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On the stability of difference schemes for
nonlinear elliptic differential equations with
boundary conditions of Dirichlet type

by R. Mosurski (Krakow)

Abstract. We consider the stability of the difference scheme for a nonlinear elliptic
differential equation with boundary conditions of Dirichlet type, investigated by M. Malec in
[3]). In this paper we give a stability theorem and a criterion for the existence and uniqueness of
a solution of this scheme.

1. Introduction. The present paper may be considered as a continuation

of [2] and [3] dealing with nonlinear elliptic equations with boundary
conditions of Dirichlet type.

In [2] M. Malec proved two theorems on difference inequalities cor-

responding to the differential equation
JOX Uy Uy s ooy Uy U g s U gy ooy U s ooy U g ) =0,

which contains mixed partial derivatives of the second order of the function
u(x), with the boundary conditions

u(x) =¢;(x) for x,=0 (@(=1,2,...,n),
1,2,..., n).

W) =) for x=o (i

Now we will use the results of [2] to prove a stability theorem.

In [3] the author used the results of [2] to derive an estimate for the
rate of convergence of a difference scheme. But, since the scheme is not
explicit, the existence of a solution of the scheme is assumed. The problem
has arisen whether that existence and uniqueness follow from the remaining
assumptions accepted in [3] and how to compute this solution. Our work
gives — under some additional assumptions concerning the function
f(x, u, g, w) — an affirmative answer to the above question. It is shown that,
if we make all the assumptions of [3] relevant to the function f(x, u, ¢, w)
and assume that the inequalities ' "

(L1) Li<fy fu <G (i=1,2,...,m,
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hold true in a set D (see (i)), then there is one and only one solution of the
difference problem and there exists an effective method of computing this
solution (with an estimation of the error). The question whether this result
can be reached without the assumption (1.1) remains open.

At the end of this paper we give a theorem which is a consequence of
the preceding theorems, but its assumptions are easy to check.

2. Notation, assumptions, and the difference scheme. Let us consider the
nodal points of the Euclidean space R" whose coordinates are

(2.1) xit=m-h (i=1,2,...,n),

where m; =0,1, ..., N (i=1,2,...,n, 0O<h=ga/N, and N is a natural
number.

Let us denote the nodal point (x}', x32, ..., xa") by x™, where M
=(m,, m,, ..., m), and write

Z=M:0<m<N,i=12,...,n},

2.2
22) ZT=M:0<m<N,i=12,...,n},
i(M)=(m1,...,ml-_1,m‘+1, m'+1,..., m,,),

2.3 ,
(23) —iMy=(my,...om_,m—1,m,,...,m),

i=1,2,...,n.

Let us suppose that
(1) the function f(x, u, g, w), where

xeR", ueR, q=1(41,92 ..., 9J)€R" w=[w;];-;€R™,

is of the class C' in the domain D = [0, ¢]" x R'*"*";

b

(ii) the derivatives of this function satisfy in the set D the inequalities

L<SL<0, |fi<T,

0<g<fy— X I (=1,2..,m,
j=1

VR

where L, I', g are some constants;

(iii) for arbitrary i,j (i #j,i=1,2,...,n;j=1,2,..., n) the derivative
fw..j is nonpositive in D or nonnegative in D and

fwu szﬁ
in the set D;
(iv) the step h satisfies the condition

g/h—T72>0.
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We shall deal with the stability of the following difference scheme:

fOcM, oM oM M) = 0 for MeZ",

(2.4) M=pM for m=0 (i=1,2,...,n, MeZ),
WM=yM for m=N(i=1,2,...,n Me2),

where

MI _ (le, UMZ , an), DM _(lel Min Mnl e UMMI)’

oMi — 1 ("M — p= iy

p Mii— _th (Ul'(M)+ M +v” i(M) + p M) _ oM __ i(=j(M) _ v‘i(.i(M))),

v*“"'—yz( DI _ (M) _ =M _ gy =JOM) g 2 My i) =i MDY

Mij v for i=j or Jw, <0
VU= M ar
v for i#j and wa =0,

(i=1,2,..,nj=12 .nMeZ").

3. Stability of the difference scheme. Consider the following two differ-
ence problems for a settled h:

— Mij

FOM oM, oM oMy =¥ for MeZ™,

M=pyM for Mey,

3.1)

SOM oM oM M) =Y for MeZ™,

3.2) v M
vy =n; for Mey,

where y £z-z", 1., N, are given functions, n;: ¢E — R for i = 1, 2, where
E =[0, 6]" and CE is the boundary of E. The stability of problem (2.4)
results immediately from the following

THeOREM 1. If assumptions (1)-(iv) are satisfied and there exist solutions
oM, oY (MeZ) of problems (3.1) and (3.2), respectively, then

(33) max |o¥ — oM < max ¥ —n¥| - L7!? max leM —e¥|.
MeZ Mey

Proof. According to (3.1), (3.2) and using the mean value theorem, we
have
M_eM=f My qu rMiy Z f"’u for MeZ",

(3.4)
M =M for Mey,
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where M Sol—of  (MeZ), fi=f(-) Sou=1u(=) Suy= Lo (-)
(i,j=1,2,...,n and (—) are some intermediate points.

Let us now examine the two algebraic problems, in which the coeffi-
cients f,,fq',,fwu (i,j=1,2,...,n) are the same as those in (3.4):

(35 0< fu =¥+ Y fo, 2V + Z Su, 2t for  MeZ7,
. i=1

ij=1
21'<0 for Mey,
0= f,-z3+ Y fo-z3'+ Z fo.-Z¥i for MeZ",
(3.6) P =P
>0 for Mey.

LemMA 1. If all the assumptions of Theorem 1 are fulfilled and if z¥ (z%)
(M € Z) satisfy (3.5) ((3 6)), then zM <0 (¥ > 0) for all MeZ.

Proof. Let z¥(M e Z) satisfy (3.5) and z{ = maxz¥. If A€y, then we get
MeZ
the assertion of our lemma because of (3.5) and the definition of 3

(3.7) M<z4<0 for MeZ.

If AeZ~, then by a theorem of M. Malec ([2], p. 861) we have z{ < 0, and
hence

(3.8) Z2¥<0 for MeZ.

The reasoning for z¥ is analogous and this completes the proof of the

lemma.
Let us define

(39 wMEM_max(pM—nM+L ' -max|eM—c¥ for MeZ.
Mey MeZ~-

The quantities max |7} —»n%| and max |e¥ —¢¥| are independent of the nodal
M MeZ-

€y
points x™ (MeZ), and so

(3.10) ﬁ,-w‘:‘+__zlﬁ,,_- ¥+ wa, wit

u 1
= f,-r™—f, -max [nM — I+L"~f,,-rnax [eM—eM +
Mey -
+ qu. M+ Z Joy
i=1 i,j=1

= —f,-max |p¥—n¥|+ L' -f,- max |e}f —e¥|+e}f —e)f >0
Mey MeZ ™

for MeZ™,

because of wMi = rMi wWMii — pMij (i j=1 2 ... n), (34) and (ii). The coef-
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ficients £, /., fw (i,j=1,2,...,n) arec the same as those in (3.4). Further,
(3.9) implies

(3.11) wd<0 for Mey.

Taking (3.10), (3.11) into account and applying Lemma 1 we get w} < 0 for
all MeZ, and hence

(3.12) ™M max nY —nM— L' -max |e¥f =& for MeZ.
Mey MeZ™~

Analogously, for w¥ £ r™ 4+ max |n™ ~ M| — L™ ! - max [¢M —e}| (M e2)
Mey MeZ™
one can show that

(3A3)  M> —max |p¥—n¥+ L' -max M- for MeZ.
Mey MeZ™

(3.12) and (3.13) imply (3.3). The proof of Theorem 1 is complete.

4. Existence and uniqueness of solution.

THEOREM 2. Let us assume that assumptions (1)—(iv) are satisfied and for
some constants L,, G the inequalities

(4.1) Li<f, f.<G (i=1,2,...,n)
hold true in the set D. Then there is one and only one solution t™ (M eZ) of

the difference problem (2.4).
Proof. Let

42 k(M Z(N+1)" for M=(m,m,, .. m)eZ

dr

and .7 = (k(M): MeZ)}, pg(N+l)" = # .#. Let us consider the space R?
with the norm

(43) VIl < max [v) for ¥V ={[v)s R

tef

Remark 1. Every vector [v,]),.s € R° may be written in a unique way as
[vxmInmez o1 [V ]:(fﬂz’ , since the function (4.2) establishes a bijection between
# and Z. Thus [v)ies = [sonIuez = WY R5es = [v0, 0y, ..., 0,-4] and v,
= vy = V™ for t =k(M), t =0, 1, ..., p—1. This notation will be used.

For any V ={uv,],., € R® we define a vector F(V) = [c],., as follows
(here t = k(M)): ’

j](t‘" oM, oM oMYy for MeZ™,
@4)  cum =< LoM—L- @} for m=0(i=1,2..n MeZ),
LoM—L-yM for m;, =N (i=1,2,...,n, Mc2).
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Let s be a real number such that
45 O<!1+h-L hh *4nG—L—-L,)<2if 1+i-Li=-21""2nG <0

and @®: R? —» R? be a function such that
(4.6) oW E-F(V)+V for VeRe

Let us take two arbitrary vectors V, WeR?, V = [v,],.,, W = [w,],cs and
write Z=V-W ={z],cs, 2(V)—P(W)=[d]),cs- By (iii) and the mean
value theorem (see Remark 1) we get:

@47 dgy=F"1'} [h"(fu’,‘:— Y Ijm|)+%fq?l]'zi(M)+
i=1 j=1

J#Ei

A UV R TN S T Rl

i=1
J*Ei

n
+2 12 Z Iff (DI 4 5 i S JMY 4
ij=1 4
T

[+ M2 Y M-
i,j=1
i#j

=2k Y (S .Zl Ifoin]-z"  for MeZ-,
j=

i=1
J#i

dymy =(1+F-L)y-z2™ for MeZ-Z,

where
fy':fy('_)! f;‘:f:,l(_)v ru=f:{ru(—) (l’,=11 2.---, II,MEZ_)

and (—) are some intérmediate points; the upper index M indicates the
dependence on the nodal point x™. Moreover, let s(i, j) be defined as

+1 for f, 20,
-1 for fu; 0

(i#j,i,j=1,2,....,n, MEZ").

(4.8) s(i, j) = ;

We shall show that there exists a constant K(0 < K < 1), independent
of V and W, such that

(4.9) eV —eW)I < K-IV-W| for V WeR"



The stability of difference schemes

To prove this let us write

i=il (f‘l:’.','—jél ]fa:_’l) = aM, i Ifquu| = i Z |f¢,’”| — ﬁM.

ij=1 i=1j=1
j#i i#j j#i

165

By the definition of the norm || || in R it follows that there are A€Z and

le.# (I = k(A)) such that
(4.10) P (V)—D(W)l| = |dj.

Let us write K = 1+h*-L. (4.5) and (ii) imply

4.11) 0<K <.
If AcZ—Z", then (see (4.7)
4.12) i =(1+# L) |24 < K-|1ZI[.

If AeZ~, then (i1) and (iv) imply

i[h-l(fw“ Z Ifa)+3f4]l=9/h—T/2>
i=1

J#l
Z [ht(fa Z 140 418 >g/h—T/220,
=1 J#l
and hence
@413) | <[P 2 at+k7 Y Sfa+b T2t —0T Y e+
i=1 i=1

FRT T A | bl T B2k 2 o] 12

= (2t B AL+ B A — B2 fA 2k 20 4() |2

Now, we shall examine two cases.
(@ 1+h fA—p~2-A-21>2.94 > 0. Then

4.14) ldl <(1+k-f)-11ZI| <1+ k- L)-|Z] = K-1iZ]].
(b) 1+hk-  fA—h"2.BA-2"2-a% < 0. Then
i} < (=1=hfA+4h 20t + 25~ 2- 4| 2Z}|
S(=1=k-fi+4r 22+ BY)-I2]].
From (4.1) we get

@15) a'+pi=Y [£4,- }j TN NNV WERSD
i=1 i=1

i=1 J—
j#l J*i
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In view of (4.1), (4.15) and (4.5) we have

(4.16)  Ndll <(=1=1 fd+4lr" 2 (24 + YY) 11Z]]
S(=1=h-Li+4k"2-nG)-|IZI| < (1 + 1 L) ||Z}| = K-||Z}].
The proof of (4.9) is complete, because the vectors V, We RP are arbitrary.
From the iteration theorem ([1], p. 48) it follows that there exists one

and only one vector V* = [v™],., €R’ (see Remark 1) such that ®(V*)
= V* and hence kMye s

(4.17) F(V*) =0.

The coordinates v (M eZ) of the vector V* are a solution of (2.4) and this
completes the proof of Theorem 2.

Remark 2. If 1+4+h-L,—2k"2-nG > 0, then the condition h*(h~2 x
x4nG—-L—L;) <2 in (4.5) is not necessary because (see (4.13)) 1+ h*- f4~
—hT 2 BA 2wt 2 L+ fA2h T @+ Y = L+ L, =22 nG =2 0
and case (b) does not occur.

From the iteration theorem and Theorem 2 we derive

THeorReM 3. If (1)-(iv), (4.5), and (4.1) hold, then for an arbitrary vector
Vo€ RP the sequence
(4.18) Voer =®(V,). m=0,1,2. ...,

is convergent to the solution V* of (2.4). Moreover, the following estimation

holds true:
14+ kL) ,
4.19) W*=VIl < H——’:s%-lll/l —Wll for m=1,2 ...

THeoOREM 4. If (i)-(iv) and (4.1) hold, then

(A) there exists one and only one solution of the difference scheme (2.4);

(B) this solution V* can be computed by successive approximation (4.18)
with estimation (4.19) holding for the m-th approximation

(C) the difference scheme (2.4) is stable (see (3.3)).
This theorem immediately follows from the previous theorems.
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