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Abstract. We prove that if g 1s a regular function of the form g(z)=1+h,z=... |7
=re(0, 1) and for a, ¢, 6,,0, with a 21, Rec >0, 0< 60, <0, < 2r satisfies
92

{ Re %q(z)—f-ﬂ}d@ > —n,
0 cx+q(2)

f,

then | Regq(z)d6 > —n, and we show some application of this result.
Hl

Let f be analytic in the open unit disc E with f(0) =0= f'(0)—1 and
f(z) f'(z)/)z # 0 for z in E. Denote by S the class of these functions.
Let P(a) denote the class of these functions f €8S, satisfying the condition

6>

zf"(2) zf'(2)
R 1 1— -
le e{a( + e >+( ) 0 }d() > -1

whenever 0< 68, <0, <2r, z=reé'’, r <1, a being a non-negative real
number. Functions in P(«) are called a-close-to-convex and investigated by
Bharati [1]. These functions in P(x) unify the well-known classes of CS*-
close-to-starlike (x = 0) defined in [5] and C-close-to-convex (ax =1) of
Kaplan [3].

In this paper we prove the following theorem and consider certain
applications of the same.

THeOREM 1. Let q be a regular function of the form q(z) = 1+byz+ ... If
Jor every re(0, 1), a, ¢, 0,, 0, witha =21, Rec>20, 0<6, <8, <2n

5] ,
azq'(z)
(1) Re{ (z)+~——}d6 > —m,
8{ 1 ca+q(z)
62
then [Req(z)d6 > —m, z =re®.
8y
q(t)—1

Proof. The function h(z) = zexp [ dt = z+ ...1s regular in E and
0

t



32 R. Parvatham and S. Radha

we have zh'(z)/h(z) = q(z); h(z)/z #0 for zeE. The differential equation
z* F'7%(z) F*(z) = h(z) has a holomorphic solution f(z) in E and so

we have
zF"(2) zF'(2) _:h’(:) o
(l-i-—}—:"‘(—-) )+(l—a) F(Z) = h(z) —q(;).

Consider the function f(z) defined by the differential equation

(2) TV zF () FY* Y (2) = af VE(2) — caF VR (z) 2z

where ¢ is any complex number with Rec > 0 and « > 1. On differentiating
and simplifying (2) we obtain

zf'(z ) ( zf"(z )) azq'(z)
| —a)-- I+ =g +—F- .
) (1= /(4 1@ 46 g(z)+ca

From (1) and (3) it follows that f(z)e P(x). Padmanabhan and Bharati [4]
proved that F(z) defined by (2) belongs to P(a), whenever f(z) is in P(a) for
a>1 and Rec > 0. Thus, when a > 1 we have

Jreft e a1 > —n <

02

for every 0 <6, <0, <2m and z = re®®, which implies | Reg(z)df > —m.
9

Remark. When o« = 1 this reduces to a result of Blezu and Pascu [2].

THEOREM 2. For 2> 1, we have P(x) < P(0) = CS*.

Proof. Let Q(z)eP(x), « =1 and ¢q(z) = z2Q’'(z)/Q(z). On taking log-
arithmic differentiations, we obtain

L) ( 20" (z )) |70
T e N TE W AR T

Since Q(z)e P(a), it [ollows that

2}

_fR 51 2+ F9E )}dﬁ— | Re {(l—a) 206, (1+ZQ”(“"))}¢19> —n,

0 q(z) Q(2) Q'(2)

0<0, <0,<2n |zl =r<1. Applying Theorem 1 with ¢ =0, we have

6
a9, 0

[ Req(z)d0 > —n which is equivalent to | Re[zQ'(z)/Q(2)]d6 > —n.

2] 9
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This completes the proof of the theorem.

THEOREM 3. For « > 1 and a > B >0 we have the inclusion relation:
P(a) < P(f).

Proof. Let f(z)e P(x) with a > 1. Since the case f = 0 was considered
in Theorem 2, here we can assume that f§ # 0. Let us consider the identity

2" (2) (2)
ﬂ(”,/( ) 1= f

i NS @\, o (z)}
a{(ﬁ ])f(z)”(”f'(z)) =070

Since f €P(a) and also P(x) = P(0) for a > 1, we have

5 ARG AN 1)) R B T SR VNN G
0-[’“{5(1 f()) =P s } /a{(ﬂ ‘)‘ i “}' "

thereby proving the theorem.

Next, let us sce another application of Theorem | which establishes the
fact that the class of close-to-star functions is closed under St. Ruscheweyh'’s
integral operator [6].

THeoREM 4. If g(z)e CS*, then for every a > 1 and Rec = 0 the function
G (z) defined by

(4) G(z) = {c_t?llai j‘t‘* Yg' (1) dt} , zeE
0

is also in the class CS*

Proof. G is holomorphic in a neighbourhood of z =0 and satisfies
G(0) =0 = G'(0)— 1. Thus there exists an R > 0 such that G(z) # 0in 0 < |z|
< R. We begin by showing that G is close-to-star in |z] < R. Hence G (z2)
= p(z) @ (z), where ®(z) is starlike and Rep(z) > 0 in |z|] <R,

(1—[zDz]
(I+1z)*

in |z} < R. If possible, let G(zy) =0 with |zo) = R < 1. Then for any ¢ >0
there exists a neighbourhood of z, in which |G(z)| <e. This contradicts (5).
Hence G(z) # 0 in E.

On differentiating (4) and putting ¢(z) = 2G'(2)/G(z), we have:

(9@)1/: (M+c)= (C+1)(g_(z—))1/a.
z a aj\ z
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Logarithmic differentiation of this yields

zq'(z)  _zg'(2)

Hence

- — 5 *
q(“)+(q(z)/a)+c ER where ¢(z) eCS*.
92 ’ 02 ’
2q'(2) ; {zg (Z)}
R z)+————>df@ = | R dé > —
g C{q“ (q(:)/a)+c} IR @ (T

for any 6,, 6, such that 0< 6, <0, <2, z=re'" and for r < 1 and 2 > 1.
By an application of Theorem 1, we conclude that

0
[Reg(z)dd > —n  for > 1, Rec>0;
0y

that is,

2 (:G'(z)
Re!” do > —
le c{ G } > -7

which shows that G(z)eCS* for « > | and Rec > 0.
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