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Abstract

A graph is called Hamiltonian extendable if there exists a Hamiltonian
path between any two nonadjacent vertices. In this paper, we give an explicit
formula of the minimum number of edges for Hamiltonian extendable graphs
and we also characterize the degree sequence for Hamiltonian extendable
graphs with minimum number of edges. Besides, we completely characterize
the pairs of forbidden subgraphs for 2-connected graphs to be Hamiltonian
extendable.
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1. INTRODUCTION

All graphs considered here are finite, undirected and simple. For notation or
terminology not defined, see [3]. We denote by V(G), E(G), A(G), §(G), a(G),
k(G), the vertex set, the edge set, the maximum degree, the minimum degree,
independence number, vertex connectivity of a graph G, respectively. We denote
by Ng(v) (N(v) for short) and dg(v) (d(v) for short) the neighborhood and the
degree of a vertex v in G, respectively. For v € V(G), set Ng[v] = Ng(v) U {v},
and for S C V(G), let Ng(S) = (Upes Na(v))\S. Let S C V(G) and S’ C E(G).
The induced subgraph of G by S and S’ is denoted by G[S] and G[S'], respectively.
We use G — S and G — S’ to denote the subgraph G[V(G) — S] and G[E(G) — 5],
respectively. If the number of components of G — S is greater than the number
of components of G, then S is a verter cut of G, and we call S an |S|-verter cut
of G. We call the vertex in S a cut-vertez of G if |S| = 1. If E(G[S]) = 0, then
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S is an independent set of G. A path with end-vertices v and v of G is denoted
by Pg(u,v).

A graph is traceable if it has a Hamiltonian path, i.e., a path containing all
vertices of the graph. A graph is Hamiltonian if it has a Hamiltonian cycle, i.e.,
a cycle containing all vertices of the graph. A graph is Hamiltonian connected
if any pair of vertices are connected by a Hamiltonian path. We denote by K,
and K, , the complete graph with order n and the complete bipartite graph with
partite sets of cardinalities m and n, respectively. A clique is a complete subgraph
of a graph. We use P, and C,, to denote the path and the cycle with order n,
respectively.

Matching extension has been studied by many authors, see [10, 13]. In [6],
the authors introduce a different kind of matching extendability. A graph G is
matching extendable if for any two nonadjacent vertices z,y € V(G), there exists
an (almost) perfect matching in G—{z,y}. Since a perfect matching is a 1-factor,
it is natural to consider the similar problem of 2-factor. In [7] the authors study
2-factor extendable graphs. In general, one may study the similar problem for
k-factors. We concentrate on the case of Hamiltonian cycle.

We say that two nonadjacent vertices x,y € V(G) can be extended to a
Hamiltonian cycle (or k-factor) if G + xy has a Hamiltonian cycle (or k-factor)
containing xy. A graph is Hamiltonian (or k-factor) extendable if each pair of
nonadjacent vertices can be extended to a Hamiltonian cycle (or k-factor). A
Hamiltonian (or k-factor) extendable graph with minimum number of edges is
a minimum Hamiltonian (or k-factor) extendable graph. The size of a minimum
Hamiltonian (or k-factor) extendable graph of order n is denoted by Expp(n) (or
Expg(n)). In [6] and [7] the authors gave the explicit formulas for Exp;(n) and
Expy(n) for all n.

Theorem 1 (Costa, de Werra and Picouleau).
(1) [6] If n > 8 and n is even, then Expi(n) = 2 — 1; if n > 9 and n is odd,
then Expi(n) =n — 1.
(2) [7] If n > 10, then Expy(n) = [H2].
In [11] Moon has proved that each Hamiltonian connected graph with order
at least 4 has at least 37" edges and the bound is sharp. We determine Expy(n)

for any integer n > 3. In fact, Costa, de Werra, Picouleau [8] and we obtained
the following result (Theorem 2) independently.

Theorem 2. It holds that
(1) Expp(3) =2, Expy(4) =4, Expy(5) = 6,
(2) Expp(n) = [2], for n > 6.

We would like to characterize the Hamiltonian extendable graphs G of order
n with |E(G)| = Expp(n) = [32], for n > 6. Although we could not completely
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characterize them, we may give some properties of those graphs. By K,zK,,
we denote the graph G with V(G) = V(K,) U{z} UV (K,,), E(G) = E(K,) U
E(Kp,)U{zu:ue V(K,)UV(K,)}, while V(K,) and V (K,,) are supposed to be
disjoint (even if n = m) and x ¢ V(K,,)UV(Kp,). Let V(G) = {v1,v2,...,v,} be
the vertex set of G, d(v1) < d(vg) < -+ < d(vp—1) < d(v,). Then the sequence
(d(v1),d(va),...,d(vy)) is called a degree sequence of G. The following is our
second main result.

Theorem 3. Let G be a Hamiltonian extendable graph of order n > 6 and
|E(G)| = [32]. Then the following statements hold.

(1) If there is no vertex of degree 2, and if n is even, then G is 3-regular; if n is
odd, then the degree sequence of G is (3,3,...,3,4).

(2) If n > 7, then A(G) < 4; if n =6, then either G = KzwKy or A(G) < 4.

(3) If there exists a vertex of degree 2 that has two neighbors of degree exactly 4
in G, then the degree sequence of G is (2,3,3,...,3,4,4).

(4) If there exists a vertex of degree 2 that has one neighbor of degree 3 and the
other neighbor of degree 4, then either G =2 Fy or else G & Fy, where Fy, Fj
are depicted in Figure 1.
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Figure 1. Five Hamiltonian extendable graphs.

Let H be a set of connected graphs. A graph G is said to be H-free if G does
not contain H as an induced subgraph for all H in H. We call each graph H in
‘H a forbidden subgraph. If H = {H}, then G is H-free. If |H| = 2, then we call
‘H a forbidden pair. For two sets Hi, Hs, we write Hi =< Ho if for each graph
H" in Hs, there exists a graph H' in H; such that H' is an induced subgraph of
H”. By the definition of the relation“<”, if H; < Hso, then every H;-free graph
is also Ho-free.

Every Hamiltonian connected graph is Hamiltonian extendable. However,
the converse is not true in general. In [2, 4, 9, 15], the authors have partially
characterized pairs of forbidden subgraphs for a 3-connected graph to be Hamilto-
nian connected. Note that the 3-connected condition is necessary for Hamiltonian
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connected graphs while not necessary for Hamiltonian extendable graphs. In this
paper, we completely characterize a set of forbidden subgraphs with |H| < 2 to
force a 2-connected graph to be Hamiltonian extendable.

By N;jr we denote the graph obtained by attaching three vertex disjoint
paths of lengths 4,5 and k to a triangle. For 7,5 > 0, N; ;o is denoted by B; ;
and N; 00 by Z;. By the definition of Hamiltonian extendable graphs, the two
vertices of any 2-vertex cut of a Hamiltonian extendable graph are adjacent.

Theorem 4. Let A be a connected graph and G be a 2-connected A-free graph
such that the two vertices of any 2-vertex cut of G are adjacent. Then G is
Hamiltonian extendable if and only if A is an induced subgraph of Ps.

Theorem 5. Let R, S be two connected graphs other than an induced subgraph
of P3 and let G be a 2-connected {R,S}-free graph of order at least 7 such that
the two wvertices of any 2-vertex cut of G are adjacent. Then G is Hamiltonian
extendable if and only if {R, S} < {Ki13,B11} or {R,S} < {K13,Z>}.

2. PROPERTIES OF HAMILTONIAN EXTENDABLE GRAPHS — PROOFS OF
THEOREMS 2 AND 3

We shall give some basic properties of Hamiltonian extendable graphs. We define
Vo(G) = {v € V(G) : dg(v) = 2}, V5i(G) = {v € V(G) : dg(v) > i} and
EX,)Y)={uw e E(G)lue X,ve Y} for X, Y CV(G) with X NY = 0.

Property 6. If G is a Hamiltonian extendable graph, then the following state-
ments hold.

(1) G is connected.

(2) Every vertex of degree 2 in G lies in a triangle for |V(G)| > 3.

(3) G has a cut-vertex x if and only if G =2 KszK;. Furthermore, G has no
cut-edge unless G = K,,_ sz K;.

(4) Two vertices with degree 2 are adjacent if and only if G = K,,_swKo>.

Proof. The proof is left to the reader. [ |

Lemma 7. Let G be a Hamiltonian extendable graph of ordern > 6 and §(G)=2.
(1) If there exist two vertices in Va(G) such that they have at least one common
neighbor, then either |E(G)| > [32] or G = KgwK, and |E(G)| = [22].

(2) If any two vertices in Va(G) have no common neighbor in G, then each vertex
in Vao(G) has at least one neighbor of degree at least 4 in G.
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Proof. (1) Assume that there exist two vertices u,v € Va(G) such that N(u) N
N(v) # 0. If w € E(G), by Property 6(4), G = K,_swKs, where w is the
common neighbor of u,v. Thus, if n > 7, then |E(G)| > [22]; if n = 6, then
|E(G)| = [22] and G = KzwK>. Now we suppose that any two vertices of degree
2 in G are nonadjacent.

First we suppose that |N(u)NN(v)| = 2. By Property 6(2), the two vertices in
N(u)NN(v) are adjacent. Then G —{u, v} is a clique, otherwise, the nonadjacent
vertices in G — {u,v} cannot be extended, contradicting that G is Hamiltonian
extendable. Then |E(G)| = C(n — 2,2) + 4. Since n > 6, |E(G)| > [22].

Next we suppose that |[N(u) N N(v)] = 1. Let N(u) N N(v) = {w} and
x € N(u) \ {w}, y € N(v) \ {w}. By Property 6(2), {wz,wy} C E(G). Then
yr € E(G). Otherwise, y and x should be the two end-vertices of a Hamiltonian
path of G by definition, and hence xu, uw, wv, vy, yx are in a Hamiltonian cycle
of G + yx, which is impossible. We claim that d(w) = n — 1. Otherwise, we
suppose that there exists a vertex z € V(G) \ {u, v, z,y} such that wz ¢ E(G).
Since G is Hamiltonian extendable, w and z should be the two end-vertices of a
Hamiltonian path of G and hence wu, wv and wz are in a Hamiltonian cycle of
G + wz, a contradiction. Then E({z,y}, V(G)\ {z,y,u,v,w}) # 0, otherwise, w
is a cut-vertex of G, contradicting Property 6(3).

We show that |V2(G)| < 3. Suppose, for the contrary, that |Va(G)| > 4. Let
{u,v,a,b} C V5(G). Since d(w) =n—1, {aw,bw} C E(G). Suppose that V(G) =
{u,v,z,y,w,a,b}. Recall that E({z,y}, V(G)\ {z,y,u,v,w}) # 0. Without loss
of generality, we suppose that xza € E(G). Since d(b) = 2, either bx € E(G) or
by € E(G). However, if bx € F(G), then the nonadjacent vertices a, v cannot be
extended; if by € E(G), then the nonadjacent vertices a,u cannot be extended,
contradicting that G is Hamiltonian extendable. Thus V(G)\{u, v, z,y,w, a,b} #
0. Let s € V(G) \ {u,v,z,y,w,a,b}. Since d(v) = 2 and vs ¢ E(G), v and s
should be the two end-vertices of a Hamiltonian path of G and hence wu, wa and
wb are in a Hamiltonian cycle of G + vs, which is impossible.

If [Va(G)| = 2, then 2|E(G)| = Sy dlr) = 252+ (n—1) +3+4+
3(n—5). Then |[E(G)| > [2], since n > 6. If [Vo(G)| = 3, let Va(G) = {u,v,a}.
Then G[V(G) \ {u,v,w,a}] is a clique, otherwise, the nonadjacent vertices in
G[V(G) \ {u,v,w,a}] cannot be extendable (otherwise, wu, wv, wa should be in
a Hamiltonian cycle containing the nonadjacent vertices, which is impossible),
a contradiction. Since d(w) = n — 1, G — {u,v,a} is a clique and |E(G)| >
C(n—3,2)+2x%3. If n =6 and |E(G)| =9, then by symmetry, ay € E(G). Then
u and y cannot be extendable (otherwise, yu, ya, yv should be in a Hamiltonian
cycle containing the nonadjacent vertices, which is impossible), a contradiction.
If n > 7, then |E(G)| > [22].

(2) Assume to the contrary that there exists a vertex ug € Va(G) such that ug
has two neighbors z,y with d(z) < 3 and d(y) < 3. By Property 6(2), zy € E(G).
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Since any two vertices in V(G) have no common neighbor in G, d(z) = d(y) = 3
Take 1 € N(x) \ {wo,y} and y1 € N(y) \ {uo,z}. Then x; # yi, otherwise,
x1 =y is a cut-vertex of G, contradicting Property 6(3). Then 27 and y cannot
be extended (otherwise, yug, uox, zz1, 21y should be in a Hamiltonian cycle of
G + 1y, which is impossible), a contradiction. This proves Lemma 7. [ |

Proof of Theorem 2. (1) Trivially P5 is the minimum Hamiltonian extendable
graph with order 3. Then Z; is the minimum Hamiltonian extendable graph
with order 4. Otherwise, if G is a minimum Hamiltonian extendable graph of
order 4 and |E(G)| < 4, by Property 6(1), G is a tree. Then G is either Py
or Ki 3. However, none of them is Hamiltonian extendable. Note that KowK>
is the unique graph of a minimum Hamiltonian extendable graph with order
5. Otherwise, if G is a minimum Hamiltonian extendable graph of order 5 and
|E(G)| < 5, then by Property 6(3), §(G) > 2. Then G is C5, which is not
Hamiltonian extendable.

(2) Let G be a Hamiltonian extendable graph with n > 6. Firstly, we prove
|E(G)| > [32]. By Property 6(1), G is connected. If §(G) = 1, then by Property
6(3), G = K, oxK; and |E(G)| > [22], since n > 6. If §(G) > 3, then |E(G)| >
{3 1 Hence we may suppose that 5(G) =2.

If there exist two vertices in V2(G) satisfying that they have at least one
common neighbor in G, then by Lemma 7(1), |E(G)| > [22]. Now we suppose
that any two vertices in V5(G) have no common neighbor in G. Then by Lemma
7(2), each vertex in V2(G) has at least one neighbor of degree at least 4 in G.

For each vertex u in V2(G), choose exactly one vertex vs(u) of degree at least
4 in N(u) and set V42(G) = {vs(u) € N(u) : d(va(u)) > 4, u € Vo(G)}. Then
V(G) = Va(G) UVE(G) U (Vo3(G) \ VE(G)) and [Va(G)| < |VF(G)|. Therefore,
21B(G)] = 3, ev(q) d(r) = 2[Va(G)| + 4|VE(G)| + 3(n — [Va(G)| - [VE(G)]) = 3n.
This proves |E(G)| > [22].

To conclude the proof of Theorem 2 it remains to construct a Hamiltonian
extendable graph of order n, with |E(G)| = [22], for arbitrary n > 6. Start
with two paths P; = vjve-- v and Po = wujus---ug. Then add the edges
u;v; for each i € {1,2,...,k}. If n = 2k 4+ 1, then add a vertex a such that
{av1, avg, auy,aur} C E(G). If n = 2k + 2, then add two vertices s, ¢t such that
{sv1, suq, tug, tug, st} C E(G). These two graphs are denoted by Fy, F, in Figure
1. In [11], Moon has proved that these two graphs are Hamiltonian connected,
hence Hamiltonian extendable. This proves Theorem 2. [ |

Proof of Theorem 3. Let G be a Hamiltonian extendable graph with order
n>6and |[E(G)| = [2]. 1 = 1, then by Property 6(3), |E(G)| > [2], a
contradiction. Thus I(G) 2

(1) Since |E(G)| = [2] and Vo(G) = 0, we have 6(G

) >3 and therefore G is
3-regular if n is even, or its degree sequence is equal to (3,3, .

3,4) if n is odd.
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(2) By (1), it clearly holds for 6(G) > 3. Hence it suffices to consider the case
that 0(G) = 2. If there exists a pair of vertices in V5(G) such that they have at
least one common neighbor, then by Lemma 7(1), G = KswKs. In the following,
we suppose that each pair of vertices in Vo(G) have no common neighbor. By
Lemma 7(2), V(G) = Va(G)UVE(G)U(V>3(G)\VA(G)), where V2(G) has defined
in the proof of Theorem 2.

By Lemma 7(1), if n = 6 and A(G) > 5, then G = K3zwKs. Now we show
that if n > 7, then A(G) < 4. For a contradiction, suppose that there exists
a vertex s € V(G) such that d(s) > 5. Then there exists a vertex in N(s)
of degree 2, otherwise, by Lemma 7(2) and §(G) = 2, |Va(G)| < |[VA(G)|, and
hence 2|E(G)| = 3 ,cy ) dv) = 5+ 3 x5+ 2[Va(G)| + AVEG)| +3(n — 6 —
Va(G)| — |[VE(G)|) > 3n + 2, a contradiction. Then 2|E(G)| = 2 vev(a) dv) =
542434+ 2(|Va(G)|—1)+3(n—6—(|Va(G)|—1)) = 3n+2— |V2(G)|. Since
|E(G)| = [32], we have

Z d(v):{ 3n+1 if nis odd,

n if n is even.
veV(Q)

Therefore, if n is even, then |[Vo(G)| = 2; if n is odd, then |[V5(G)| = 1.
However, if n is even and [V2(G)| = 2, then by Lemma 7(2), > cy (g d(v) =
54243%x4+2+4+3(n—6—2)=3n+1, a contradiction. This implies that
n is odd and |V2(G)| = 1. Since }, ¢y d(v) = 3n + 1, the degree sequence of
Gis (2,3,3,...,3,5).

In the following, we show that G with degree sequence (2,3,3,...,3,5) is not
Hamiltonian extendable. Let N(s) = {v1,v2,v3,v4,v5} and d(v1) = 2, then the
remaining vertices in G have degree exactly 3. By Property 6(2), without loss
of generality we may suppose that vivy € E(G). Then vs is adjacent to one of
{vs, v4,v5}, otherwise, there exists a vertex vy € N(v2) \ N[s], then vgs cannot
be extended (otherwise, svi, viva, vavg, vos should be in a Hamiltonian cycle of
G + vps, which is impossible), contradicting that G is Hamiltonian extendable.
Without loss of generality, let vovs € E(G).

Now we prove that vsvy ¢ E(G). By contradiction, suppose that vsvy €
E(G). Then vyvs ¢ E(G), otherwise, vs is a cut-vertex of G, contradicting
Property 6(3). Therefore, there exists a vertex vj € N(vy4) \ N[s]. Then v}s
cannot be extended (otherwise, svi, viva, vavs, v3v4, vV}, vjs should be in
a Hamiltonian cycle of G + v}s, which is impossible), contradicting that G is
Hamiltonian extendable. This implies that vsvy ¢ E(G). By symmetry, vsvs ¢
E(G).

Therefore, there is a vertex t € N(v3) \ N[s]. Then ts cannot be extended
(otherwise, sv1, vivg, vo2vs, vst and ts should be in a Hamiltonian cycle of G +ts,
which is impossible), a contradiction. This implies that G with degree sequence
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(2,3,3,...,3,5) is not Hamiltonian extendable, contradicting the assumption that
G is Hamiltonian extendable. This proves (2).

(3) By (2), V(G) = Va(G) UVE(G) U (Vs3(G) \ VA(G)). Since each pair of
vertices in V2(G) have no common neighbor, 2|E(G)| = 3_,cy (g d(v) = 2+ 2«
442(|V2(G)|—1)+3(n—3— (|Va(G)| — 1)) = 3n+2 — |Va(G)|. Therefore, if n is
even, then |Va(G)| = 2; if n is odd, then |[V2(G)| = 1. However, if n is even and
[V2(G)| = 2, then by Lemma 7(2), 2|E(G)| = X ey () d(v) =22+ 2%4+2+4+
3(n —5) = 3n + 1, a contradiction. Then n is odd and |V2(G)| = 1. Therefore,
the degree sequence of G is (2,3,3,...,3,4,4). This proves (3).

(4) Let v € Vo(G) and Ng(v) = {z,y} with dg(x) = 3 and dg(y) = 4. By
Property 6(2), zy € E(G). Let w € N(x)\{v,y}. Then wy € E(G), otherwise, w
and y should be the two end-vertices of a Hamiltonian path of G and hence wy,
yv, v and xw should be in a Hamiltonian cycle of G 4+ wy, which is impossible.
Let y1 € N(y) \ {v,z,w}. Then yyw € E(G). Otherwise, y; and w should be the
two end-vertices of a Hamiltonian path of G and hence wzx, xv, vy, yy1, y1w should
be in a Hamiltonian cycle of G 4 y;w, which is impossible. Then d(w) > 3. Since
any pair of vertices in V3(G) have no common neighbor and y € N(y1) NN (v), we
have d(y1) > 3. By (2), d(w) < 4 and d(y1) < 4. Therefore, d(w),d(y1) € {3,4}.
Then d(w) = 4, otherwise, y; is a cut-vertex, contradicting Property 6(3). Let
wy € N(w) \ {z,y,y1}. Then yyw; € E(G). Otherwise, wy and y; should be the
two end-vertices of a Hamiltonian path of G and hence wiw, wz, zv, vy, yy1, y1wi
should be in a Hamiltonian cycle of G + yjw1, which is impossible.

If d(y1) = 3, then V(G) = {z,y, v, w, w1,y }, otherwise, w; is a cut-vertex of
G, contradicting Property 6(3). Thus, G = Fy, where F} is depicted in Figure 1.
Now we suppose that d(y;) = 4. Then d(w;y) > 3, otherwise, y; is a cut-vertex of
G, contradicting Property 6(3). By (2), d(w1) = 3 or 4. If d(w;) = 4, then y; is
not adjacent to a vertex of degree 2, otherwise, the vertex of degree 2 should be
adjacent to w; and w; is a cut-vertex of G, contradicting Property 6(3). Then
by Lemma 7(2), 2[E(G)| = Y ey(q) d(v) =2 2+3+4+4+4+2(]V2(G)[ - 1) +
4(|Vo(G)] = 1) +3(n—5—2(|Va(G)| — 1)) = 3n+ 2, a contradiction. This implies
that d(w1) = 3. Let wa € N(wi) \ {w,y1}. Then woy; € E(G). Otherwise,
wy and y; should be the two end-vertices of a Hamiltonian path of G and then
Y19, YU, vT, TW, wwi, wiws, woyi should be in a Hamiltonian cycle of G + woy1,
which is impossible. Then d(w2) = 2, otherwise, wy is a cut-vertex, contradicting
Property 6(3). This implies that G = F5, where F5 is depicted in Figure 1. This
proves (4). |

Remark 8. The degree sequences in Theorem 3(1) and (3) are best possible in
a sense. We may construct Hamiltonian extendable graphs having the degree
sequences in Theorem 3(1) and (3). F; and F5 depicted in Figure 1 are Hamil-
tonian extendable graphs with degree sequence (3,3,...,3,3) and (3,3,...,3,4),
respectively. Now we construct a graph Fj from F3 in Figure 1 by replacing the
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vertex a of Fy with a triangle bstb such that {svi, sui, tvg, tug} C E(F3). Then
F3 is a Hamiltonian extendable graph with degree sequence (2,3,3,...,3,4,4).

3. FORBIDDEN SUBGRAPHS FOR HAMILTONIAN EXTENDABLE GRAPHS —
PrROOFS OF THEOREMS 4 AND 5

We will characterize pairs of forbidden subgraphs for Hamiltonian extendable
graphs in this section. By Property 6(3), a characterization has been given for
Hamiltonian extendable graphs with a cut-vertex. Then we consider 2-connected
Hamiltonian extendable graphs. We shall use some results in [5], [15], [4].

Theorem 9 (Chvétal and Erdés [5]). Let G be a connected graph with a(G) <
k(G) 41 (or a(G) < k(G), a(G) < k(G) — 1, respectively). Then G is traceable
(or Hamiltonian, Hamiltonian connected, respectively).

A graph G is obtained from H by duplication if we can obtain G by expanding
some of the vertices of H to a clique, here expanding a vertex v to a clique C
is the operation consisting of replacing v with C' and adding additional edges

between u € V(G) \ {v} and C if wv € E(G).

Theorem 10 (Shepherd [15]). A connected graph G is {K1 3, B11}-free if and
only if either a(G) = 2 or G is obtained from a path or cycle by duplication.

Theorem 11 (Broersma, Faudree, Huck, Trommel and Veldman [4]). Let G be
a 3-connected { K1 3, Z3}-free graph. Then G is Hamiltonian connected.

Theorem 12. Let G be a 2-connected graph with «(G) = 2 such that the two
vertices of any 2-vertex cut of G are adjacent. Then G is Hamiltonian extendable.

Proof. For any two nonadjacent vertices u,v € V(G), it suffices to find a span-
ning (u, v)-path of G. Since the two vertices of any 2-vertex cut of G are adjacent,
G — {u, v} is connected and a(G — {u,v}) < 2. By Theorem 9, G — {u, v} has a
Hamiltonian path Pg_ (.} (2, ), for some x,y € V(G)\ {u,v}. Since uv ¢ E(G)
and a(G) =2, V(G) \ {u,v} = N(u) UN(v) = (N(u) N N(v)) U(N(u)\ N(v))U
(N(©)\ N(w)).

Suppose first that z,y lie in three different sets N(u) N N(v), N(u) \ N(v),
N(v) \ N(u), respectively, or x,y are both in N(u) N N(v). Then by adding u
and v to Pg_fyu}(2,y), we obtain a Hamiltonian path of G with end-vertices u,
v. Now we assume that x and y are all in either N(u) \ N(v) or N(v) \ N(u).
By symmetry, we may suppose that {z,y} C N(u)\ N(v). Then G[N(u)\ N(v)]
is a clique, otherwise, any two nonadjacent vertices in N(u) \ N(v) plus v is an
independent set with cardinality 3, a contradiction. Then Pg_gy . (7,y) U {zy}
is a Hamiltonian cycle of G — {u,v}. Therefore, Pg_g, ) (2,y) U {ry} must have
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an edge whose end-vertices lie in N(u) and N(v), respectively. This produces a
spanning (u,v)-path of G and Theorem 12 is proved. [

Theorem 13. Let G be a 2-connected and {K; 3, B11}-free graph such that the
two vertices of any 2-vertex cut of G are adjacent. Then G is Hamiltonian ez-
tendable.

Proof. By Theorems 10, 12 and by the assumption of this theorem, it suffices to
consider that G is obtained from a path P = vjvs - - - v by duplication. Since G
is 2-connected, each vertex v; € V/(P) \ {v1, v} is duplicated by a clique G; with
order at least 2. By the definition of duplication, for each i € {1,2,...,k — 1},
G[V(Gi) UV (Gi41)] is a clique. Then G is Hamiltonian extendable. |

Let Fg be the unique connected graph with degree sequence (2,2,2,4,4,4),
i.e., Fg is obtained from a triangle zyzx by subdividing each edge of the tri-
angle with vertices {a,b,c} and adding three new edges {ab, ac,bc}. Note that
Fs is a 2-connected and {Kj 3, Zs}-free but it is not Hamiltonian extendable
graph. Therefore, in the following we shall exclude this graph when we consider
2-connected and {K 3, Z3}-free Hamiltonian extendable graphs. The length of a
shortest path between u and v of GG is called the distance between u and v and
denoted by dg(u,v). The diameter of a graph G is the greatest distance between
two vertices of G and denoted by diam(G).

Theorem 14. Let G % Fg be a 2-connected and {Ki 3, Zo}-free graph satisfying
that the two vertices of any 2-vertex cut of G are adjacent. Then G is Hamiltonian
extendable.

Proof. Let G 2 Fg be a 2-connected and { K 3, Z3 }-free graph such that the two
vertices of any 2-vertex cut of G are adjacent. Then diam(G) < 3. Otherwise,
we assume that diam(G) > 4. Choose a shortest path P = xozize- -2y (& >
4) such that dg(xg,x;) =diam(G). First we show that zox; lies in a triangle.
Otherwise, d(xg) > 3 (because the two vertices of any 2-vertex cut of G are
adjacent). Let {x1,2',2"} C N(zp). Since G is K s-free, 2’2" € E(G). Since
Gl{xo, 2", 2", 21,29} 2 Za, E(G) N {x2x’, xox"} # (). Without loss of generality,
we suppose that 2’zo € E(G). Since dg(xg, ;) =diam(G), {z'z3, z123} NE(G) =
(. Then G[{x2, 2, x1,23}] = K1 3, a contradiction. This implies that zoz; is in a
triangle vz xov (say). Since G[{v, xo, z1, 2, x3}] Z Z2 and dg(zo, x¢) =diam(G),
vry € E(G). Then G[{v,x1,x2,x3,24}] = Z3, a contradiction.

By Theorem 11, if kK(G) > 3, then G is Hamiltonian connected and hence
G is Hamiltonian extendable. It suffices to consider that x(G) = 2 and G has
a minimum 2-vertex cut, say, {u,v}. Since the two vertices of any 2-vertex cut
of G are adjacent, uv € E(G). Since G is K 3-free, G — {u, v} has exactly two
components G1, Gy (say). Let (N(u) \ N(v)) NV (G;) = Ai, (N(v) \ N(u)) N
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V(Gi) = Bi, N(u)N N(v) NV (G;) = C; and V(G;) \ (4; U B; UC;) = D;, where

i € {1,2}. Since G is 2-connected and {u,v} is a minimum 2-vertex cut of G,

N(w) NV (G;) # 0, for any w € {u,v}, i € {1,2}.

Claim 15. The following statements hold.

(1) G[A; UCy] and G[B; UC,] are cliques, for i € {1,2}.

(2) At least one of the sets Ay, Az is empty and at least one of the sets By, By
18 empty.

(3) At least one of the sets A;, B is empty, for {i,j} = {1,2}.

(4) If C; = 0, then |A;j| > 2 and |B;| > 2, fori € {1,2}.

(5) Each b € B; is adjacent to at least |A;| — 1 vertices in A; and each a € A; is
adjacent to at least |B;| — 1 wvertices in B;, for i € {1,2}.

(6) If A; # 0 and B; # 0, then |A;| <2, |B;| <2, fori€ {1,2}.
(7) If C; £ 0 and A; # 0, then |A;| = 1; if C; # 0 and B; # 0, then |B;| = 1,
fori e {1,2}.

Proof. (1) They follow from the assumption that G is K 3-free. Assume that
there exist two nonadjacent vertices {z,y} C A; U C; (by symmetry), then
Gl{u,z,y,2}] = K13, where z € N(u) N V(Gz), a contradiction.

(2) First we prove that at least one of the sets A;, Ay is empty. Otherwise,
let a1 € Ay and ag € Ay, then G[{u, a1, az,v}] = K; 3, a contradiction. Similarly,
at least one of the sets By, Bo is empty.

(3) First we show that at least one of the sets Aj, By is empty. Otherwise,
let a; € Ay and by € By. By (2), Ay = () and B; = 0. Since {u,v} is a
minimum vertex cut, N(v)NV(G1) # 0 and N(u)NV(G2) # 0. Then C; # 0 and
Cy # 0. Then G[{ay,c1,u,ca,ba}] = Zy, where ¢; € Cy, i € {1,2}, a contradiction.
Similarly, if at least one of the sets Ao, By is empty.

(4) Analogously we show that if C; = (), then |A;| > 2. Since C; = 0,
A1 75 Q) and Bl 75 @ By (2), A2 = (Z) and B2 = (Z) Then Cg 75 @ and let Cc2 € CQ.
Furthermore, Dy = (), otherwise, let d; € D1, then G[{ca, u, v, w,d;}| = Z, where
w € N(d1)N(A1UBy), a contradiction. If [A| = 1, say A1 = {a1}, then |B;| > 2,
otherwise, since G is 2-connected, dg(a1) = 2, contradicting Property 6(2). Then
by Property 6(2), there is {b1,0]} C B; such that {a1b1,a10}} C E(G). Then
G[{b1,b},a1,u,ca}] = Za, a contradiction.

(5) Analogously we prove that each b € By is adjacent to at least |A;| — 1
vertices in A;. Otherwise, assume that there are two vertices aj,a} € A; and a
vertex b € B such that {bja1,b)a]}NE(G) = 0. Then G[{a1,d},u,v,b}}] = Z,
a contradiction.

(6) Analogously we prove that |A;| < 2. Otherwise, by (5), for each b; € By,
there exist at least two vertices a1, a) € Ay such that {bja1,bia}} C E(G). Then
G[{b1,a1,ad},v,w}] = Zy, where w € N(v) N V(G2), a contradiction.
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(7) Analogously we show that if C; # () and A; # 0, then |A;] = 1. Oth-
erwise, let a1,a] € Ay and ¢; € C;. Then G[{c1,a1,d},v,w}] = Z,, where
w € N(v) NV(G2), a contradiction. This completes the proof of Claim 15. 0

If diam(G) = 1, then G is a complete graph and hence Hamiltonian extend-
able. Then we assume that 2 <diam(G) < 3. Since diam(G) < 3, at least one of
the sets D1, Do is empty.

Now we distinguish the following two cases.

Case 1. Dy = () and Dy = (). Note that the case when A; = (), By # () and
the case when Ay # (), By = () are symmetric; by Claim 15(2), the case when
A1 =0, By = () and the case when Ay # (), By # () are symmetric.

Therefore, up to symmetry, first we suppose that A; = () and By # (). Then
C1 # 0 because G is 2-connected. By Claim 15(2) and (3), By = ), A2 = (. Since
{u,v} is a minimum vertex cut of G, we have Cy # (). Note that G[B; U C4]
and G[Cy] are cliques by Claim 15(1). We can check that G is Hamiltonian
extendable.

Now we suppose that A; = ) and By = 0. Then Cy # (. If A, = 0
and By = (), then Cy # (). Note that G[C}] and G[C3] are cliques. Then G is
Hamiltonian extendable. Then we suppose that at least one of the sets As, By is
nonempty. By symmetry, we suppose that By # (). Then |C}| = 1, otherwise, we
suppose that {c1, ¢} C Cy, then by Claim 15(1), G[{u, c1, )}, w, ba}] = Zs, where
w € N(u)NV(G2), ba € Ba, a contradiction. If A = (), then Cy # () because G is
2-connected. Note that G[By U] is a clique by Claim 15(1). We can check that
G is Hamiltonian extendable. Then we suppose that As # (). We shall consider
two cases whether Cs is empty or not. If Cy = (), by Claim 15(4) and (6), |A2| = 2
and |Bz| = 2. Then G is a graph of order exactly 7, and by Claim 15(1) and (5),
it is Hamiltonian extendable. Then we suppose that Co # (). By Claim 15(7),
|Az| =1 and |Ba| = 1. Let Ay = {a2} and By = {ba}. If |C3| = 1, say, Ca = {c2},
by Claim 15(1), {azc2,b2c2} C E(G). Then agby € E(G), otherwise, G = Fg,
a contradiction. Then G is a Hamiltonian extendable graph of 6 vertices. Now
we suppose that |[C2| > 2. Note that G[V(G2)] = Ky (a,)) or K|y, — {a2b2}.
Then G is Hamiltonian extendable.

Case 2. D1 = 0 and Dy # () or D1 # () and Dy = (). By symmetry, it
suffices to consider the case that D1 = () and Dy # (). Since diam(G) < 3,
Dy = (N(AQ U By U CQ) N V(Gz)) \ (AQ U By U Cz).

Claim 16. The following statements hold.
(1) E(Dy, Ay) =0, E(Dy, By) = 0. Furthermore, E(Dsy,C3) # ().
(2) ’ By =

A =10 Furthermore, |Cy| = 1.
(3) A2 =10, By

0.
0.
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(4) There exists no pair of vertices in Dy that have common neighbor in Cs.
Furthermore, Ds is an independent set.

Proof. (1) By symmetry, we show that E(Dy, A2) = (. Otherwise, assume
that there are two vertices as € Ay and d € Dy such that asd € E(G). If
C1 =0, by Claim 15(4), |A;| > 2. Let {a1,a}} C Ay. Then G[{a1,d},u,as,d}] =
Zs, a contradiction. If C; # 0, say, ¢; € Cy, then G[{c1,u,v,as,d}] = Zs, a
contradiction. Furthermore, since Go is connected and Dy # (), E(D2, Cy) # 0.

(2) By symmetry, we first show that A; = (. Assume to the contrary
that A; # 0. If C; = 0, by Claim 15(4), |41 > 2. Let {a1,a}} C Aj, then
Gl{a1,d},u,co,d}] = Zy, where co € Cy and d € Dy, a contradiction. If Cy # (),
say, ¢; € Cy, then G[{a1,c1,u,co,d}] = Zs, a contradiction. Furthermore, let
{c1,d}} C Cy. Since ¢1¢) € E(G) by Claim 15(1), G[{c1,c},u,co,d}] = Zs, a
contradiction.

(3) By symmetry, we show that As = (). Otherwise, we suppose that as € As.
Note that there exists ¢ € Cp by Claim 16(1). Since asca € E(G) by Claim
15(1) and axd ¢ E(G) by Claim 16(1), G[{c2,a2,v,d}| = K 3, where d € Ds, a
contradiction.

(4) Assume to the contrary that there are {di,d2} C D and ¢y € Cy such
that {dlcQ,dQCQ} - E(G) Since G[{dl,dz,CQ,u}] o2 K173, didy € E(G) Then
G{d1,d2, ca,u,w}] = Zy, where w € N(u) N V(G1), a contradiction. If didy €
E(G) and dica € E(G), then daca ¢ E(G). Then G[{u,v,ca,d1,da}] = Za, a
contradiction. Then D5 is an independent set. This proves Claim 16. 0O

Since G is 2-connected, by Claim 16(4), for each d € Dy, |[N(d) N Ca| > 2.
Since G is K 3-free and Ds is an independent set by Claim 16(4), for any pair of
vertices di,da € Do, N(dy1) N N(dz) = 0. Since G[Cs] is a clique by Claim 15(1),
we can check that G is Hamiltonian extendable. This proves Theorem 14. [

In order to show the necessity of Theorems 4, 5, we give some graphs which
are not Hamiltonian extendable (see Figure 2) as follows.
e (5 is the graph obtained from K3 3 by replacing one of the vertices with a clique
K,,_5 such that each vertex in V(K,_5) is adjacent to each vertex in {u, v, w}.
® Gl = Km,ma m > 4,
e (G is the graph obtained from K,_3 and an independent set {u,v,w}. Take
two vertices {z,y} in K,_3 such that each vertex in {u,v,w} is adjacent to each
vertex in {z,y}.
e (33 is the graph obtained from K,,_3. Take two vertices {x,y} in K,,_3 and add
three additional vertices u, v, w and the edges uv, uzx, ve, vw, vy and wy.
e (G4 is the graph with the vertex set {u;,v; : 0 < i < 6k + 3} and the edge set
{uithi+1,viviq2,u;v; : 0 < ¢ < 6k + 3}, indices are taken modulo 6k +4, k > 1.
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Note that in [1, 14], the authors show that there is no Hamiltonian path from wug
to ug in Gy.

e (35 is the graph obtained from a cycle vivavs - --wv3xv1 (k is even) by adding
vertex set {w; : 0 < i < k — 1} and adding edge set {vg11v343 : 0 < 1 <
E—1}U {v3t+203t+2+% 0<t< k—f} U {wiU3i+3,wiU3i+4 0< i <k— 1}. Here
indices are taken modulo 3k. Note that there is no Hamiltonian path between
wp and wy in Gs.

Figure 2. Seven graphs which are not Hamiltonian extendable graphs.

e (G is the graph obtained from eight disjoint cliques {K}n, K2, ..., Kfn} with
m > 6. Let {vi1,vi2,...,v6} € V(K!), 1 < i < 8 For each i, add three
additional vertices {ul,, uly, ulg} such that {ulyvi, ulqvia, ubyvis, uyvia, ubguss,
utgvie } C E(Gg) and {uzﬁufﬂl} C E(Gg), where indices are taken modulo 8, and
add edges ugﬁué#, for each 7 € {1,2,3,4}. Note that there is no Hamiltonian
path between uéﬁ and ugﬁ in Gg.

Proof of Theorem 4. Let G be a connected Ps-free graph. Then G is a complete
graph and hence Hamiltonian extendable. Conversely, all graphs in Figure 2 are
2-connected and are not Hamiltonian extendable graphs satisfying that the two
vertices of any 2-vertex cut of G are adjacent. Then A is an induced subgraph
of them. Since G1, G4 have no common induced cycle, A is a tree. Since G3
is K 3-free, A is a path. Since the maximal induced path of G1 is P3, A is an
induced subgraph of Ps. [ |

Proof of Theorem 5. By Theorems 13 and 14, the sufficiency clearly holds. It
remains to show the necessity. All graphs in Figure 2 are 2-connected and are not
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Hamiltonian extendable graphs satisfying that the two vertices of any 2-vertex
cut of G are adjacent. Then each graph contains at least one of {R,S} as an
induced subgraph. Without loss of generality, we suppose that G contains R as
an induced subgraph. Then R is K;; (t > 3) or contains Cj.

First we suppose that R contains Cy or K;; (t > 5). Since Go, G3, G4, G5,
G are {Cy, K14 }-free (t > 5), they contain S as an induced subgraph. Since Gy,
G have no common induced cycle, S is a tree. Since G5 is K 3-free, S is a path.
Since the maximal induced path of Gs is Ps, S is an induced subgraph of Ps, a
contradiction.

Next we suppose that R is Ki4. Since Go, G3, G4, G5, Gg are Kj 4-free,
they must contain S as an induced subgraph. Note that G4, G5 have no common
induced cycle. Then S is a tree. Since G3 is K 3-free, S is a path. Since the
maximal induced path of Gg is Ps, S is an induced subgraph of Ps, a contradiction.

Finally we suppose that R is K 3. Since G3, G5, Gg are K1 3-free, they must
contain S as an induced subgraph. Then S is a path or contains a cycle. Note
that the maximal induced path of G5 is P4. If S is a path, then S is an induced
subgraph of P;. Then {R,S} < {Ki3,Ps}. Now we suppose that S contains a
cycle. Since G5 is K4-free, S contains no K4. Note that the maximal common
induced cycle of G3, G5, Gg is K3. Furthermore, the maximal common induced
subgraph of G35, G5, Gg contain exactly one Kj3. Since the maximal induced
subgraphs containing one K3 of Gs, G5, Gg are Zy and By, S is an induced
subgraph of ZQ or B171. Therefore, {R, S} = {K173, Bl,l} or {R, S} = {K1,3, ZQ}
Note that {K; 3, P4} < {Ki 3, Bi11}. This proves the necessity. ]

4. CONCLUDING REMARK

We conclude this paper with the following remarks.

e In Theorem 5, we assume that graphs have the order at least 7. In fact, from
the proof of Theorem 5, we know that even if we consider graphs with sufficiently
large order, Theorem 5 also holds because the order of all graphs in the proof of
Theorem 5 may be infinite.

e Since a Hamiltonian extendable graph does not need to be Hamiltonian, we
hope that some sufficient conditions for a Hamiltonian extendable graph will be
improved. Look at the graph G{, obtained from a non-complete graph G’ of order
% and additional § vertices which are joining with all vertices in G’. Obviously, G},
is not Hamiltonian extendable graph with §(Gj) = 4. This shows the condition
6(G") > %, which guarantees that a graph of order n > 3 is Hamiltonian, may
not guarantee a graph to be Hamiltonian extendable.

e Now we compare the Hamiltonian connected graphs and Hamiltonian extend-
able graphs. In [12], Ore gave some sufficient conditions for graphs of order n to
be Hamiltonian connected.
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Theorem 17 (Ore, [12]). If G satisfies one of the following statements,

(1) 6(G) = =3,

(2) any two nonadjacent vertices z,y satisfy that d(z) + d(y) > n+1,
(3) |B(G)] > Cln—1,2)+3,

(4) 6(G) >3, n#6 and |[E(G)|=C(n—1,2) + 2,

then G is Hamiltonian connected.

Therefore, if G satisfies one of these conditions, then it is Hamiltonian ex-
tendable. Taking the above examples Gj, into consideration, the conditions (1),
(2) are best possible for Hamiltonian extendability. In fact, combining the con-
ditions (3), (4), every graph with |E(G)| > C(n — 1,2) + 2 is Hamiltonian ex-
tendable: it suffices to consider the case when |E(G)| = C(n — 1,2) + 2 and
either §(G) = 2 or n = 6, §(G) > 3. In the first case, if G is the graph ob-
tained from K,,_1 by adding a vertex which is adjacent to exactly two vertices in
V(Kp-1), then G is Hamiltonian extendable; in the second case, since 6(G) > 3
and n = 6, G has no cut-vertex. Furthermore, since §(G) > 3 and |E(G)| = 12,
G has no 2-vertex cut. This implies that G is 3-connected. Let {u,v,w} be
a minimum vertex cut of G and V(G) \ {u,v,w} = {z,y,z}. If G — {u,v,w}
has three components, then G is the graph obtained from K33 by adding edges
uv, vw,vw (because |E(G)| = 12). Hence G is Hamiltonian extendable. Now
we suppose that G — {u,v,w} has two components and let yz € E(G). Then
either G[{u,v,w}] = P3 and |E({u,v,w},{z,y,2})| =9 or G{u,v,w}] = K3 and
|E({u,v,w},{x,y,z})| = 8 Then we can check that G is Hamiltonian extend-
able. Note that the graph obtained from K, 1 — {zy}, where xy € E(K,_1),
by adding an additional vertex v such that {vz,vy} C E(G) is not Hamilto-
nian extendable. This implies that the condition |E(G)| > C(n — 1,2) + 2 for
Hamiltonian extendable is also best possible.
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