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A difference scheme for an elliptic system of non-linear
differential-functional equations with Dirichlet type boundary
conditions. The existence and uniqueness of solution

by BoGustaw Bozek and RyszarpD Mosurski (Krakow)

Abstract. We consider a system of second order diflerential-functional equations of elliptic
type with boundary conditions of Dirichlet type.

We propose an implicit difference scheme for this problem and under certain assumptions
we show the existence and uniqueness of solution of this scheme.

1. Introduction. Let D=[0, X]"c R", X < + .

We consider the following system of second order differential-functional
equations of elliptic type

(1.1)  fix, u(x), () (x), (U)se(x), u)=0 for xeint D (I=1,..., p)
with boundary conditions of Dirichlet type
(1.2 w(x)=¢/(x) for xecD (I=1,...,p),
where A
X =(X)i=1,.n» U= (“,u),.= Lenp? (u), = (Cuy/Cx;)i= 1,....n

(ul)x: = (az ul/axi axj)i.j= 1,...m (l = la reey P)

We will define an implicit difference scheme for problem (1.1), (1.2).

Under certain assumptions concerning the functions f; (! =1, ..., p) and
the net step h we show the existence of solution of this scheme (1).

The proof of the main result of this paper is based on the Banach
iteration theorem — see [2]. The idea of construction of a suitable operator
arises from [5].

The difference approximation of the mixed derivatives of the solution
and the approximation of the functional argument goes by the method
adopted from [3].

(') The convergence and stability of this scheme is considered in [1].
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We use the notation applied by many authors dealing with difference
schemes (A. Fitzke, Z. Kowalski, M. Malec, W. Niedoba, etc.).

2. AssumptiONs H. We assume that

(1) the scalar functions f;: E>(x, )y, t,w,z)—> fi(x,y,t,w,2)eR
(I=1,...,p), where E:= DxR’xR"xR"sz(D), X = (X)i=1,.0m V=
Duu=trpr £ =diz1,0m W=Wijij=1,..n B(D):=0=(04,0,,...,0) 0
D - R is a bounded function for I =1, ..., p} are such that

14

(2‘1) ﬁ(xa y, qa w, z)_fl(x, }73 q_a W! Z) = Z aln(yy_pu)+

u=1

+ z Bh(q‘ qi)+ Z vlu(wu ij) (l = 1» ceey P)

i,j=1
for any two points (x, y, q, w, 2), (x, J, 4, W, z)€E, where x,, By, v4; (I, p
=1,...,p;i,j=1,...,n are functlons defined for all points
(x, v, v, 4,3, w, w, z2)€D x R? x R*" x R*"* x B(D) and bounded in this set;
For any two points (x, y, g, w, 2), (x, y, q, w, Z)eE we have

2  filx,y,q,w, 2)—filx,y, 9, w, D) =xnllz-2l| (U=1,...,p),

where x, (I—l .., p) are functions defined for (x, y,q, w, z, 2)e D x R® x
x R x R"* x [B(D)]2 bounded in this set and the norm || || in the space
B(D) is defined by ||z|| := max [sup |z,(x)|};

1<I<p xeD
(2) the functions ay, By, vy ¢ (U=1,...,p; p=1,...,p;
i,j=1, ..., n) satisfy the following conditions (for all admissible arguments):

(2.3) Li<ay<L<0, 0<ga,<J ((#p,
(2'4) |ﬂli| < r’
n

(2'5) 0< g Yii — Z th'jl’

L
(2.6) Yiij = Vijis
2.7) Iyl < G,
(2.8) I+J(p—-1)+K <0,

(29) for each pair of indices i, j (i #j) the function y,; is either always
non-positive, or always non-negative,
(2.10) || € K;
(3) there exists a solution u(x) of problem (1.1), (1.2) such that ue C*(D).

3. We introduce the uniform net in the cube D. Given a sequence of
indices M =(m,,...,m), m;=0,1,..., N (i=1, ..., n), we denote by x™
the nodal point with the coordinates x™ = (x7', ..., x,™, where x;" = m;h (i
=1,....,n,0<h=X/N and N> 2
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We introduce the following denotations:
Z:=M:0<m<N, i=1,...,n],
(3.1) Z:=M:1<m

Z,:=M:0<m<N-1,i=1,...,n}

ISN’ i=‘l,..., ’l},

and we introduce special symbols for the nodal points

—iM)y:=(my,....om_y,m—1, m,,,....,m) (MeZ),
iMy:=(my, ....,m_,,m+1,m,,, ....m) (MeZ,)

(i=1,...,n.

(3.2)

For any discrete function a: Z>M — a™eR the following operators are
defined (see [4]):

(3.3)
aM' = 05h™ (@M — g~ i),
a~Mi = 0.5 h™2(gM 4 M g =i o g=i(M) _ M __ git—iMY) _ g i)
atMii = 05 h™2(— g™ _ @M _ g=iM) _ g=JM) 4 9gM | giGM) 4 g =it~ (M)
MeZ,n2Z,,i=1,...,n;j=1,...,n).

Every function b = (b,, ..., b,)e B(D) is approximated by b* = (b}, ..., b})
€ B(D), where

b (x):= Z XM(x)b:"

MeZ

1 for xely,,
0 for x¢ly,

Iy:=1{xeD: mh<x; <(m+1)h,i=1,..., n},

bY =b,(x™ (u=1,...,p; MeZ).

(3.3) xm(x):= {

In the same way, for every net function c: Z3M —>cM =(c}, ..., cM)eRP
we define c*:

c(x):=Y @l (u=1,...,p),
MeZ

whc.rekx,,(x) and I, are defined by (3.3").

Along with the system of differential-functional equations (1.1), (1.2) we
consider the system of difference equations

(B4 LM oM oM oM 0% =0 (MeZ,nZy;1=1,..., p),
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with the boundary conditions

3.5) oM =pM:=@,(x™) for MeZ\(Z,nZ,)) (I =1, ..., p),

where
M _ (.M MI __ (. Mi MIJ _ (, Mij
o™ = (v, Ju=11pr U1 = O i=10me U = Dii=1,.0ms
Mij U’_MU fOI' I=_’ or '}’l,-j < 0,
U, V= + Mij . .
of " for i #j and y,;; = 0.

System (3.4) and the boundary conditions (3.5) are generated by system
(1.1) with boundary conditions (1.2). Let us denote by v and u the solutions
of these problems, respectively. In general problem (3.4), (3.5) can have no
solution because of non-linearity of the algebraic equations. The solution
exists under certain additional assumptions, as we show below.

4. THEOREM 1. If assumptions H and
(4.1) g/h—T/2=0

are satisfied, then there exists exactly one solution of problem (3.4), (3.5).

Proof. Let q be the cardinality of Z and let R**?:=[V: V
= (0")yez }- Define

I=1,...p

4.2 F: R¥*P3V S5 F(V):=CeR*™, C=(Myz -

where T

43) C:u:={j",(x“", oM, oM oMY 0¥ for MeZ,nZ,,

(L+J(p—D)+K)wM—9) for MeZ\(Z,nZ,)

(I=1,...,p

and let ¢ be a function such that A

(4.4) &: R’V > @(V):=hF(V)+VeR?,

where

(4.5) 0<1+kK(L+J(p—1)+K),

(4.6) K(h™24nG—L- L) < 2.

Write

4.7 H:=1+k(L+J(p—1)+K).

Then from (2.8) and (4.5) we have He(0, 1). We shall show that
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(4.8) le(V)-e(W)ll, < HIIV=W|l, for all ¥, WeR*™,
where ||V]|, := max [vM] (VeRI*?).
1=
To this end take any two elements V, WeR?*? and write
D:=&(V)-®(W) "(dM)Melz . Yi=V=-W=( )‘MElz
=1,..., D R

By (2.1) and (2.2) we can write

( n
BN L v ,Z i)+ 0.5 B ] yi*0 +
=1 j#l
+h! Z (A" (yui— Z |')’uj|)‘0-5ﬂu]}’1_“m+
i=1 j=1
J#i

(49) d‘M = +0.5K" 2 Z I?h‘j' (yl;(s(l.l'-ﬁj(M)) — y‘— l'('s('.l'.j).i(M))) +
‘ i'ii:jl
n

ih,j=1 i=1 J=
Jj#i

P
+h Y o,y +xlly*l  for MeZ, nZ,,

u=1
p¥El
| HyM for MeZ\(Z,n2Z,)
(I=1,..., p), where
1 f =0,
si =4 Or -
) -1 for y;;<0(=1,...,p;i,j=1,..4n),
and H is defined by (4.7). To simplify the notation we put
(4.10) g .= Z (}’m— Z |Vuj|)s o= Z |}’uj|-
i=1 i=1 ij=1
J#Ei i#£j
From the definition of the norm || ||, it follows that there

BeZ,ke{l,2, ..., p} such that |df| = ||D|,.
If BeZ\(Z,Z,), then

|dfl = Hy?) < HilY),.

If BeZ, nZ,, then assumption (2) implies the inequalities

i[ (i — Zlv.‘,l)+05ﬂu] g/h—05T >0,

i=1
1#1

159

+[1+h‘a,,—h"2 Z |'}’n'j|—2hs_z Z (}’m—_z |'Yﬁj|)])’{”+

are
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4.11)
Z [h_ ! ('Ykii_ Z l?kul)—o-S ﬂu] =2g/h—05T 2 0.
2
The definition of norms || || and || ||, gives

(4.12) [ly*l = max {sup |} xu(x)y¥|} = max ‘max Iy} < NYI,L-

1€i€<p xeD MeZ 1<isp

On account of (4.11), (4.12) and (2) we have the following estimation for
dg:

413y | <[P 2o, +h! Z 058 +h 20, —h! Z 058, +

i=1

+h sz+|1‘*‘hsau“hs-sz‘zhs_zf’ﬂ]“Y"l+

+n Z U Ve + 1 el [y*1]

u=
u#k

<[22 2o+ B 2o+l + B o — K2 =2 2 f]IIY Il +
+1J (= DIYlly + K K| Yl
=2k 2a,+F 2o+ J(p— 1)+ K+|1 +h o, —
~k 2o =2k 2a]IIYIl; .
Now we shall examine the two cases:
() 1+ha,—h "2 —2h 26,>0. Then
4.14) 18| < (1 + Ko +hJ(p— 1)+ K)|Yl,
S(1+k L+ J(p—D)+HEK)YI, = H||Y|,
because of (2.3);

(i) l+Hoy—h"20,—2k 26, <0. Then from (4.13) we obtain
4.15) |df S (—1—-Fay+4h° 2o, +20° 2 g+ K J (p— 1)+ K K)|| Y]l
S(—1-Fay+4k° (o, +o) +F I (p— 1)+ K)| Y], .
From (2.7)

(416) 0'g+Qg z (yku Z h’ku' + Z I)’lu" = Z yku = ’

iL,j=1
_,;tl i#j

so that
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(4.17) dB) < (= 1=K ap + 40~ 2nG+ kb J (p— 1)+ K K)||Y],

<
<(=1=KL,+4k 2nG+k1J(p— 1)+ kK K)| Y|,
S(1+KL+FJI(p—-1)+FK)| Y|, = H||Y,
because of (2), (4.6) and (4.16).

This proves (4.8). From the Banach theorem (see [2]) it follows that

there exists exactly one vector ¥ = (7}),, € R?*? such that #(V) =V and
I=1,...p

hence F (V) = 0. The components oM (MeZ; | =1, , p) of the vector V are

a solution of problem (3.4), (3.5) and this completes the proof of our theorem.
From the Banach theorem and Theorem 1 we also have the following

Remark 1. Under the assumptions of Theorem 1, for an arbitrary
vector ¥, R?™? the sequence

(4.18) Voor:i=®(W,) (m=0,1,2,..)

converges to the solution V of problem (3.4), (3.5). Moreover, the following
estimation holds

: _ H™ ||F(Vo)||1
- <— ||V, =V, = H™.

References

[1] B. Bozek, Convergence and stability of difference scheme for an elliptic system of non-lincar
differential-functional equations with boundary conditions of Dirichlet type, Ann. Polon.
Math. 44 (1984), 273-279. _

[2] L. Collatz, Numerische Behandlung von Differentialgleichungen, :weite neubearbeitete
Auflage, Springer-Verlag 1955, Berlin—Gettingen—Heidelberg 1955.

[3] M. Malec, Sur une méthode des différences finies pour une équation non linéaire différentielle
Jonctionnelle aux dérivées mixtes, Ann. Polon. Math. 36 (1979), 1-10.

[4] -, Schéma de différences finies pour un systéme d équations non linéaires partielles ellipriques
aux dérivées mixtes et avec des conditions aux limites du type de Dirichlet, ibidem 33 (1977),
241-246.

[5] R. Mosurski, On the stability of difference schemes for nonlinear elliptic differential
equations with boundary conditions of Dirichlet type, ibidem 43 (1983), 159-166.

STANISLAW STASZIC UNIVERSITY OF MINING AND METALLURGY
INSTITUTE OF MATHEMATICS, KRAKOW

Requ par la Rédaction le 17. 11. 1979

3 — Annales Polonici Mathcmatici XLIV. 2



