Vol. 32, No. 4 (2022) | DOI: 10.37190/0rd220402

OPEN ACCESS OPERATIONS

RESEARCH
AND DECISIONS

@RD Operations Research and Decisions

www.ord.pwr.edu.pl

-

Relations for moments of generalised order statistics
based on Weibull-G family of distributions

Haseeb Athar*!™ Yousef F. Alharbi?® Mohamad A. Fawzy? 3

! Department of Statistics and Operations Research, Faculty of Science, Aligarh Muslim University, India
2Department of Mathematics, College of Science, Taibah University, Al Madinah, Kingdom of Saudi Arabia
3Mathematics Department, Faculty of Science, Suez University, Suez, Egypt

*Corresponding author: haseebathar.st@amu.ac.in

Abstract

The Weibull distribution is one of the important distributions used in reliability theory and life-testing experiments. The
generalised versions of the Weibull distribution give a more flexible model for these studies. The Weibull-G family of
distributions is one of the extended versions extensively studied. In this paper, we have studied moments properties of
generalised order statistics for the said distribution in terms of a single moment, product moments and characterisation.
Several examples and special cases are presented. The results can be applied to all distributions belonging to this family.
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1. Introduction

Order statistics (OSs) and related general models of ordered random variables (ORVs) are important in
statistical theory and its applications. Kamps [17] introduced the concept of generalised order statistics
(GOS) and showed that all well-known models of ORVs such as record values (RVs), OSs, Pfeifer’s
records, progressive type II censored order statistics (PT2COS), sequential order statistics (SOS), etc.
are the submodels of GOS in the distributional and theoretical sense. There is no doubt that GOS and
different models of ORVs will continue to arouse the interest of many researchers working in the fields
of theoretical statistics and applications.

Recurrence relations for moments of GOS and characterisation through it for various distributions
have been investigated by several authors in the literature. For a detailed review of the literature,
see [2, 3, 612, 14, 18-28] and references therein. Furthermore, Alawady et al. [5] studied the con-
comitants of GOS from the iterated Farlie-Gumbel-Morgenstern-type bivariate distribution, while Abd
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Elgawad et al. [1] and Alawady et al. [4] studied the concomitants of GOS from the bivariate Camba-
nis family of distributions. Jamal and Chesneau [16] studied the moment properties of order statistics,

reverse order statistics, and upper record values of the power Ailamujia distribution.

1.1. Definition of GOS

Letn > 2 be a given integer and 7 = (my, my, ..., m,_1) € R"7' k > 1 be the parameters such that
n—1
’yi:k+n—i+2mj >0 for1<i<n-1
Jj=t
Random variables (RVs) X ,, s &, Xonmk, - - -5 Xpnmk are said to be GOS from an absolutely con-

tinuous population with a cumulative distribution function (CDF) F'(), and probability density function
(PDF) f() if their joint PDF is of the form

n—1

n—1
m; k—1
1T (TT 1 = Fa)™ fen) [ = Fa)] " f o) 1)
j=1 =1
in the cone F71(0) < zy <y < ... <z, < F7H(1).
The particular cases of the model (1) are given below:
elfm =my=---=m,_1=0,andk =1,theny, =n—7r+1,1 < r <n — 1. In this case,
model (1) reduces to the joint density of the OSs.

e Bychoosing n=m, m; = R; fori =1,2, ..., m—landk:Rm—i—l,%:m—r+1+ZRi,

1 <r < m, whereR; is a set of prefixed integers that shows random removal R; in the ith fail_lire of
the surviving items of an experiment. Model (1) reduces to the joint density based on PT2COS.
elfm =my=...m,y=—landk = 1,then, = 1,1 < r < n — 1. In this case, model (1)
reduces to the joint density of upper RVs.
oelfmi = n—i+ 1o, — (n—i)ayyy —land k = a,,a € RY,i = 1,2,...,n — 1, then
Y =(n—r+1)a,,1 <r <n—1. Model (1) reduces to the joint density of the SOS.
Here, we may consider two cases.
Casel.v;, #v;,t,7=12,....,.n—1,i#j
In view of (1), the PDF of rth GOS X, ,, ;7  is given as in [18]

r

Frnni(®) = Cra f(@) D ailr)[F@) ! 2)
1=1
where
" n—1 r )
Cro = [T vi=htn—i+Y m>0 a(r)=[[ ——. 1<i<r<n
=1 Jj=t j=1 (f}/j - 7@)
J#i

The joint PDF of X, ,, ;5 1 and X, 51, 1 <1 < s <mn,is given as in [18]
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G Fy)\" |x ~ | f(@) f(y)
frsmmn(®,y) = Csz a()S(— ) ai(r)|F(@)]"| =55 ©<y 3
where
> 1
(r) ‘
a;’(s) = —, r+1<5<s<n
i ) tll (v =)
1]
Casell. m; =m,2=1,2,....,n—1
The PDF of rth GOS X, ,, .,  1s given as in [17]
_ Cr—l n vyr—1 r—1
anmal®) = S P @ @)l (Pa) @
where .
C._4 = H%, vi=k+(n—1i)(m+1)
i=1
—;(1—x)m+1 m # —1
m+1 ’
h(z) =
1
log(l —x)’ m=-1
and N
gm () = hp(z) — hy(0) = [ (1 —t)™dt, 2 €]0,1)
0
The joint PDF of X, ,, ,,, , and X, s, 1 <1 < s <, is given as in [25]
Frammil@,y) = —— [P (P ()
r,s,m,m.k Y (7“ — 1)| (S . 1), 9m (5>

X [hn(F(y)) = han(F @) F@) 7 (@) f(y), —oo<a<y<oo

1.2. Weibull-G family of distributions

Bourguignon et al. [13] proposed a wider Weibull-G family of distributions being one of the most im-
portant distributions used in reliability theory. The CDF of the Weibull-G family of distribution is

=1—-exp|—« Glr) ’ o
F(z) =1 p[ (G(x)) ] >0 (6)
and the corresponding PDF is given by
x) =afg(x —(G(x))ﬁil exp | —« Glr) ’
1) = aata) & o (52) ] ™

where G (z) refers to the base distribution and G(z) = 1 — G(x).
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In view of (6) and (7), the relation between the survival function (SF) and PDF of this family of
distributions can be seen as

— 1 = T [ - T
P = | & | () ) )
9(x)

where F'(r) = 1 — F(z) is the SF and \(z) = Gx) is the inverse failure rate (IFR).
T

The paper is organised as follows. Section 2 demonstrates a single moment of GOS for the Weibull-G
family of distributions, as given in (6). In addition, some examples and special cases are discussed. The
properties of product moments are studied in Section 3, while the characterisation results are presented
in Section 4. In Section 5, a brief conclusion is given.

2. Single moment

Before coming to the main result, we reproduce the lemma given by Athar and Islam [7].

Lemma 1. For Case I with PDF givenin (2)and2 <r <n,n>1,k =1,2 ...
E[XM o) = E[XP ] = ECos 7 gkl Z a;(r) [F(z)]" da (9)
i=1
Proof. For~; #;,1,5=1,2,...,n— 1,7 j, Athar and Islam [7] have shown that
Ble(Xomme)] — B[ )] = Crs / ()3 ailr) [F(a)] " da (10)

where £() is a Borel measurable function of z € (—o0, 00).
Let £(x) = 21, then Lemma 1 can be established in view of (10). O
Theorem 1. Assume that Case I is satisfied. For the Weibull-G family of distributions as given in (6)

andne NmeR, k>0,1<r<nk =1,2,

R SERACED) Bi+1 )
| =5y 2 ras pf B Kenan) (1)

B[X0 il = BIX

r—1,n,mk

Proof. Based on (8) and (9), we have the following

T

kiCh_ _
CRONPRELCSY PUSS SNETE
Tr =1

—0o0

E[XH

rnmk}
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X

! v F(ﬁ—i—l) A B+I+1
aBA(z) ;FBF(H—U (G()"" | fa)da

_ kil RACER) i i1 ) - ‘ F vi—1
= apy, ;FBF(ZJrl) / (57 (Xm,m,k)];az(ﬂ [F@)]™ f(a)dz

—0o0

Therefore, we reached (11). Hence, the proof of Theorem 1 is completed. U

Corollary 1. For Case II and the condition as stated in Theorem 1

k ~= I'(B+1)

k . k1 _
E[Xrlnmk} E[XT lnmk] aﬂ’}/r i Fﬁf(l—i—l)

E[B (X, )] (12)

Proof. Since forvy; #v;,i#7=1,2,...,n —1butm;, =m

1 . 1
(=1) (0 — D (r —a)!

Therefore, PDF given in (2) reduces to (4). Thus, relation (12) can be obtained by replacing 7 with m
in (11). O

a;(r) = (

m+ 1)1

Remark 1. If m; =0,2=1,2, ..., n— 1and k = 1, then the relation for a single moment of OS for
Weibull-G family of distribution is given as

] _ k’l i F(ﬁ""” E[Bﬁ—i-l-i-l(XT:n)}

k11 _ k1
E[XT:TL] E[X aﬁ(n —r 4 1) P Fﬂf’([ + 1)

r—1mn

where E(X" ) is the k;th moment of rth OS.

Remark 2. Letm; - —1;¢=1,2, ..., n — 1, then single moment of kth upper RVs is obtained as

E[XM

. RACED)
Uk (n )] E[Xk = ozﬁk Z [BﬁHH(XUU“)(n))]

U6 I'sri+1)

where E[X is the k1th moment of sequence of kth upper RVs.

)

2.1. Examples
2.1.1. Weibull-uniform distribution (WU)

Suppose the parent distribution is a uniform distribution in the interval (0, §). Thus, its CDF and PDF are

8

Gz;0)==, 0<xz <4

and
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Thus, the CDF and PDF of WU distribution, respectively, given by

T

B
F(x;a,ﬁ,@)zl—exp[—a(e_x)], 0<z<0, a >0 (13)

B—1 B
f(x;oz,ﬁ,&):(ga_ﬁi)2 <9f$> exp[—a(efx)], 0<0, a,8>0 (14)

Now, it is easy to see that

el B AT B4l+1 .
BH) = Sy (G@)T e (1-g) = 3 ( )9

u

Now, using (11), we get

oo BHI+1
B+ (B+1+1 u
BX5 ] = E[X k] = aﬁeu%Z Z FﬁF—H)< " )E[Xﬁl:;;;)c}

2.1.2. Weibull-Weibull distribution (WW)

Consider the base distribution to be the Weibull distribution. The CDF and PDF of the Weibull distribu-

tion are given by
Gz \0)=1—e ™ 2>0,10>0

and
g(a; X, 0) = O ! _)‘x, x>0;)60>0

Now, the CDF and PDF of the WW distribution can be written as
Az? /B-
F(z;a,8,\,0)=1—exp —a(e —1) , t>0;0,8>0 (15)

and

fla; o, B0, 0) = afrgz’ <1 — e‘”9>ﬁ_1 exp -Aﬁxg — (e”a — 1)? (16)

Further, we have

Bﬁ-‘rl—i—l (I) _

(G(x))ﬁ—s-lﬂ

_\z? _
e (1—e™) Azl (BHI+1) _ aki=f oA (BH) _ o—haf (B+1+1)
B Azb—te—Az’ DY

= 1 Z(_l)akawe(a—n _ i(_l)bp‘(ﬂ +1+ 1)]bxk1+0(b—1)]

| |
g al — b!
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Now, in the view of (11), we get
ki o~ L(B+1)
E[XF .. — E[XF =
[ rnmk} [ r— 1nmk} aﬁ@)\%;F(B)F(ZjLD
e AB D] T ko
X {Z(‘D TE [Xr;m(k )}
a=1
- B+ 1+ 1)]b ke +0(b—1
b=1
2.1.3. Weibull-Pareto distribution (WP)
Let the base distribution be the Pareto distribution with CDF and PDF given by
G(x;0,p) =1—p’27% p<az<oop>00>1
and
g(x;0,p) =002~ p<z<oop>0,0>1
Thus, the CDF and PDF of the WP distribution are
F(z;a,8,0,p) =1 —exp [—a (p’exe — 1)6} , p<x<oo,a,fB,p>0,0>1 (17)
and
f(z;a, 8,6, p) = apbp 02071 (p 009 - 1)ﬂ_1 exp [—a (p_exe — 1)ﬂ (18)

Also, BP+*1(x) is computed as follows

_ 511 - (1—p£lf ) _po\ BHI+1
(G(ZE)) +i+ k; 1W( 9[E 9) +

6‘(5+l+1)xk1—0(6+l+1)}

Bﬁ-‘rl—i—l (l’) _

= g1 [pPBHDgh 0B _

Now, using (11), we have

Euh ﬁ+l

r,n,m,k

}_E[Xfllnmk - aﬁef}/rg[’

r,n,m,k M,k

% {pe(ﬂ+1)E [Xkl—f)(ﬁﬂ)} _ p9(5+z+1)E [Xk1—§(5+z+1)”

2.1.4. Weibull extreme value distribution (WE)

Consider the base distribution to be the extreme value distribution with CDF and PDF given by

Gr)=1-e"*, —oo<x<o0

and

g(x) =) —oo <z < 00
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Thus, the CDF and PDF of WE distribution are given, respectively, by
F(z;a,8) =1—exp [—oz (ecx - 1)6} , —oo<x<ooa,fB,>0 (19)

and
f(z;a, B) = afelPe+) (1— e_em)ﬁ_1 exp [—a (e — 1)ﬁ} (20)

Furthermore, we require the following computation

xklfl _ xklfl (1 o efez)

Bﬁ+l+1 (l‘) (é(x>)ﬁ+l+1 e (

_ xkl—le—m [e—ez(ﬁ-i—l) . e—ez(ﬁ—i—l—i-l)}

Rlg—e i(_l)b(ex(ﬁb!—i- 1)’ B i(_l)c(ex(ﬁ +1+41))"

c!
c=0

_ ii 5+z )° (b ;ﬂl)mxmm_l

b=0

B ii 5"'["’ 1)¢ (c h|1>hxkl+h1

c=0 h=

[en]

[e=]

Thus, from (11), we can write

k1 k1 o kl . F(/B + l)
E[Xrnmk} - E[Xr—l,n,fn,k‘] o Z F(ﬁ)r(l + 1)

m)!

B SIS,

S S e

3. Product moments
Lemma 2. For Case [ with PDF as givenin(3)and 1 <r <s<nn>1,k>0,k, k=12, ...

E [X’“ Xk

rn,mk* ™t sn,m,k

= kaC- 2/ / v [Z “ E ii” (21)

X [Z an(r)[F ()]

h=1

| - B[X[ X

ron,m,k* > s— 1nmk}

()
Fo) dydx




Relations for moments of generalised order statistics ... 25

Proof. Athar and Islam [7] have shown that

E [é{Xr,n,m,ka Xs,n,fn,k}} - F [g{Xr,n,fn,kv Xsfl,n,m,k}}

—C, /_Z /:Oa% (,y) [Z @ (s) Egr] (22)

c=r+1
X an(r)[F(x)]™ ]j(a:) dydzx
F(z)
h=1
The lemma can be established by letting &(z, ) = x*1y*2 in (22). O

Theorem 2. Let Case I be satisfied. For the Weibull-G family of distributions as given in (6) and
neNmeRK>0,1<s<k,k=12...

E [X’“ Xk

rn,m,k*t s,n,m,k

|-E [X’“ Xh

rn,m,k*t s— lnmk]

ky ~= I'(B+1) (23)

~ B, £ TRI(I+1)

FE |:A5+l+1 {Xr,n,m,k ) Xs,n,m,k }i|

where

AP (2, y) = abry™T 1@ (Gy))"™™"" and A(y) = g%))

Q

Proof. Using (8) and (21), we get the following

BX5 e Xenmr] = B[X0 0 XL

ran,mk <t s— lnmk:]

_ k:;ﬁs%l/ / oyt - 3 al(s) [?Ei;}wl LT ah(?")[F(x)]%]

f@) fly) 1 =~ TB+1) A, 6t
* Fo) Fly) My) ; rpri+1)y (Gy)™ dyde
)]
2l

_ kel B+ o) [
SO [ [T | Y

@) S,

F(x) F(y) "

My

ST

x [ an(r)[F ()]

h=1

This yields (23). Therefore, the proof of Theorem 2 is complete. U
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Corollary 2. For Case II and the condition as stated in Theorem 2

- 24)
s r(B+1) (
— E AB+Z+1 Xrnmk‘stnmk‘
am;wm A9 Xt Xons)]
Proof. Since forvy, #~v.,;c#h=1,2, ..., n—1butm, =m
1 1
(r) s—h
= (-1

W)= G Y S i )
Therefore, joint PDF of X, ,, 7, and X, 7, given in (3) reduces to (5). Thus, relation (24) can be
established by replacing 7 with m in (23). O
Remark 3. If m;, = 0;h = 1,2, ..., n— 1 and k = 1, then the relation for product moment of OSs

for Weibull-G family of distribution is given by

ky ~=~ I'(B+1)
afys = I'BI(1+1)

EIXH X2 - B[XH X2 ] = B[APY U X, Xgn)]

Remark 4. Let m;, — —1;h = 1,2, ..., n — 1, then the product moment of the kth upper RVs is
given as
k k k k
E[XUl(k)(n)XUZ(k)( )] E[Xyl(k) XU%k) (m— 1)]

- B + l

3.1. Examples
3.1.1. Weibull-uniform distribution (WU)
For the given CDF in (13), we obtain

ZL‘kl ykg -1

= B+I+1
A5+l+1(x,y) — W G( )) +i+
B+I+1
B+I+1
=ty (1= )T 2 S e (P Lty
0 U o

Thus, in view of (23), it is easy to see that

E [X’“ Xk

rn,m,k*t s,n,m,k

| — E[X} X

ran,m,k<t s— lnmk]

oo BHI+1

o rge+l) (B+i+1 ko ot
aﬁH“stZ (l+)< u >E[X’“"kasn+mk}

=0 u=0
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3.1.2. Weibull-Weibull distribution (WW)
For the CDF given in (15), we get

ki, ko—1 oM I+1
Yy =0 N\ B+ L (M=) o e\ A
Aﬁ-l—l—i—l(x’y) _ )\(y) G(y)) _ Iklka 1)\9y9_1e_>\y9 (e Ay >
_atyet [e—xy‘)(w) _ e—Ay9w+z+1>]
A0

59 {f:<-1)akalywa_n

i (B + l +1))° klyk2+0(b—1)}

b=1

Therefore, using (23), we obtain

E [X’“l Xk

rn,mk* ™t sn,m,k

| = B[X[ X2

rn,m,k* > s— 1nmk}

ks i r(B+1) {i(_l)awmmaﬂxkl ko1
l

Oéﬁe/\% -0 F/BF(Z + ]_) — al rn,m,k** s,n,m,k
- 3P ey
b=1

3.1.3. Weibull-Pareto distribution (WP)
From the CDF in (17), we have

kg ka=1 (1 - p y 9 B+HI4+1
ABHIH1 _Ty G B+ _ kg ka1 0, —0
— 0 1[ (B+1) klka 0(8+1) P 0(B+1+1) klyk2—0(5+l+1)j|

Now, using (23), it is easy to see that

E [X’“ Xk

rn,m k< sn,m,k

]~ B[XE X 0

rnamk >t s—1nmk

ky ~— rp+1) { (B+1) k ka—0(B-+1)
= EBiXr o X2
056673 ; Fﬂp(l + 1) P [ rn,m,k* " s,n,m,k ]

= POHE[XR L X
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3.1.4. Weibull-extreme value distribution (WE)

For the given CDF in (19), we obtain

ghigke=l (I =e) gt
A,B-i—l—&-l(l.’y) :W (G(y)) = xknykz l(e(y—ey)> (e y)

:xklyk‘rle—y [e—ey(ﬁﬂ) _ e—ey(ﬁ+l+1)}

b!

Thus, in view of (23), we have

E [X’“ Xk

rn,m,k** s,n,m,k

ke 5~ TB+0) IS~y ﬁ+l( " -
I e e

| — E[XF 5 XE

rn,m,k< ™t s— 1nmk}

N — [+ 1) (c—1)h
-3 U eyt

4. Characterisation

In this section, the characterisation of the Weibull-G family of distributions, which is defined in (6), is
discussed through recurrence relations between the moments of GOS.

Theorem 3. Fix a positive integer k, and let k£, be a non-negative integer. A necessary and sufficient
condition for a random variable X to be distributed with PDF given in (7) is that

]_ ]{?1 Z F(ﬁ"‘l) E[BB+I+1(Xr,n,m,k)] (25>

E[XxM
| afy, — rgri+1u

M,k

} E[Xkl

r—1,nmk

where B+ () =
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Proof. The necessary part follows from (11). On the other hand, assume the relation in (25) holds.
Now, using (2) and (9) in (25), we get

00 k1— - . n Yi o klcr—l S F(ﬁ_l_l)
klcr_g/ool’ 1;%(7‘) [F(2)]" da = B, lE_;FBF(l—Fl)

AN SR o
/_ A(z) (G(=) a;(r) [F(z)]" f(z)da

This implies

MG /Z 217NN " a(r) [F(a)])™

By —
. p G (26)
x {aﬁﬁ(x) X m%@(#)n ( (/\)(l*) f(as)} dz =0
Applying the extension of Miintz—Szasz theorem (see, for example, [15]) to (26), we obtain
];((;:)) 045)\ Z mrﬁ l+ +l ) 1) (@)™
Thus, f(z) has a PDF as given in (7). Therefore, Theorem 3 holds. O

Theorem 4. Fix a positive integer k and let &y, ko are non-negative integers. A necessary and sufficient
condition for a random variable X to be distributed with PDF as stated in (7) is that

(27)
(8+1)
E A/B+l+l Xrnﬁz Xsnﬁ’L
Oéﬁ%;I’BFH 1) [ e X}
G(y))ﬁ-‘rl-l-l
where AP (z,y) = xklykrl(—.
(@) A(y)

Proof. The necessary part follows from (23). Now, suppose the relation in (27) is satisfied. Thus in
view of (3) and (21), we have

s [ [ aye [ S <><>(§§y§)] [ () @)

c=r+1

f(z) dyda

Il
=
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_k20871 oo (ﬂ—l—l k2 1 é( ))B-H—H s . |:F(y>:|7c
aBs lz_: rpri+1 / / Ay 2 a) F(x)

Zah ) Mf(y) dr

Fa) Fly) ™
This implies
kz 5—1 Y1 - 5o\ - (r) [F@)T f(z)
e [ SalFe| | 2 a6 |75 |
(*( ))ﬁ—i-l-i-l <28)
— B+ (Gl fw)
_ — dydx =0
“1*° Z reri+1 Ay Fu) [
Applying the extension of Miintz—Szdsz theorem (see, for example, [15]) to (28), we have
Fly) _ LB+ =, s
G
)~ Z rara+n )
Thus, f(y) is a PDF as stated in (7) and Theorem 4 is satisfied. O

5. Conclusions

The Weibull-G family of distributions with two additional shape parameters is proposed by Bourguignon
et al. [13]. It includes a broad family of continuous distributions and gives a better fit to generated distri-
butions. The GOS is a unified approach for several ORVs, like OSs, RVs, SOS etc. The main purpose of
this study is to find moments of GOS for several continuous distributions belonging to this class. More-
over, the characterisation of a probability distribution is essential, plays an important role in statistical
studies, and has significant applications in natural and applied sciences. Thus, the characterisation of this
general class of distribution is also studied using moment properties.
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