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‘An example of a function which is locally constant
in an open dense set, everywhere differentiable
but not constant

by ZoriA DENKowskA (Krakéw)

Abstract. The aim of this paper is to give an example of a function which is
locally constant in an open dense set, everywhere differentiable, but not constant.
‘We construct the derivative of the function welook for i.e. we construct ¢: [0, 1]-[0, 1]

T
such that f(z) = [¢(t)dt has all required properties. We obtain ¢ as a limit of a sequence
o

of confinuous functions. The methods used in the proof are simple and elementary.

A construction of such a function has been given in [1]—[9]. In
this note we give another one, which is—together with the proofs of
the required properties —simple and elementary. The idea has been sug-
gested to me by Professor A. Plis. Clearly, it is sufficient to comstruet
a @: [0, 1]—[0, 1] which satisfies the conditions:

(a) ¢ is summable in [0, 1],

(b) =0 in an open dense subset of [0, 1],

1 z+h
(c) lim [ o(t)ydt = p(x) for ze[0,1],
z

h—0

(d) oflsv(t)dt¢ 0,

since then f(z) = [¢(t)dt has all the required properties.
0

LemuMA 1. There exists a function y: (0, 1]1—R which is continuous,
strictly increasing and satisfies the conditions:

(1) limyp(z) = — oo,
z-0 ’
1 T
2 Iim {— t)di — :c)=0.
@) tim (2 [ w(0t—p(o
One can take y = —h~', where i(t) = te~" for 1<t < oo, because

1 no
—fh(t)dt—:-o when 2—oo.
h(z) ;
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LevA 2. Take v as in Lemma 1, put 9(0) = —oo, and for any
ce(0,1) and d > 0 define
Pe,a(®) = max(0, d+p(lz—el) for xe[0,1].
Then vy, g is continuous in [0, 1], vanishing in a neighbourhood of c,
and such that if g: [a, b]—[0, 1], with [a, b] < [0, 1], i8 continuous and
satisfies

(3) git) < max(ap,,,d(a), "/’c,d(b)) wn [a, b],
then
(4) — f (g —min (g, y,,2)dt < s(d),

where £(d) does mot depend on g, a,b,c and =(d)—>0 for d—oo.

Proof. Suppose that v, 4(0) = v, qa(a) and a = y,4(b) > 0 (the case
of @ = 0 being trivial); then ¢ < b and therefore b —¢ = »~'(a — d); next,
since the function.

b

. .
— Jla—veatt)

T—

is decreaging in [¢, b) (*) and a > ¢—(b—c¢), we get

b
1 o 1
b—a E[(y—mm(g, '/’c,d,))dt < m!(a—‘%'d(t» at

—y.q(t)) At < e(d) s%%zy(.p—x (a—4d)),

where y(x) = {—fw dt—w(m)} By (2) we have &(d)—0 for d—oo.

We pass now to the construection of ¢. Take a sequence {c,} dense
n (0,1); take d, > 0 such that

1
(5) 8(dy) < Gty Ve, (0021, m=1,2..

and define
q) == in'f(l’ "/’cl,dlj b ') - llln‘p‘llJ
where
¢n = Min(1, Yer,dyr oy "Pcn.dn)s in [0,1].

() To see it observe that if k: [0, s]—[0, o0) is continuous and increasing,

12
then o—r— S R(t)dt is also increasing.
0



r~

On a funclion locally constant in an open dense sel 197

Then ¢, are continuous, 0 < ¢, <1,0<¢ <1 and ¢ is summable;
moreover, ¢ = 0 in a neighbourhood of any ¢,. Thus ¢ satisfies condi-
tions (a) and (b).

Let us consider condition (e). The case of ¢(z) =0 being trivial
(since the function ¢ is then continuous at « because of its uppersemi-
continuity), assume that ¢(z) > 0. Let ¢ > 0 be given. Choose N so as
to have

€
() - lpx(2) — (o) <3
> 1 £
(" \2,2_"+T<Z‘
Since
z+h z+h T+ h
1 1 1
‘Rf p(t)dt—p () <‘—h-zf 9°(t)dt—7itf ‘F.-v(t)dt‘"l“
T+h
1 |
+|zf ?’N(t)dt—?’N(w)l-l-l?’N(-’”)—‘I-‘(w)l

and, by (6) and the continuity of ¢y, the sum of the last two
terms is <% provided that A is sufficiently small, it is sufficient

to have

€
< -

(8) 5

z+h x+h '

1 17 -
= [ owa—3 [ exwa

T

for h small enough.
Put ¢ = ¢(x). Using the identity

% = max(u, a)+min (%, a) —a,

we have

(9)

T+h ‘ z+h

1 1 1
= f i (t) dt— = f p(1)at| < f min (py,a) @t —
x F A x

1 z+h 1 z+h
- f min (¢, a)dt -+ m f (max(gy, a) —ajdt.
!

x
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But
x+h

1 )
(10) — f (ma-x(ng, a)—a)dt< max gx(t)—op(2) <~—
h . te[z, x+1] 4

for & small enough, by (6) and the continuity of ¢,.
Next we have

1 z+h z+h
[ winte adt— [ wing, o
h 2 R

z+h

|

(f min (g, “)) — Min(@y41, a)dt,

T

—

so that applying Lemma 2 with g = min(p,, a),¢ = ¢,, and d =d,
((3) holds since g(t) < a =@(2) <y, ,,.4,,,(%) we get by (5) and (7)

z+h z+h
&

%(zf min gy, a)dt—J min (g, a))<z,

which, together with (9) and (10), gives (8).
Condition (d) is satisfied, because we have

1-— f«p(t)dt = S(fl%(t)dt— f%ﬂ(t)dt)
0 0 0

ne=0

00 1 1
-2 ] (%(t)—min(svn(t),'»"cn+n-dn+1“’))dt< 27 <!

n=0 0 n=1

wsing Lemma 2 ((3) holds by (5)).

References

[1] V. Bogomolova, Sur une classe des fonctions asymplotiquement continues, Rec.
Math,. (Mat. Sb.) 32 (1824), p. 152-171.

[2] A. Denjoy, Sur les fonctions derivées sommables, Bull. Soc. Math. France 43
(1915), p. 181-243.

(3] A.Kopcke, Ueber Differentiirbarkeit und Auschaulichkeit der stetigen functionen,
Math. Ann. 29 (1887), p. 123-140.

[4] — Ucber eine durchaus differentiirbarem Function mit Oscillationem in jedem -
Intervalle, ibidem 34 (1889), p. 161-171.
(6] — Ein Satz iiber Functionen mit Oscillationem in jedem Intervalle, Mitteilungen

der Mathematischen Geselschaft in Hamburg, 3 (1899), p. 376-379.



On a function locally constant in an open dense set 199

(6] S. Mazurkiewicz, Honslrukeja funkeji réimniczkowalnej, majgcej wszedzie gesty
2bidr preedsioléw stalobei, Prace Mat.-Fiz. 27 (1916), p. 87-91.

[7]1 S. Ruziewicz, O funkejach cigglych, monotonicznych, posiadajgoych pantachicene
preedzialy staloéci, ibidem 27 (1916), p. 16-31.

[8] Z. Zahorski, Uber die Konstrukction einer differenzierbaren monofonen, mioh
konstanten Funotion, mit uberall dichier Menge von Konstanlintervallen, Compt.
Rend. Seances Soc. Sci. Varsovie, el. III, 30 (1937), p. 202-208.

[9] Z. Zalowasser, O funkejach Kopckego, Prace Mat.-Fiz. 35 (1928), p. 57-99.

Regu par la Rédaction le 16. 2. 1972



