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On the asymptotic behaviour of the solutions of a system
of ordinary differential equations
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1. This note remains in close connection with paper [1]. To avoid
repetitions we observe all the notations and definitions used in [1]. To
the results obtained there we now add some remarks. Moreover, we ge-
neralize in a certain way lemma 3 of [1] (p. 229). These additions together
with the results of [1] permit us to prove Theorem D formulated beneath
(see [1], § 4, p. 227 as well as Theorem C, p. 228).

Theorem D deals with the system

(II) X' =AX+B(X,)+0(X,1),

where X = (2, @,,...,2s), 4 is an m X n square real constant matrix,
and B(X,t) and C(X,t) are vector-functions with » component each,
continuous for ¢ >, and for arbitrary X.

AssuMPTION H. 1° There exists a scalar function x(t), continuous
for t > t,, such that

2(1) = n(t) + x(t) , 0u(t) =0, 12(t) = 0,

lim 7,(t) =0, [ ztydt <oo.
—>00 ‘I

2° There exists a scalar function w(?) > 0 continuous for ¢ > ¢, and
a constant 8 (— oo < 8 < 4 oo), such that the characteristic exponent of

one at least of the two functions ft w(7)dr, Ffw (r)dv is not greater than s.
Moreover, for ¢ > ¢, and for arbi:rary X t;w following inequalities hold:
|B(X,t)| <|X]|z(t), |C(X,t)]<!|X|"w(t), where 0<g<1.
Just as in [1] let us put v, = 8/(1—¢) and form the sequence

(k) Vp <0y < Vy < ... <p,

where v, v,, ..., 9, are all the real parts of the characteristic roots of the
matrix A which are greater than v,. Let »n; (¢ = 0,1, ..., p) be the number
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of characteristic roots of 4 whose real parts are not greater than v; (each
i-fold characteristic root is counted ¢ times).

THEOREM D. Suppose that Assumption H holds and that the sequence (k)
contains at least two elements. Assume that the matriz A has the canonical
real Jordan form (see [1], § 2, p. 228). Let j be one of the integers 1,2, ..., p.
Pui X =(X,, X,, X,), where X,, X,, X, are vectors formed of the first
Nny—1, of the next n;— n;_, and of the rest of the coordinales of the vecltor X
respectively.

If X (1) is any of the solutions of (II) with s characterisiic exponent
equal to j, then the following conditions hold:

(%) | Xy(t)] = o(] Xo(t)]) iXa(t)‘ = o(| Xy()])

Theorem D solves in regard to system (II) a problem similar to that
discussed by O. Perron in [2] and [3] concerning a linear system. Z. Szmyd-
téwna has dealt with an analogous problem, [4], concerning a non linear
system =’ = U{(t, £), which, though in some ways more general than (II),
yet does not contain system (II). Namely, it is supposed in [4] that
U(t, 0) = 0, and the other assumptions appearing there imply x,() = 0.
Moreover, our note establishes a close relation between conditions (x)
and the characteristic exponents of the solutions.

2. The remarks which we are going to make concern Examples 1
and 2 of [1] (p. 219-220) as well as Theorem B (p. 224).
From formula (1,10) we immediatly infer that, if » < a, then all the

solutions of the equation %' = a(f)u -+ f(¢) (*) whose characteristic ex-
ponents are equal to a are of the form:

(i) Ug(t) = gl

(for t large enough), parameter ¢ assuming all values but zero. Moreover,
lim a.(t) =a for ¢ # 0.

—>00

Consequently,
: —— !
(i) tim 1%t _ 7 Inlut) _

-0 {—oo t

From this we find without any difficulty that, if » < a(1—g¢q), then
every positive solution of the equation

w=at)u+pM)u?!, 0<Kqg<1,

(example 2, p. 220), whose characteristic exponent is equal to a is also
of the form (i), so that condition (ii) is satisfied.

¢

(*) According to [1], a = lim 7 [ a(z)dr, and b is such a number that the charac-
t—>00 '1
o

¢

teristic exponent of one at least of the two functions | |f(r)|dr and [|B(r)dr does not
¢ i

exceed b. '
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The last remark permits us to generalize part (b) of Theorem B
(p. 224, see also the proof of that theorem) as follows: if the characteristic
exponent of the solution X (¢) of the system X' = F (X, t) is greater than
8/(1—g), then the following inequality is satisfied:

(i) Jim RX O

{—00 t

= p(?).

Indeed, in the proof of part (b) of Theorem B we have made use of the
inequality X2(t) > ¢,(t), where ¢,(t) is a solution of equation (2,7) of [1].
In view of the above remarks this implies
2lim In] X (#)| > lim Ing,(t) u
{—o0 t {0 t
3. Now, in order to generalize Lemma 3 of [1] we present the following
LeMMA 4. Let the right-hand member of the system

(I) X'=F(Xat)’ X =(Y, 2)
be continuous for t > t, and for arbitrary X. Suppose that the assumptions

of Lemma 3 are satisfied. Then for every o such that

8
(1) T:-? < o<
and for arbitrary p > O there exists such a number t,, that for t > t, and

for every solution of system (1) such that its characteristic exponent is mot
greater than A we have

2
(a) 1Z(1)] <;(IY(t)l+6°‘)-
Moreover, for arbitrary p > 0 and for every X (t) whose characteristic ex-

ponent i8 greater than i (consequently, greater than or equal to p) there exists
a number iy, > ts, such that for t > ts, the following inequality holds:

1
(b) |Z (t)] >§lY(t)[-
We have also
(©) liLnln|X(t)| > lim In| Z (2)] > u
t—>o00 t—o0

The proof of this lemma is similar to that of lemma 3. We present
again the calculating part of it, which is more difficult now.

(2) In theorem B the function F(X,?) was supposed to satisfy the condition:

¢
X.F(X,t) < o@) X +w()| X[, and by x we denoted lim 1 [ w(r)dr.
t

t+co
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Let us put for every p > 0

2) Ny =(p*t+4p)(p+1),
(3) Mot) = exp [ T20(s) +w0(r)e-t-om]dr .
t
We have
{4) Ny,>0, bhy(t)>1 and zjm ho(t) =1.

Let the number f,, be chosen in such a manner that

{5) ho(t) <2,  pXu—4) = Npu(t)

for ¢ > t;,, which is possible since lim y,(t) = 0.
Put o

®) ol 1) = 2 BB -+ 6

and denote by w, and I, the sets of points, P = (Y, Z, t), defined as
follows:

{7 wp: 2T < G X%y 1), 1> by
(8) Wp: 2" =g Ty 8), t > tay -
First we prove that the assumptions of Lemma 2 of [1] are satisfied

if we substitute any ¢p(u,?) for g(u,?). In order to demonstrate that
inequality (x) appearing in that lemma holds on the surface It,, we put

I(P) =2[(o,Z)-F(P)—(Y,0)-F(P) "’gp(af;”t)] WY

It follows from (6) and from the assumptions 6° and 7° of Lemma 3
‘that

(9) 1;— I'(P) > up’Z" — p*| 2| X| ()~ p*|2||X |w(t)—
— Bp(O[AY" +| X || X| 2 (t) +| ¥ || X[* 0 ()] — o) hp(t) (X° + €*) — Bi(t) o™ .
‘Since on the surface M, we have
plZ| >, pl2]>et, |X|<|Y|+|2|<(1+p)2],
R X = p*Z" — Ry(t)
from the last equality we get by (1)

(10)

(11)  wp®Z— AL X* — ohl(t) € =pup®Z® + AnL(1) € — Ap*Z" — ohi(t) €
= (u—A)P*Z + (A— o) Bp(t) " > p*(u— ) Z* > Npyalt) 2%
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then using the inequalities of (10) we infer from (5) and (2) that

(12)  —p"Z|| X|x(t)— k(1) Y| X| x(2) = —(p" + ph3(1))| Z|| X x(2)
> — NpZ’y (1) = — NpZ2(n(t) + 2:(0))
(13)  —p" 21| X|"w0(t)— hy(t) T|| X|"w0(2)
> —(p*+4p) (1 +p)UZ" () = — NpZ'e " Phw (1) (3) .

Since for ¢ >t we have p*u—A1) > Nyxp(t), adding inequalities
(11)-(13) and using once more the last relation of (10) we infer that on
the surface I, the following inequality holds:

YA

B r(8) > s = Mottty + 0(tye-0-04) ).

Hence, in view of (3), it follows that on M, we have I'(P) > 0.

By a similar argument to that used in the proof of Lemma 3 ([1],
p. 231-233) we infer that, given any p > 0, the following condition,

2
(14) Z2(t) < h—’z’f:—)(y2(t)+ew),

is satisfied for t > ¢, and for every solution of (I) whose characteristic
exponent does not exceed A. At the same time, given any p > 0 and an
arbitrary solution of (I) with its characteristic exponent greater than 4
(consequently greater than or equal to y), there exists a number &3, > f5)
such that for ¢ > t3, the following inequality holds:

(15) 2:1) > %‘Q(Y%tweﬂﬂ') .

Since 1 < hy(t) < 2 for t > #5p, by (14) and (15) we obtain formulas (a)
and (b) of lemma 4. Formula (¢) of the same lemma results from the
generalization, given above, of Theorem B (relation (iii), see also (4,21)-
(4,32) of [1]).

4. Proof of Theorem D. First let us assume that the numbers &;
appearing under the main diagonal of the matrix A are not greater than
the number ¢, defined by (4,24) ([1], p- 233). Putting ¢ = (v, + v,) we have
v < 0 < v;—¢,. Let j be any of the integers 1, 2, ..., p, and X () = (Xl(t),
Xo(t), Xy(t)) any of the solution of (II) with its characteristic exponent
equal to v;. In the case where j < p—1, assumptions 6° and 7° of Lemma 3,
which at the same time are those of Lemma 4, will be satisfied if we put

Y =(X,,X;), Z=X;, A=vt+e&, p=v%n—=%

(*) The inequality p|Z| > ¢° implies p'~9|Z|'~% =9 - 1, and consequently
(1 +P)1—q|z|l—ae—(l—ﬂ)a' ~ 1.
Annales Polonici Mathematici XII 18
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(cp. (4,32) of [1]). Thus, since assumption (1) of Lemma 4 as well as the
rest of the assumptions of Lemma 3 are also satisfied, putting p =1, 2, ...
we infer from (a) that for every n =1, 2, ... there exists such a number ?,,
that for { > ¢, the following inequality holds:

(16) I Xa(0)] < 2 (| Zy(0)] + | o) + o)

Of course, if j = p, then X,(t) = 0. Thus; the above inequality is satisfied
also for j = p.
On the other hand, if we put

Y=Xx, Z =(X,, Xy), A=0_1+¢&, U =0—8&,

then assumptions 6° and 7° will be satisfied for j =1,2,...,p if v, > ¢,
as well as for j =2, 3,...,p if v, < g;. Thus putting p =1, , 1, ... and
taking into account that if v, < ¢, and j = q then X,({) =0, we infer
from (b) that for every » =1, 2, ... there exists such a number t,, that
for t > t,, the following inequality is satisfied:

(A7) | Xo(t)] + | Xa(t)] > n|Xy(2)] .
Moreover, it follows from assertion (c) of Lemma 4 that

lim In (| X,(2)] + | X,(1)]) S

Z V-8 =V —& > 0.

oo t

This means that e = o (| X,(t)| + | Xs(t)]), and consequently, e = o (| X,(t)} +
+ | X,(t)] + | X4(t)l). Thus, by condition (16) equivalent to

(n+2)| Xy(1)] < 2| X;(0)] + 2] Xoft)] 4 2] Xo()] + 26,

we obtain | Xy(t)| = o(| X,(2)] + | X,(?)|). Hence and from (17) we find that
| Xy(t)] = o(| Xy(2)]), and consequently, |X,(t)] = o(|Xy(t)]).

In the general case, where the numbers ¢; appearing under the main
diagonal of A do not satisfy the condition ¢; < ¢,, the proof of the theorem
results from the following remark.

There exists a non-singular matrix 7' such that the above condition
is already satisfied as regards the matrix 7 'AT, and moreover, the
transformation X —-7X maps each of the hyperplanes X,, X,, X3 on

<X
1774 1X|

itself and as is well known (see [1] p. 219) we have

for all X.
The theorem is thus proved.
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