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THEOREM 1. Let (E, o) be a metric space, let X be a non-void subset
of E and let g: X — X be a map with these properties:

(i) ANz, yeX = ofg(@), 9(¥) < o(x, v))

T,y

(we call g coniractive);

(i)  Allz,yeX A g@) =2 A g(y) =9) = elg@),9) < olx, ¥));

Y
(iii) V (X A g(30) = Yo);
Yo
(iv) There exist iy, x,e X and a subsequence {k,} of N such that

lim {g* ()} = .

Nn—»o0

Then g(x,) = 2, and lim {g"(z,)} = =,.

nN—oo
That (i1) cannot be omitted is shown by the example £: = R, X: = R,
e(®,y): =le—yl,9(®@): = —=, Yo: =0, 2: =1, ;1 =1,k,: =2n We

have g(1) # 1, however, (ii) is not fulfilled as can be seen by choosing
y: =0,2: =1,

Proof of Theorem 1. For any fixed-point z¢X of ¢ we have
0< Q(Qn (o) 5 z) < Q(gn(mo)y g"(z)) (§) 9(9'"_1(370)) n—l(z))
< 9(gn~1($0)7 z) (§) e(&y, 2)
(all neN), i.e.

(%) Ig(g"(xo),z)] iIs bounded and non-increasing and therefore con-
vergent in R.

Putting z: = y, we obtain for neN:
Q(Qk"+] (@) yo) < Q(Qk”ﬂ(mo): 9(‘”1))+ 9(9 (@) y ?/o)

(§) Q(Qk"(%)’ "’1)‘1‘ Q(g(wl),-?lo)
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and so by (x) and (iv)

o(xy, ¥) = lim {Q(Qk"+l(wo), .'/o)l
< lim {Q(Q'k"(mo)y wl“ +0 (g(mx)a ?/o) < 9(9 (), '!/o)-

By (ii) this implies ¢g(x,) = z,. For z: = 2, we have now

lim lQ(gn(mo)j ml)l = lim l@(gk“(mo)a .’DI)I = 01

NnN—>00
i.e.
lim {g"(z,)} = ,,
n—00

q.e.d.
For a contractive mapping we give now as an application of Theorem 1
a more constructive formulation of Schauder’s fixed-point theorem:

THEOREM 2. Let (E, | |) be a strictly-conver Banach-space, let X be
a non-votd bounded closed convex subset of E, let f: X — X be a contractive
completely continuous mapping, let toe X and ae(0, 1), Then the sequence
{@}pen ileratively defined by
Ty: = df(wn—l)+(1—a)wn—l (n=>1)

converges (in norm) to a fixed-point of f.

Proof. We want to verify the hypothesis of Theorem 1. We set
o(z,y): = |lx—y| and define g: X - X by g(z): = af(®)+ (1L—a)z (con-
vexity of X). Since f is contractive, ¢ is contractive, too, so (i) holds.
Now let z,yeX (x # y) and ||g(z)—g¢(¥)|| = |le— y||. The inequalities

lz—yll = || a(f(x)—f(¥)+ (1 —a)(@—y)|
<| a(f@—f@)|+11—a)(@—y)I < |le—yl
then imply
() a(fe)=f@)]+1Q1—a)(@—yl = ||a(f(@)—F@)+ 1—a)(@—y)|

and
(wx) |a(f@)—fy)+ 1 —a)(z—y)| = llx—yl.

Since (E, || ||) is strictly-convex because of () a 1> 0 exists with

a(f(#)—f(y)) = A(1—a)(z—y) and by (x+) we obtain A = la , l.e.
fl@)—fy) = z—y. -
Because of ¢’s definition this is equivalent to g(x)—z = g(y)—y.
Now let #,y¢X and g¢g(x) # z,g(y) =y. Then we have [g(x)—g(y)|
< |[z— y||; otherwise we have g(x)—ax = g(y)—y =0, i.e. g(¢) = = which
is contradictory: (ii) holds. By Schauder’s fixed-point theorem a fixed-
point y,eX of f exists, i.e. (iii) holds. To establish (iv) let us define
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M: =C[f(X)u {x,}] (convex hull), Because of the compactness of f(X)
and the completeness of E, M is a (sequentially) compact convex subset
of E and since we have ¢g"(x,)eM there are u,, #,¢eX and a subsequence
{k,} of N such that lim {g*»(us)} = w,, (iv) holds. Now from Theorem 1

n—»oo '
we have g(u,) = u,, i.e. f(w,) =wu, and the corvergence Ilim {z,}
- lim {gn(uo)} = ul, q.e.d. R—>0o

n—o0
Remark, For a: = 1/2 we obtain a theorem of M. Edelstein, [1],
and for arbitrary ae(0,1) and a uniformly convex Banach-space E we
have a result proved by Schaefer, [3].
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