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Determination of differential concomitants
of the first class of a pair of contravariant vectors
in a two-dimensional space

by S. ToprA (Krakéw)

Let there be given a pair of fields of contravariant vectors wi(£, £),
vi(£, £%), 1 =1, 2, defined in a neighbourhood of a point €= (51, 52) and

differentiable at the point £. Assume that in &
0 0

(1) det (u?, v*) # 0

and let us denote the derivatives of the functions uf, v¢ by 8;u?, 9;v".

DEFINITION (see [1]). A geometric object o* with the transformation
formula
(2) o = F¥(d'; 47, AL) (A =1, ..., m)
is called the differential concomitant of the first class of the object (ui, vt),
if there exist functions ¢* which satisfy the functional equations
(3)  ¢"(u¥, 0", 0pu¥, 90") = F¥ ("', o', 0,0, 8;0%); A, A1)

(=1 ..,m'"),

where
T s otY o
(4) Ai=5;, Aii=a—5%?, det(4;) #0
and ) )
u’ = A’
o = A7 ot )
(5) opu” = A A+ AT ALojut,

., e L. ) Y
o,0° = AY ALy AT ALo¢, Al — a;., .

In this note we shall find the general solution of (3) with given bl
and unknown ¢*. We shall use the same method as in paper [2] (see
also [3], [4]).
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On the basis of paper [3] we formulate without proof the following
fact: A necessary and sufficient condition for the existence of solution
of (3) is that the object ¢* be of the type [m, 2, k], &t < 2 (see [1]).

The set

X = {(u? %, 0yut, o) det(u?, v%) # 0}

may be treated as the fibre of an abstract geometric object with the
transformation formula (5). The transitive fibres of this object are
10-dimensional surfaces in 12-dimensional space. One of the generators
of the fibre X (the definition is given in [2]) is the two-dimensional surface
given by the parametric equations

(6)

ajut = 6;tl ]
31"7‘ = 6%2 ’ (tly l)) € R=.

From (5) and (6) we get the following transformation of the fibre X
onto itself (see (4)):

EVH S
o' = AYst
opu’ = AGAL ol Al sl
00" = AGAYoi+AY ALsly,  (4A)) = (4]),

the inverse transformation of which is the fo]ldwfng:
1
| ),

w ¥

4

ul’ u?
wll wz'

ot ¥
wl w¥

8+

rvl’ 102

(1) A¥ = u¥o} 4078,

i .,'I P 37 1.1 g 7 . ’ ’
Ay = (W 0" — uh) 6367 +(u” 00" +u'1) 6107 + (90" — v't,) 6362,
where
wY = WO vV —v9ut .

Putting in'(3)_ the right-hand-side expressions of (6) instead of the
variables % 0% d;u% 9;0' and using the notation

e O, ) = @8, 0, 0t St)  (A=1, ..., m)
we obtain '

ll A ,"I il 4 7/ '/ ! -
(8) ¢"(w"v", 00", 0") = F¥(@Y(1,, 1y); Af AG) (=1, ).
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If we now apply formulae (7) to formulae (8), then we obtain the general
solution of the given functional equations (3), where functions &*, defined
on R,, are arbitrary.

Remark 2 contained in [2] is also true here.
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