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A note on rational functions of several
complex variables

by J. Siciax (Krakéw)

Let f(2) = f(2y...y%a), 7 >2, be holomorphic in a polycylinder
P={z|z <r,k=1,..,n}. Then

(1) J(z)= D Pfz), for zeP,

» =0
where P,(z) = P,(2,, ..., 2a) i8 a homogeneous polynomial of degree » and
the series is uniformly convergent in P. Let

(2) G(t; Bay ey On) = F(2, €8, ..., €¥t) = D P,(1, ¢, ..., en)¢

=0
and let E;, k= 2,3, ...,n, denote a subset of the interval [0,2x]. The
purpose of this note is to prove the following

THEOREM. If E;, ¢ =2, 3, ..., n, 18 non-denumerable and ¢(t; 0,, ..., 05)
i8 rational with respect to it for any 0 = (0, ..., 03) e E = E, X ... X By,
then f(2yy ...,2n) 8 rational with respect to 2z = (2,,...,2s). Moreover,
if E, i8¢ at most denumerable and K,, ..., E, are arbitrary, then there
exists an entire transcendental function f(z) such that g(t; Oy, ..., On)
= f(t, e¥1t, ..., €%nt) i3 a polynomial in t for each (0g, ..., 0s) € E.

Proof. The idea of the proof is based on Kronecker’s necessary and
sufficient condition for a function of one variable to be rational (see [1],
p- 102-103).

Let 60 = (0,,...,0;) be a fixed point of E. The function g(¢; 6)
= ¢(¢; 03y ..., 03) can be written in the form

_ ao+a'lt+ eve + alk—ltk_l
(3) 94 0) = =3 o T bt

where a,, a,, ..., 85—, by, b, ...,br and k depend on 6. Since g(t, 6)

(= <]
= D P,(1, e, ..., ¢%)t", we have

y=0

ao-l' alt"l' eoe +ak_1tk_l = (P0+P1t+ .u)(b°+b1t+ sse +bktk)’
10*
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whence
ay = by Py,
a, = b Py+b, Py,
(4) @y =br_1Py+byp_o P+ ...+ b, Py_y,
0 =byPy+by1 Py+... + by Py
0 = ka1+bk_1P2+ "'+b0Pk+l y
Let
(b) Ci(2) = Cau(2yy ey 2n)
P;(z) Pii1(2) wo Piiu(2)
Ppi1(2) Pipe(?) oo Parura(?)

---------------

Py u(2) Prrua(?) oo Payou(?)

Since at least one of the coefficients b, b,, ..., by is different from zero,
it follows from (4) that

(6) Cu(l, e, .. ef)=0, for A>0 and pu=Fk==K(0).

Now we shall prove that there exist non-denumerable subsets E}C E;,
i=2,3,...,n, such that the function k(0) = k, = const for 0 ¢ E° = Ej x
x By X ... x EY. Indeed, let (63, 03, ..., 65_;) be a fixed point of K, x H, X
X «. X Ep_y. Since the set of points (62, 63, ..., 05_;, 6,), where 0, ¢ E,,
is non-denumerable and % (63, 63, ..., 65_;, 0,) takes at most denumerably
many values, there are a non-denumerable subset Ej of E, and an integer
k,(63, 63, ..., 65_,) such that (62, 63, ..., 601, 6,) = k,(63, 63, ..., 65_,) for
6, € EY. Similarly, there is a non-denumerable subset ES_, of E,_,, such
that %,(03, 63, ..., 0o, On_1) = kys(02, 63, ..., 05_3) for 6,_; € E5_,. Therefore
k(62,63,...,00 o, 00 1,0n) =ky(05, 03, ..., 05_s) for (B._y, Ox) e ES_y x Eo. By
repeating the procedure, we shall find non-denumerable subsets EJ_,
of B,y k=0,1,..,n—2, and an integer k, such that

k(0) =¥(0yy ..., On) =ky, for OeE'=EyxESx..xE:.

Therefore

Since
Pi(eio, eitate), .., €iatd)) = ¢ P,(1, ¢, ..., ein),
we have
Clew, eitta), | eiltnte)) = ef(#+1)(1+u)w0h‘(1’ et .., ein)

Thus, by (7), we have

(8) Crulefe, eCte) | | ¢inte)) =0,
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for 1>0, pu=k, 6eE and ¢e[0,2x]. Therefore the polynomial
Ciu(?yy ...y 2n) vanishes identically if A >0 and u =Fk,. At any point
Z = (21, ..., 2p) the rank r = r(2) of the matrix

Py(2) Pyz) v Pu2)

M,(z) = Pl.(z)‘ Py(z) o Puya(?) (o = ko)

----------

Puz) P,a(2) ... Psyul2)

is less than or equal to k,, r < k,. Let ry = maxr(z) = r(z°) and let

zeCn
Py(z) Py(z) ... Py(?)
Piy(z) Pyu(2) ... Pu(2)

M(z) =
P(z) Pu(2) ... P,2)
be a matrix which differs from M ,(z) only by a permutation of its columns
or rows. We choose the matrix M(2) in such a way that
{ Poo(2?)  Poy(2) ... Pory(2?)
An(@) =]« o o o oo
P, o(2°) Pra(2®) ... Prp(2°)
Therefore A,(z) # 0 in a neighbourhood U of 2°. Given 2 ¢ U, consider
the system of linear equations
(9) Pio(2)ey+ Pir(2)e;+ ...+ Pi(2) s+ ... + Piu(2)e, =0, 1=0,1,..,pu,
with respect to the unknowns e¢;, ¢ = 0,1, ..., u. Putting ¢,,, =1 and
€ror2 = €rors = ... = €, = 0, we shall solve the system
(10)  Pu(2)eo+ Pu(2)ey+ ... + Pyr(2)€r, = — Pipora(2)y, $=0,1,...,7,.

The solution ey(2), €,(2), ..., €r(2); €r+1 =1, €r42(2) = €r13(2) = ... = €,(2)
= 0, is also a solution of system (9), and, moreover, the functions e;(2),
¢ =0, ..., u are rational with respect to 2 = (2,, ..., 2,) in the neighbour-
hood U. Therefore there exists a solution b(z), ..., b,(2) of the first u
equations of the infinite system

Po(2)b,+ Py(2)by-y+ ... + P(2) by = O,
(11) Py2)b,+ Py2)by_y+ ..+ Puss(2)by = 0,

#0.

and it is a proper permutation of the functions e4(z), ¢ = 0,1, ..., u.
Since C;,(2) =0 for 1 >0, ze C", it follows that b(z), b(2), ..., b.(2)
satisfy all the equations of (11). If we now put

ao(2) = bo(z) Py(2) ,

ay(2) = by(2) Po(2) + by(2) Py(2)

oooooooooooooooooooooooo

a,1(2) = b,—1(2) Py(2) + bu—2(2) Py(2) + ... + bg(2) Pp—a(2) »

(12)
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then ay(2), ..., a,-1(2), by(2), ..., b,(2) are rational and satisfy equations (11)
and (12) for any z ¢ C". Therefore

-1
ZP z)t—a" Jta@it .. ta,.E" g,

—0 bo(2) + by(2) 1+ ... +b,(2) "
for jtj <2 and |2x| < ¢, o being sufficiently small. We can check that
ay(2) + a,(2)t + ... +a, 1 (2) ¢
= Ay(2)+ A,(z)(t—1)+ ... + A, (2) (1 —1)* ",
bo(2) + by(2) 2+ ... + b, (2) "
= By(2) + By(2) (t—1) + ... + B,(2) (t—1)",

where Az), ¢ =0, ..., u—1, and By(2), ¥k = 0,1, ..., u, are polynomials
in a4y...,a,, and by, ..., b,, respectively. (Thus A;(z) and Bfz) are
rational functions in 2z = (2, ..., 2s)). Suppose that By(z) = B,(z) = ...
= B;_1(2) = 0 and. Bi(2)== 0. Such a By(z) certainly exists because at
least one of the by(2), by(2 ) b.(z) does not vanish identically. There-

fore, since hmZP,(z ZP,(z) = f(2), we have by (13)

{—1 »=0
1(2) = Ai(2)[Bi(#),

(13)

i.e. f(2) is rational.
To prove the second part of the theorem, let E, = {e“:')}, vr=1,2, ..,

and put
1 - — k)
f (2, -"’zu)=25 (r—e "12,).
=1 k=1

The function f(z) is obviously entire and transcendental. Moreover,

-1 »

it 6%, 6%, .., )y = > L l I (1— &%)

y=0 »! k=1
for arbitrary 0,, 6, ..., 0.
COROLLARY. Weierstrass-Hurwitz’s theorem ([2], p. 236). If a function
f(2z) is meromorphic at any point z ¢ C" and at the point (oo, oo, ..., oo)
(i.e. if f(1]/2y, 1/24, ...y 1[2a) i8 meromorphic in. a neighbourhood of (0, ..., 0)),

then f(z) is mtwnal
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