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Abstract. In this paper we complete the study started in [P. Pucci, L. Temperini, Ezistence
for (p,q) critical systems in the Heisenberg group, Adv. Nonlinear Anal. 9 (2020), 895-922] on
some variants of the concentration-compactness principle in bounded PS domains 2 of the
Heisenberg group H". The concentration-compactness principle is a basic tool for treating
nonlinear problems with lack of compactness. The results proved here can be exploited when
dealing with some kind of elliptic systems involving critical nonlinearities and Hardy terms.
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1. INTRODUCTION

In this paper we complete the study started in [19] on some important variants of the
concentration-compactness principle in the Heisenberg group, which are crucial in
the study of nonlinear critical elliptic systems, with Hardy terms.

In recent years, when dealing with nonlinear elliptic problems involving critical
nonlinearities and Hardy terms, the concentration-compactness principle due to Lions,
cf. [14,15], has been a fundamental tool for proving existence of solutions. We just
mention [2,6,13,19] and the references therein.

Moreover, geometric Analysis in the Heisenberg group, and more in general in
Carnot groups, represents one of the currently most active areas of mathematics. The
main reason lies in the fact that the Heisenberg group H" plays an important role in
several branches of mathematics, such as representation theory, partial differential
equations, number theory, several complex variables and quantum mechanics. We refer,
for example, to [1,17-19].
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In this paper, taking inspiration from [13] and following the basic ideas of the
papers [14,15] of Lions, we extend the vectorial concentration-compactness principle
to the Heisenberg group setting. The methods used are based on the approach in
[5,13-15] on R™ and in [2] on H".

Throughout the paper, we assume that 2 is a bounded Poincaré-Sobolev domain of
the Heisenberg group H", briefly P.S domain, that is {2 is an open set of H"™ with the
property that there exist a covering { B} pcr of Q by Carnot—Carathéodory balls and
numbers N > 0, a > 1, and b > 1 such that

(i) for every ¢ € H"

> Liarns(e) < Nla(g).
BeF

(ii) there exists a ball By € F such that for all B € F there is a finite chain
By, By, ..., Byp), with B; N Bi1 # 0 and |B; N By 41| > max{|By|, |Bi1|}/N,
(iii) B CbB; fori=1,...,s(B).

The above definition can be found, together with a complete treatment of the topic,
n [11]. In the context of Heisenberg groups one can produce a large class of PS
domains as explained in details in [11].

Denote by @ = 2n + 2 the homogeneous dimension of H”, let o be an exponent
with 1 < p < @, and let « > 1 and 8 > 1 be such that a 4+ g = p*, where

. _ 90
Q-9

is a critical exponent related to g, in a sense that will be explained later.
We denote by r the Heisenberg norm, or the Kordnyi norm,

£

r(q) = r(zt) = (]2|* + )",
with z = (z,y) € R* x R", t € R, |z| the Euclidean norm in R?" of z,
DHU = (Xluu e 7Xnu7Y1u7 e aYnu)

the horizontal gradient, { X}, Y;}}_, the basis of horizontal left invariant vector fields

on H"”, that is
9] 0 0 0
Xi= g, T Wiy Yi= g, "Gy
forj=1,...,n.

We prefer to use the Kordnyi norm and distance since they are much easier to
compute than the Carnot—Carathéodory distance. Moreover, it is clear that the t-axis
is a snowflake of R. However, the Koranyi distance does not reflect the sub-Riemannian
structure of the Heisenberg group. Despite this, the two metrics are closely related.
Interestingly, in the setting of the Heisenberg group it was shown by Yang in [24]
that the L-gauge d(x) — sometimes also called the Kordnyi-Folland or Kaplan gauge
in this case — can be replaced by the Carnot—Carathéodory distance, and the Hardy
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inequality in the Heisenberg group remains valid with the same best constant p/(Q —p).
Moreover the L-gauge d(z) can be clearly replaced by another quasi-norm due to the
equivalence of all homogeneous quasi-norms on stratified Lie groups, but this may
change the best constant in a way which is not easy to trace. Excellent additions and
related questions can be found in the recent paper [20].

In the paper, statements involving measure theory are always understood to be
with respect to Haar measure on H", which coincides with the (2n + 1)-dimensional
Lebesgue measure, as explained in Section 2.

Assume that 1 < p < Q. Let us first introduce the Folland-Stein space Sé’p(H"),
which is defined as the completion of C§°(€2) with respect to the norm

1/p

1Dullo = | [ 1Dslsda
Q
In order to state the main result of the paper, it is crucial to introduce also the Hardy

inequality in the Heisenberg setting. To this purpose, consider the weight function 1,
defined as ¢ = |Dyr|g. The best Hardy—Sobolev constant H, = H(p, Q) is given by

Dl dg
L A (1.1)
wesio@) lullg, r
u#0 Q

For further details we refer to Section 2. One of the main difficulties of working with
Hardy terms is that the Hardy embedding Sy (€2) < L®(Q, ¥~ dq) is continuous
but not compact, even locally in any neighborhood of O.

Let finally o be a constant with 0 < ¢ < H,. Now we can state the main

result of the paper, which is a concentration-compactness principle for systems in
S =Sy (Q) x Sy ().

Theorem 1.1. Let Q is a bounded PS domain of the Heisenberg group H", with
O € Q. Let {(uk,vi)}r be a weakly convergent sequence in S, with weak limit (u,v).
Then there exist three nonnegative finite Radon measures j, v and w in H", such that

* 5 dq *
IDruelf -+ Daolf)dg = p, o (Jul® + |og|) 9 —= = w,
'

0 (1.2)

\uk|a\vk\5dq Ay oin M(H),

where M(H™) is the space of all finite Radon measures on H™. Furthermore, there
exist an at most countable set J, a family of points {q;};c; C H" and two families of
nonnegative numbers {ji;};c jugoy and {v;} e ooy such that

dv = [u|*v|’dg + b0 + > _vide,, v =v({g;}), (1.3)
JjeJ
dp > (IDgul$y + |Davly)dg + podo + Y 1ide,, 1y = n({g;}), (1.4)

jeJ
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,dq
dw = ([ul” + [0]”) ¥ + wodo, (1.5)

Mo — OWo

7 (1.6)

Vf/m < % forall 5 € J, l/g/p* <

where o and 0,4, are the Dirac functions of mass 1 at the points O and q; of H", and

B IDrull§ + 1 Droll§ = ollully, —ollvlig,

o =

e e 07

(u0)A(v£0) /Malvlﬂdq
Q

while T = 1.

The assumption that €2 is bounded in Theorem 1.1 plays an essential role to get
the compact embedding (2.3), which is widely used in the proof. Theorem 1.1 extends
to the Heisenberg setting Theorem 2 of [13] and also Theorem 1.2 of [19]. The proof
of Theorem 1.1 follows the arguments given in of Theorem 1.1 of [5] for the Euclidean
setting, see also [14,15], and extends Theorem 1.2 of [2]. In particular, we generalize
the results of [2,5] in two directions: first we consider the term depending on « and
and second we work in the vectorial case.

The paper is structured as follows. In Section 2, we recall the main features of
the functional setting on the Heisenberg group H™ and notations of the paper, while
Section 3 is devoted the proof of Theorem 1.1.

2. PRELIMINARIES

In this section we present the basic properties of H"™ as a Lie group. Analysis on the
Heisenberg group is very interesting because this space is topologically Euclidean, but
analytically non-Euclidean, and so some basic ideas of analysis, such as dilatations,
must be developed again. One of the main differences with the Euclidean case is that
the homogeneous dimension ) = 2n + 2 of the Heisenberg group plays a role analogous
to the topological dimension in the Euclidean context. For a complete treatment, we
refer to [10-12,23].

Let H™ be the Heisenberg Lie group of topological dimension 2n + 1, that is the
Lie group which has R?"*! as a background manifold, endowed with the non-Abelian
group law

n
goq = <z + 2t 2 (i — xﬂé))
=1

for all points ¢, ¢’ € H", with

q=(z,t)= (1, ., Tp,Y1,---,Yn,t) and ¢ =, t")=(2),..., 2, y], ..., yn,t').

1 1

— —g, 50 that (qoq) " = (¢/) L oq .

The inverse is given by g~
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The vector fields for j =1,...,n

0 0 0 0 0
Xj_87j+2yj§’ Yj—a—yj—%j&, =5

constitute a basis for the real Lie algebra of left-invariant vector fields on H™. This
basis satisfies the Heisenberg canonical commutation relations

(X5, Yi] = =405 T, [V5, Vil = [X;, X = [V5, T] = [X;,T] = 0.
A left invariant vector field X that is in the span of {X;, Y;}7_, is called horizontal.

We define the horizontal gradient of a C' function u : H® — R by
n
Diu =3 [(X;u)X; + (Yu)Y;].
j=1
Clearly, Dyu is an element of the span of {X;,Y;}”_,. Furthermore, if f is of class
CL(R), then
Dy f(u) = f'(u) Dyu.

~ R?" we consider the natural inner product given by

j=1 -
n
=Y @By

j=1

In the span of {X;,Y;}".

for X = {27 X; + Y;}7_, and Y = {y/X; 4+ 57Y;}7_,. The inner product (-,-)
produces the Hilbertian norm

H

X = (X’X )H
for the horizontal vector field X. Moreover, the Cauchy—Schwarz inequality
(XY, ] < (X ulY |

holds for any horizontal vector fields X and Y.
For any horizontal vector field function X = X(q), X = {2/ X; + 27Y;}"

=1, of class
C1(H",R2"), we define the horizontal divergence of X by

divg X = E: Y+ Y;(3)).

If furthermore u € C*(H"), then the Leibnitz formula continues to be valid, that is
leH(uX) =udivg X + (DHU,X)H
The Kordnyi norm is given by

r(q) = r(z,t) = (|2|* + t2)Y/* for all ¢ = (2,t) € H™.
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The corresponding distance, the so called Kordnyi distance, is
di(q,¢) =7r(g  og) forall (¢,¢') € H" x H".

This distance acts like the Euclidean distance in horizontal directions and behaves like
the square root of the Euclidean distance in the missing direction. Consequently, the
Koranyi norm is homogeneous of degree 1, with respect to the family of dilations

6r : (z,t) — (Rz,R*), R>0, (2.1)

since

r(6r(q)) = r(Rz, R*t) = (|Rz|* + R*t*)"/* = Rr(q)

for all ¢ = (z,t) € H™. Tt is easy to verify that the Jacobian determinant of dilatations
dr : H* — H" is constant and equal to R2"*2. This is why the natural number
Q = 2n + 2 is called homogeneous dimension of H".

Let Br(qo) = {¢ € H" : dk(q,q0) < R} be the Kordnyi open ball of radius R
centered at qg. For simplicity Br denotes the ball of radius R centered at gy = O,
where O = (0, 0) is the natural origin of H™.

The main geometrical function 1, which appears in (1.1), is defined by

Y(q) =|Dyr|lp = 7"|(Zq|) for all ¢ = (z,t) € H" \ {0},

with 0 < ¢ < 1, 9(0,t) = 0, ¥(2,0) = 1. Furthermore, 9?2 is the density function,
which is homogeneous of degree 0, with respect to the dilatation dg introduced
n (2.1). In Euclidean space the presence of the density ¢ is outshone by the flat
geometry of R™, which yields ¢ = 1.

The Lebesgue measure on R2"*! is invariant under left translations. Thus, from here
on, we denote by dq the Haar measure on H" that coincides with the (2n+ 1)-Lebesgue
measure, since the Haar measures on Lie groups are unique up to constant multipliers.
We also denote by |U| the (2n + 1)-dimensional Lebesgue measure of any measurable
set U C H". Furthermore, the Haar measure on H" is @-homogeneous with respect to
dilations §r. Consequently,

6r(U)| = ROU|,  d(0rq) = R%dq.
In particular |Bg| = | B;|R%.
Let us now introduce the Folland—Stein inequality in €2, which is the analogous of

the Sobolev inequality in the homogeneous setting. Let 1 < p < Q. By [7,8,21,22],
we know that for all ¢ € C§°(Q2)

lollpr < Co-l|Drellp, " = a (2.2)

where C- is a positive constant depending only on @ and .
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Denote by HW®(Q) the horizontal Sobolev space consisting of all functions
u € L¥(Q) such that Dyu exists in the sense of distributions and |Dyu|g € L¥(Q),
endowed with the natural norm

o 1/
el zrwece) = (lull§ + [1Daullg) ™,

where
1/p

|Dsgull, = / \Dyrul$dg

Clearly, by (2.2), the embedding SS’Q(Q) — HW?(Q) is continuous. Moreover, if
Q is a bounded PS domain in H", the embedding

HW9(Q) < L*(Q) (2.3)

is compact, when 1 < s < p* by [11, 12, 23]. In particular, since any
Carnot—Carathéodory ball is a bounded PS domains of H"™ by [9, 12, 23],
the property (2.3) holds for the Carnot—Carathéodory balls. Moreover, since the
Carnot—Carathéodory distance and the Kordnyi distance are equivalent on H", see [12],
then (2.3) holds in particular when {2 is any Koranyi ball. In conclusion, the embedding

HW"(Bg(qo)) == L*(Br(q)), 1<s<g",

is compact for any qo € H™ and R > 0.
Finally, we recall the Hardy—Sobolev inequality in €. From the Hardy—Sobolev
Theorem 1 of [16], we know that

/ el < () / IDilyda (2.4

for all ¢ € C°(02\ {O}), with O = (0,0) the natural origin in H". The above Hardy
inequality was obtained in [10] when o = 2 and in another version in [4] for all p > 1.
Clearly, (2.4) implies that

SeP(Q) < LP(Q,¢r9dg). (2.5)

However, as already noted, the above embedding is not compact, even locally in any
neighborhood of O.

3. PROOF OF THEOREM 1.1

From here on we assume that Q is a bounded PS domain of H", with O € Q. This
section is devoted to the proof of Theorem 1.1, which concerns the study of the exact
behavior of weakly convergent sequences in S in the space of measures. The proof
follows the arguments given in the Euclidean, scalar setting in Theorem 1.1 of [5] and
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in the Heisenberg, scalar setting in Theorem 1.2 of [2]. We extend these results in
two directions: first we consider the term depending on a and 8 and second we work
in the vectorial case.

Before proving Theorem 1.1, let us introduce some useful notations. Under the
assumptions 1 < p < Q, > 1,8 > 1, a+ = p*, and o € [0, H,,), the optimal
constant Z, introduced in (1.7) is well defined. Indeed, since o € [0, H,), the quantity
in (1.7) is nonnegative by (2.4). Moreover, the Holder inequality and the Folland—Stein
inequality (2.2) give

a/p* B/o"
a8 o" o"
u|%v]|7dg < ul® d v|¥ d
YRR Y (e I o
Q Q Q

< CS- | Dyul| g Davol}
for all (u,v) € S, since a, 8 > 1 and a + 8 = p*. Therefore, (3.1) and the Young
inequality yield

p/e"

/|U|"Iv|5dq < Cg.
Q

DHqup/p ||DHUH§)§>/@

«
<cv. (WDHung + £|DHU||§;)

< s

[Drull + |Davlf)
for all (u,v) € S. Hence, by (3.2) and by the Hardy inequality, we get

I Drullg + |1 Davl|§ — ollully, —ollvlf, _1-0/H,
p/e" - Cg*

JIRER
Q

since o < H, and so Z, > 0. Taking inspiration from [2,5,13], we turn to the proof of
Theorem 1.1.

>0

Proof of Theorem 1.1. Fix a sequence {(ux,vi)}r in S, with (ug,vr) — (u,v) in S.
Then ur — u, vy — v in LP(Q,9®r~9dq) by (2.5). Moreover, by (3.1) the sequence
k> |ug|®|vg]? is bounded in L(Q). Since Q is bounded, the measures

d
kv (|Dgugl + |Davilsy)dg, kv~ (Jug|® + \vk\w)wpr%, k> |ug|“ok|Pdg

in H"™ are uniformly tight in k. Therefore, there exist three nonnegative finite Radon
measures p, v and w in H" such that (1.2) holds.
Arguing as in Theorem 1.2 of [19], we obtain the validity of (1.3) and (1.4) as well

as of the estimate Vf/m < p;/Z forall jeJ.
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Put uy = ux — v and v, = vy — v. Clearly, ugy — 0 and 7, — 0 in S’é’g’(Q) as
k — oo. Then, as observed above, we acquire the existence of two nonnegative finite
Radon measures ji and @ on H" such that

3| &

(IDaT|$ + |1 Davel)dg = o and - ([ug]® + [06]7) 0 — S @ (3.3)

in M(Q). By (2.3), the sequences (ug)r and (vg)r strongly converges to w and v,
respectively, in L®(£2), being Q a bounded PS domain. Thus, from Theorem 4.9 of [3],
we get the existence of g € L¥(Q2) such that, up to subsequences,

up = wae in Q, Jug| < gae in Q and for all k. (3.4)
Similarly, there exists h € L¥(€2) such that, up to subsequences,
v — vae in Q, |uvg] <hae in 2 and for all k. (3.5)

Therefore, the Brézis—Lieb lemma implies that for any ¢ € C§°(Q) it results

Jim Jouell, — lleully, = lim w5, .

I o —llevllsy, = lim [|ovz]%, .
Jm [levell, = lleolly, = lim (levrz,

A combination of the above formulas yields that
o © (1|0 L 0 gn
folvde — [ Iol” (lul® +101) 92 4 = [ jgods.
Q Q Q

Consequently,
N dg
w=&+ (jul”+ M@Wﬁ,

since ¢ € C§°(Q) is arbitrary.

Let us now prove (1.5). To this purpose, fix ¢ € C§°(Q2) and £ > 0. Then, there
exists C; > 0 such that [£ +n|® < (1+¢)[£|¥ 4+ C:|n|® for all numbers &, n € R. Hence,
the Leibnitz formula gives for all k

[ 1Du(@oda < (1+) [ 1Dz ol da
Q Q

(3.6)
+@/mw%wwq
Q

Thus, (3.6) and the Hardy inequality (2.4), along the sequence (@r)x of Sy (£2),
imply that

Hylleuilg, < 1Du(@p)llf < (1+¢) / | Duie|gle|Pdg + Ce pluellf,  (3.7)
Q
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for an appropriate constant C, , > 0. Replacing u, by 7y and arguing in the same
way we get (3.7) also in the v component. Thus,

B
H, [ 1ol (alf + 17w v 22
Q

<(1+9) / (IDHTRL% + | DrTRlS) ol #dg (3.8)
Q
+ Ce o ([T NS + Txl5)-

Hence, passing to the limit in (3.8), using (3.3), (3.7) and the fact that ug = up—u — 0
and U = v —v — 0 in L¥(Q) as k — oo, we have

Therefore, by Lemma 1.4.6 of [12] the measure & is decomposed as sum of Dirac
masses. Let us now prove that @ is concentrated at O.

Fix ¢ € C§°(Q), with O ¢ supp ¢, so that 1%|p|®/r® is in L>°(supp ¢). Then, (2.3)
yields

/ww el + (o) 5 = [ el (e + ) 5
supp ¢

<c [ (ml°+ ) do -0
supp ¢

as k — oo. This, combined with (3.3), gives [, |¢[*d® = 0, that is & is a measure
concentrated in O. Hence @ = wydp, and so (1.5) is proved.

It remains to show the second part of (1.6). From (1.7), for all ¢ € C§°(Q) it
results

p/p"
L,( J1ol? |uk|“|vk|ﬂdq) < [(Duteu )+ 1Duton)l5)da
Q Q (3.9)
o [9PLl® (unl? + fox]?) 2
2 k k 7"@7
Q

since o + 8 = p*. Then, using the Leibnitz formula (3.6) in (3.9), we get
§ o/
Zs </|<P|K’ |uk|“|vk|ﬁd§> < +E)/(\DHuk|% +Drolf) el ”dg
Q Q

+ Cp (el + e 19)
d
= [elol” (e + foul?) 2.
Q
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Passing to the limit as k — oo in the above inequality and using (1.2), (3.4) and (3.5),
we obtain

. p/p"
I, ( /W du) <(te) / olPdu
Q Q

(3.10)
el / Daglf, ([ul® + |o]°) dg — o / olPdu.
Q Q

Fix now a test function ¢ € C§°(2), with 0 < ¢ < 1, ¢(0) = 1, supp¢ = By and put

vz(q) = ©(61/2(q)) for & > 0 sufficiently small. Since v > 400, choosing @ as test
function in (3.10), we have

0< Iau(jp/p*ﬁ (1+¢e)u(Bs) — owo + Ca/|DH§05|@(|u|p + v[*)dg. (3.11)
)

The last term of the right-hand side of (3.11) goes to 0 as € — 0%, thanks to the
Holder inequality. Hence, 0 < Z,v/§ /9" < pg — owp, letting & — 0% and also & — 0+
in (3.11). By the Fatou lemma p > |Dyul%dg and this concludes the proof of (1.6),

since |Dyu|fdg and ppdo are orthogonal. O
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