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Estimates of derivatives and Schwarz derivatives for
generalized Aharonov pairs and determination of
the totality of extremal pairs

by KaziMiERz WiroDArczYK (LOd?)

Abstract. In the present paper new results arc obtained for pairs of functions univalent in
the unit disc and satisfying the Aharonov condition there: the results concern the problem of
maximization of certain functionals dependent on the derivatives and Schwarz derivatives of
these [unctions taken at any two points.

Introduction. The investigation of pairs of functions univalent in 4 = |z:
|z] < 1) with disjoint images has been initiated by Lavrent’ev [14] and
continued in the papers of Kufarev [11], Kufarev and Falles [12], [13], De
Temple [4], Jenkins [10], Lebedev [15] and Seiler [18]. It seems that the
class 4 of pairs introduced by Aharonov [1], i.e. pairs (F, G) of functions F
and G analytic and univalent in 4, such that F(0) = G(0) = 0 and satisfying
the condition F(z) G({) #1 for all (z,{)ed x4, is especially interesting.
Moreover, Aharonov pairs in the case of G =F, G = F or G = —F, where
F(z) = F(?), generate Bieberbach—Eilenberg ([3], [5)) functions, bounded
functions and Grunsky—Shah ([7], [19]) functions, respectively. The class A
was examined by Hummel [8]), Hummel and Schiffer [9].

The present paper concerns the class C(a, b), abe C' |1}, of pairs (F, G),
analytic and univalent in 4, of functions F and G of the form

F(z)=a+a,z+a,z>+ ..., G@)=b+byz+b,2%+ ...,

satisfying the condition F(z) G({) # 1 for all (z, {)ed x 4.

Note that C(0,0)=A.fG=F,or G=F and |al <1, or G = —F, then
the class C(a, b) reduces to one of the classes defined by Gromova and
Labedev [6].

The Schwarz derivative (h; ) of a function h is defined as follows:

0? h(z)—h(0) ‘Wz 1 (h'(2)\?
h:z! =6 1 = —= .
2 [aza B¢ L: (h’(z)) 2 (h’(z)
The role of the Schwarz derivatives in the study of univalent functions is well

known (see e.g., Aleksandrov [2], Schober [17], Pommerenke [16], Lebedev
[15D.
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In this paper we solve a problem of maximization of certain functionals
dependent on the derivatives F'(z,), G'(z,) and Schwarz derivatives |F; z,},
'!G; z,) of functions F and G for pairs (F, G)eC(a, b), where z,, z,e4. We
also determine all extremal pairs and give a full characterization of them.

The main results of the paper are formulated in Section 1, while their
proofs are given in Section 2. In Section 3 we consider some special cases
concerning, among others, Aharonov pairs and Bieberbach-Eilenberg,
bounded and Grunsky-Shah functions.

1. Main results. Let z, z,, z,€4 and let

z+2z, z+2z,

( ) Z—2Z,
’ 2)= s
1+Z_12 1 1+'Z_22

p(2) =——

- — H
1—212

z—12,

p(z) =

q@)=1—"
-2,z

We shall use the following
Lemma. If (F, G)eC(a, b) and z,, z,€4, then (F, G)eC(a, b), where

s 4H@) _ Flp@]-F(z)
FO=1rrey TP T ToFpen oGy
(A)
. b+g() GL4(:)]-G(z,)
G = ’ = b
D= Trwe YT 6@ Fe)
and
Fz) = A=/ §0]~(1~ab) f(0) +[1 ~abf(0) §(0] /(2
[—abf(0) §(0)+ (b [1—7(0) G (0] —(1—ab) §(0)} 7 (2)’
. Flp(@]-a
T =T eF o’
(8) ) )
6y DS (O G0 ~(1 —ab) §(O +[1 —ab(0) §(O1 42
77 T=abf(0) §(0) + {aL1—7(0) (O —(1—ab) f(0)} 4(z)°
oy Sl -b
T a6 @1

The function h,, g = 1, is defined by h,(z) = h(e2).
The following theorems hold.

THEOREM 1. If (F, G)eC(a, b) and z,, z,€ A, then
I1—F(z,) G(z,)?
(1=1z,1%) (1 =z,1%)
and equality holds only for the pairs (F,,, G,) defined by the pairs (F, . G,)),

(L.1) 1F"(z,) G'(z2) <
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les| = lea] = 1, by means of formulae (B), where the functions F and G satisfy
the equations

az+a o pz+b
., G@)= ; =1.
() 1+ ap: (B

THEOREM 2. If z,, z,€4, (F, G)eC(a, b), ab # 0, then

(1.2) F(2) =

G 2y g pn FlE) o, 1206F () G
13 § +.G;z b
(3 520 5 2 Gy O =F &) Gl
6|a2| G'z)| 6% |Fizy)
S [F ey Ti=mD?

and, in the case of abe(0;1)u(1; ), equality holds only for the pairs
(F., G.,) defined by the pairs (F,, GEZ), le,] = le;| = 1, by means of formulae
(B) where the functions F, G,

F(zy=a+d,z+a,2*+..., G@)=b+b,z+b,z2+...,

satisfy the equations

Jab+1//ab—[/bjaF(2)+\/a/b/F ()] 4 z
' bla E(z)—/a/b/E (2) a (z=0,) (z+0)
(1.4) 4o,
a
vab+1/\/ab—[/a/b G(2)+/b/a/G(2)] _ by z
V’a—/h G(z)— \/B/—a/(? (2) b (z—85) (z+03)°
Ebl- > 0,

with |G =1, k=1, 2,

a, ba - J—
—2Im (Y= 24— MG < 1-dy bjafl-ab), k=1,
1
Ez al;l ~ T
=24, < 1-by Ja/b/(1 —ab), k=2.
b1+1—ab 1—by \/a/b/(1—ab), k

For each a,, b, the functions F, G belong to one-parameter families,
where the parameters are d,, b, or {,, {,. The extremal domains possess two
slits changing their lengths and also the initial points.

2. Proofs. The proofs of Theorems 1, 2 are a simple consequence of
Lemma and Theorems 2, 6 of [20].

- Proof of Lemma. The fact that (F, G)eCla, b) is verified in a direct
way.
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From (A), after replacing z by p(z) or 4(z), respectively, we get

F(z)+/(2) G(z3)+§(2)
F S VNV G(z) = —_—.
O=1ifa 6w ¥ 71350 Fey
Hence, setting z = 0, we find F(z,) and G(z;) and, in consequence, we obtain
(B).

Proof of Theorem 1. By assumption and Lemma, (F, G)eC(a, b),
and consequently, in virtue of Theorem 2 [20],

(2.1) |a, b)) < |1—abl?,

with equality holding only for the pairs (F, i G,,z) defined by equations (1.2).
Inequality (1.1) is obtained immediately from (2.1) by substituting the coeffi-
cients a,, b; determined from (A).

_ Proof of Theorem 2. In virtue of Theorem 6 [20], for the pairs
(F, G)eC(a, b), ab # 0, we have

A N B
@ b? " (b, a)?

1
< - + Fal ’
|a, b|2 |b, alz

. \4, a (1 —ab) b, \b, b (1 —ab)
in the case of abe(0; 1) U(1; o0) equality holds only for the pairs (Fe,’ Gcz)

defined by equations (1.4). Inequality (1.3) follows from inequality (2.2) and
from (A) after applying the lemma.

2.2)

where

A

[S))

3. Special cases. Putting b = a and letting a — 0, from Theorems 1, 2 one
directly obtains the corresponding results for the class A:

CoroLLArY 1. If z,, z,€4, and (F, G) is an Aharonov pair, then inequality
(1.1) is sati.gﬁed and equality holds only for the pairs (F, , G,,) defined by the
functions (f, §) by means-of the formulae
_ f@-fo

1-4(0) f(2)’
where f(2) = ap(2), §(2) = B4 (2), lupl = 1.
CoroLLAry 2. If z,,z,€4, (F, G)e A, then

12F'2(zl) G'Z(Zz)
[1-F(z) G(Zz)]2

61G3(zy)  6IF™(z,)
S U=z T (1=,

_4@-4(0

oY e RO ED

G(2)

{F; 2} G*(z)+{G; 25} F2(z))+
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and equality holds only for the pairs (F, , G,,) defined by the pairs (F, » G,z),
jesd = leal = 1, by means of formulae (3.1), where f(2)=F[p(2)]. §(2)
= G[§(2)] and the functions F, G satisfy the equations

F(2) g z
F2z)—=1 ' (z={) @+’
G _g z i b, >0,

Gi-1 -0 GE+0)
with 0 =1, k=1, 2,

—2Im i) i=2  Mm{GH<1-d, k=1,
1
b,
= =2, <1-b,, k=2.
b, '
Let F be a function of the form F(z)=a+a;z+a,z*+..., univalent in
4, satisfying for all (z, {)e4 x4 any one of the following conditions:

G) F@FO#1; () F@FQ#1; (i) F@FQ#-1.

We shall say that: F & B(a), where a2 C\!1)}, if F satisfies (i) (B(0) — the
class of Bieberbach—Eilenberg functions); FeS§, (a), where |a| < 1, if F sat-
isfies (ii) (the class S, (0), when 0 < a, <1, coincides with the known class
S(ay)); FeG(a), where aeC, if F satisfies (iti) (G(0) — the class of Grunsky—
Shah functions).

For G=Fandz,=z,,0orG=F,z,=%,and |aj <1, or G= —F and
z, = Z,, from Theorems 1, 2 and Corollaries 1, 2 we obtain at once suitable
results for the classes of generalized Bieberbach—Eilenberg functions (class
B(a)), of generalized bounded functions (class S,(a)), and of generalized
Grunsky-Shah functions (class G(a)).

And thus, e.g., we have

CoroLLARY 3. If z,€4 and F is a Bieberbach—Eilenberg function, then
6F2(z,) | 6
2 2 S 2)2
[1-F2 )P ~ (1=l

and equality holds only for functions F, defined by functions F,, |ej =1, by
means of the formulae

\Fi;z,}+

L _ J@-/O
ROy E)

where the functions F satisfy the equations

f2)=Fp()],
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(3.2)

F(2) . z .
Fo-1 - " eeety 270
with |{;| =1, —=21Im {{,}i = a,/d;, [Im {{,}| < 1-4,.
CoRrOLLARY 4. If z, €4, FeS§,(a), |lal <1, then
61F?(z) |__ 6
[1=1F z)I21?] ~ (1—lz,?)?

and, in the case of a# 0, equality holds only for functions F, defined by
functions F,eS,(a), |e| =1, by means of the formulae

F o) = A= OP1 (1 —laf®) SO +[1 ~la” L/OI"1f ()
L—lal® LfO)7 +1@[1 =1 OF]-(1—al’) f(O)} /()
Flp))-a

1-aF [p(z))’

where the functions F satisfy the equations

Fizy)+

fi)=

d+1/a-[Vaa F@+ Vajaf@] _a =z &
\/L% F(z)— \//(75/1‘:'(2) a (z—{y) (z+¢y)’ a ’

with |(,| =1, =21Im {{} f——+ Im ] S 1=— 1

1~~I Iz’

CoROLLARY 5. If z;€4 and F is Grunsky—Shah function, then
6F'%(zy)l < 6

[14IF (2,212 ~ (1—lz,?)?

and equality holds only for functions F, defined by functions F,, by means of
the formulae

f .
vazl}_

Fg =220
14/(0) f(2)
where the functions F satisfv equations (3.2).

Thus, for each d,, the functions F belong to one-parameter families,

where the parameters are d, or {,. The extremal domains possess two slits
changing their lengths.

., f2) =F[5(2),
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