibration characteristics of FG sandwich plates, such as 
porous factor, gradient index, and aspect ratio. The 
following observations are based on the findings. 
1. In both proposed methods of solution (analytical and 

numerical), natural frequency increases with increasing 
porous factor and decreases with increasing power-law 
index. 

2. The Ryleigh-Ritz method is a very approximate and easy 
way to assess the free vibration analysis of an FGM 
sandwich structure, particularly when the model has a 
large number of parameters. 

3. The graphs clearly show that as the power-law index 
increases, the values of natural frequency discrepancies 
drop significantly for all types of boundary conditions. 

4. Numerical results show a remarkable convergence 
between the results obtained by the predicted proposed 
technique and those obtained numerically by the Ansys 
software, as the error percentage did not exceed 6%, 
indicating the reliability of the developed mathematical 
model in vibration analyses of functionally graded 
sandwich plates with porosities. 
FGPMs offer a wide range of industrial applications.  

As a result, more research on the behaviour of such 
structures is required, including but not limited to 
optimization studies and the accomplishment of a full 
experimental program. 
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