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Estimates of solutions of hyperbolic systems
of differential equations in two independent variables

by W. MLak (Krakéw)

This paper concerns the limitations of solutions of the system of
differential equations
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We use the method of differential and integral inequalities. Similar in-

vestigations have been conducted in [3], [6].

In [1] the system (x) was discussed by using the qualitative version
of the method of integral inequalities.

1. To begin with we introduce the following condition:

(Wg) The funections oy(t, 9y ..., %) (¢=1,...,n) are continuous on
<0, a)x 2 and the inequalities ¥, < yr (kK # %) imply oi(t, %y, -y
Yiy weny Gn) < Oilly Yuy covy Yiy oory Yu)-

T. Wazewski proved in [7] that if (Wy) is satisfied, then through every

point (¢, 43, ..., ¥a) there passes a unique right-hand maximum solution
of the system

(1) Yi = 0ty Yoy ey Yn)y T=1,..,m.

This maximum solution may be continued to the boundary. In what
follows the components of the right-hand maximum solution of (1) which
passes through (0, 43, ..., y%) are denoted by w;(i: 43, ..., yn). Throughout
the present paper we assume that these maximum solutions exist over
the whole interval <0, a).

LeMMA 1 ([7]). Let oi(ty Yyy ..oy Ya) satisfy (Wgo) and let the functions
@i(t) ({ =1, ..., n) be continuous on {0, a). Suppose that (py(), ..., Pa(t)) € 2
for te (0, a) and @0) < (i =1,..,n). If D_git) < oslt, @u(t) ..., a(t))
for 1 =1,..,m, te(0,a) then @it) < wi(t: nyy ..., ga) for te{0,a) and
i=1,..,n
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Let the functions p(t), @(f) be continuous on (0, a) and @(t) < F(t)
for t € (0, a). Now define

Rp,9)={=z,1): 0<t<ea, pl) <z <)},
E@,5) = (2, 0): 0<t<a, §(t) <o <)}

The sequence of functions wu,(z,1?), ..., ux(z,t) which are continuous in
R(p,9) is called a regular solutions of the system

02; 0% )
(2) 5{14‘11(505 t)a—m':f,-(m,t,zl,...,zﬂ), i=1,...,n

if uf{x,t) (¢=1,...,n) are continuously differentiable in E(p,p) with
regard to z and t and satisfy system (2) in R(p,®). The set R(p, ) is
a proper one if the following conditions hold:

1° There exist two sequences {g,(t)}, {@,(?)} of functions which are
continuously differentiable in <0, a) and

P(t) < @(t) <oplt) <p(t)

for »=1,2,... and ? € <0, a).
2° limg,(t) = p(t), limp,(f) = p(¢) almost uniformly on <0, a).

=0

3° Let i(w,t) = maxi(z,t), A(z,t) = mini(z, t) .

Then g(t) > A(g(1), 8}, Fi(t) < 4(@(1), 1) for » =1, 2, ... and te 0, a).
Differential inequalities similar to those appearing in 3° have been con-
sidered in [2] in connection with a certain uniqueness problem.

ExaAmMpPLE 1. Suppose that Az, t) are uniformly bounded in a set D
which contains the segment <{a, > X 0. Define

= sup A4(t,z), B= inf A(x,1?),
i=1,..,n =10,
(xt)eD (z,tye D

T={wx,t: atAdt<x<b+Bt 0<t<a}.
Assume that T C D. The functions ¢, = (a +1/»)+At, ¢, = (b—1/v)+ Bt
satisfy 1°, 2° and 3° if ¢ = a+At, ¢ = b+ Bt.

ExAMPLE 2. Let the functions A;(z,t) (¢ =1, ...,n) be continuous
and define

M@, 1) =maxi(e, 1), A1) =mink,1).

Denote by ¢@(t) (¢(t)) the right-hand maximum (minimum) solution of
the equation

(3) o=z, 1) (2 =A(z,1)



Hyperbolic systems of differential equations 193

passing through the point (0, @) ((0, b)). Let the equation (3) have the left-
-hand uniqueness property and denote by ¢,(t) (¢,()) the right-hand maxi-
mum (minimum) solution of (3) passing through the point (0, a+1/v)
((0, b—1/v)). The functions g¢,, @, satisfy 1° 2° and 3° with suitable a.

We now introduce the following notation: E, denotes the n-dimen-
sional space of points (¥y, ..., ¥»); En denotes the set of all points (,, ..., ¥»)
with non-negative coordinates y; > 0.

THEOREM 1. Let the functions oil,y,,...,¥s) (1 =1,...,n) satisfy
(Wg,) and let uiz,t) (i =1,...,n) be a reqular solution of (2). Suppose
that R(p, ) is a proper set. We assume that

(4) Je@y by Yry ey Yn) < Olly Yyy ooy ¥n)y, t=1,.,n
for (z,t) e R(p, @) and arbitrary y;. Then wuixz,t) < will: 5y ..., ga) for
t=1,..,m, (,1) e R(p,p) with n; = max wuix,9).

FO)<z<F(0)
Proof. Define for a fixed »

oi(t) = max wz,t), i=1,..,n.
o, (<z<p, ()

There is an 7 e (g,(t), @(t)> such that ei(t) = u(Z,t). Suppose that g,(f)
< % < ,(t). Then (du;/ox)zy = 0 and (0u;/dt)z = D_gi(t). On the other
hand ¢;(t) = wi(Z,t) and wux(Z, t) < ox(t) for k +# 7. Condition (Wg,) and
the above relations imply

(5) D_alt) < (33_1:,-)(5 N = fi(fa ty y(Zy 1), ..., Un(Z, t)) < ‘Ji(t1 oty -evy Qn(t)) .

Suppose now that Z = g,(t). Then w(t, gi(t)) = e«t) and wu(t+ h, g.(t+ k)
< gi(t+h) for h < 0 and h sufficiently small. Hence

L [t 5ol], > D_eutt
But

e [u,(t,q% N, = (3u,) +oult )(?;1)(:0

and (0u;/ox)z,y < 0, @yt ( q),,(t t) Making use of (Wg,) we
derive from the above relatlons the following inequality:

ou e {OUg ou; 7. 1 (%%
(6) D_et) < ( 6t) +@(?) (6_:1;)(5,:) <(ﬁ)m,“u‘( t)(am)(zl)
= fi(Z, ty Un(F, 1), ey Un(Z, 1)) < 0ty 42), ...y On(t)) -

In a similar way we can prove that D_o(t) < ailt, e,(?), ..., 0a(?))
in the case Z = ¢,(t). By (5) and (6) we conclude that in every case
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D_pi(t) < ity gy(t), ..., 0a(t)) for i =1,...,n and 0 <¢ < a. The asser-
tion of our theorem follows from lemma 1.

Applying a technique similar to that presented above one easily
proves the following theorems:

THEOREM 2. Let the functions oi(t, ¥y, ..., ¥a) =0 (¢ = 1, ..., n) satisfy
(Wgt) and let ugw,t) (i =1, ..., n) be a regular solution of (2) in a proper
set R@,@)_ SL’MPpOSB that |fi(@,t, Y1y ooy Yn)| < 0ult, |91 10y lyn|) (1 =1,...,n),
(z,t) e R(p, @). Then |uiz,t)] < wlt: 51y ceeymn) for 1 =1, ...,n, t €0, a)

with 7; = max |u(z, 0)|.
PO)<z<H(0)

THEOREM 3. Let the functions oi(t, ¥y, ..., ¥n) =0 (i =1, ..., n) satisfy
(Wgt) and let ui(z,?), vy Un(@, 1) (8 =1,2) be a regular solution of the
system
az,-

+1i(w7t)55=fg(w!trz1a-",zn)’ t=1,.,n

o2
ot

in the proper set R(p, ¢). Suppose that

lﬁ(‘rf by Yry ooey f/—n)—-ﬁ(a?, ty Yry ey Yn)| < 04ty l!71—§11, cery |377l_".7ﬂ|)

for i=1,..,n and (x,t) e R(p,P) and arbitrary ¥;,y;. Then |ui(z,t)—
—ui (@, )] < o(t: My ey ?n) for t=1,..,n, (#,t)eR(p,p) with
= max_[|ui(z, 0)—uiz, 0)].,
2(0)<z<g(0)

2. Theorem 3 shows that the following conclusion holds (}): if
fi = 1% = f; and w(t: 0, ..., 0) = 0, then the Cauchy problem for system (2)
has the uniqueness property. The uniqueness condition for the Cauchy
problem for system (2) has been presented in [1]. The following assump-
tions have been introduced:

@3 8, Tay voey Tn)— @1 8, Fay oo Tl SE (D0 (D) 17 —71) -

i=1
K (1) is summable over every subinterval of (0, a), the function o(z) is
n
positive and increasing, and [ dz/o(z) = + oo.
0

The monotonicity of o(z2) ensures the use of the method of integral
inequalities developed in [1]. Moreover, in [1] appears the assumption
that the ordinary differential equations o' = A;(z,?) (¢ =1, ..., n) satisfy
the uniqueness condition. This assumption has been introduced in order
to replace (2) by a suitable system of integral equations. Applying the
method of differential inequalities we can prove, just as in [4], a certain
uniqueness condition without making use of any integral equations.

(!) For a similar uniqueness property see [7].
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THEOREM 4. Let R(p, @) be a proper set and let the function o (t, u)
satisfy the following condition:

o(t, u) >0 is continuous for te(0,a), u >0 and for every o€ (0, a)
the unique funclion o(t) which satisfies the equation u' = o(t, u) in (0, p)
and the condition limw(t) = 0 is the function tdentically equal to zero

10+
w(t) =0.
Suppose that

fi(@y by oy ooy Gn)—Fil@y ty Yy ooy ?n)l <ot mjaxlgf—ﬁf.)

fori=1,..,n and (z,t) e R(p, p). Then the Cauchy problem for system (2)
salisfies the uniqueness property in R(p, p).

3. We will discuss some integral equations connected with system (2).
We begin with the following

LeMmA 2 ([5], th. 1). Suppose that the functions oyt, Yy ..., Yn) = 0
(i=1,..,n) are continuous on {0, a)x E+. We assume that for every i
the funclion oi(t, Yy, ..., Yn) INCreases in Y, Ya, ..., Yn. It is supposed that
for every point (my,...,Mn)y, ;=0 the right-hand maximum solution
@i(t: N1y -.ey M) Of the system y; = oty Yy, ..., Yn) exists in the whole interval
{0, a). Let the non-negative continuous functions (1), ..., pa(t) satisfy in
{0, a) the inequalities

¢
gi(t) < mi+ fa,-(r, @:(7)y ey pu(m))dr, P=1,..,mn.
1]

Then @i(t) < wilt: By ooy m) for t=1,..,n, te0,a).

Let the functions 44z,?) (¢ =1,...,n) be continuous and suppose
that every differential equation ' = A(x,t) satisfies the uniqueness
condition. The solution of 2’ = 4;(x, t) passing through (z,, {,) is denoted
by xi(t: x,,1,). Suppose we are given two continuously differentiable
functions @(t),#(¢) such that @'(f) > Afp(t),1), () < A(F(@),1) for
i=1,..,n and ?e{0,a). Assume that @(0) = a < b = ¢(0). Suppose
that @(t) < @(t) for ¢t e (0, a). We define

R(p, ) ={(z,1): 0<t<a p(t) <z <P()}.
It is a simple matter to verify that for (z,, %) ¢ R(p,9) and i =1,...,n
the integral z;(t: z,, t,) meets the segment {a, b), i.e. z;(0: x,, 1)) € <a, b).
Assume now that the funections fi(x,t,2,...,22) (1=1,...,m, 8 =1,2)
are continuous for t e <0, a) and arbitrary 2, ..., 2. We can then write
the system of integral equations

(1) 2, t) = 2(x:(0: @, 1), 0)+

¢
+ fﬁ(mi(rz Ty 1), 7, 2@l @y 1), 7)y ey 20filT: @, 0), 'r))dr.
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THEOREM 5. Let the funclions a;(t, Yy ..., Yn) (¢ =1, ..., n) satisfy the
assumptions of lemma 2. Suppose that

(8) fil@y 2y Tuy ooy Un)— 3@y 8y Guy vovy Fn)| < 0ty 1T1— Tl s oovy |Fn—Ynl)

fori=1,..,n and (z,t) € R(p, $). Let the continuous functions 21 (x, 1), ...,
2z, 1) (s =1,2) satisfy (7). Then

|2, 1)— 25(2, 1)) < wi(t: Mgy very Tn)
for i=1,..,n and (z,t) ¢ R(p, p) with max|z(x, 0)—2i(z, 0)| = 7.

(a,b)
Proof. We first define

0i(t) = max |#i(z,t)— 2z, 1)
p)<z<H()

By (7) and (8) we have

(9) Iz, )—2i(x, )|
t
<+ fai(t, ]zi(m,-(t: x, 1), t)—z?(mi(r: z,1), 'r)l, ey Iz:,(m,'('r: z,1), r)_

— 2 (w7 @, t),t)ndt.

Observe now that

p(7) < mi(t: 2, 1) < (1)

and consequently |zj(z(r: @, 1), ) —2j{ai(r: 2, 1), 7)| < o,(x). It follows
from (9) and from the monotonicity of o; that

{
(10) oi(t) <mi+ [ oty e1(2), ey 0alz)) dr .

The assertion of our theorem now follows from lemma 2.
It is easy to formulate analogous theorems concerning limitations
of solutions or the absolute values of solutions of systems of the form (7).
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