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Asymptotic properties of the iterates
of stochastic operators on (AL) Banach lattices

by WoiciecH BArTOsZEK (Wroclaw)

Abstract. The asymptotic periodicity ol stochastic operators on AL Banach lattices is
congidered.

Let (E, | |) be a real Banach lattice. We denote by E, the cone of positive
elements of E. A linear operator P: E—E is said to be positive if Pxe E, for
xeE, and a contraction if | Px| < || x| for all xe E. Recently, the asymptotic
behaviour of P"x for such operators have been studied intensively. In
particular, if E is L'(m) and P is a stochastic operator on E (i.e., P > 0 and
|Pf|| = |If]l for fe L% (m)), then some conditions guaranteeing the regularity of
P*f have been given in [5], [9], [10]. The asymptotic periodicity for an
arbitrary nonnegative contraction on Banach lattices was investigated in [1]
and [14].

A linear positive contraction P acting on E is said to be asymptotically
stable if there exists a unique, positive and normalized vector x,, such that for
every xe E, with ||x| =1

lim P"x = x,.
(Clearly, x, is then P-invariant.)

Recall (see [8] or [12]) that a Banach lattice E is called an AL-space if it
satisfies the axiom ||x+y| = x|+ |yl for all x, ye E, . If |Px| = ||x| for all
positive x from the AL-space E, then P is called a (generalized) stochastic
operator on E. In this paper, the asymptotic behaviour of P"x (in particular,
asymptotic stability) will be investigated, where P is a stochastic operator on
a fixed AL-space E.

Remarks 1. It is evident that every L'(m) is an AL-Banach lattice.
Kakutani’s result [4] (see also [12], Theorem 8.5) says that the converse holds,
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i.e., for every AL-space E there exists a locally compact space X and a strictly
positive Radon measure m on X such that E is isomorphic with L'(m).

2. Let (X, &, m)' be a standard Lebesgue space and let P be a stochastic
operator on L*(m). It is well known (see [7], p. 115) that there exists a Markov
process {{,},»0 With phase space X such that for every measurable Ae % we
have | P"fdm = P, ({,€ A), where P is the probability (on the canonical space)

deten‘;lined by the initial density f. Thus the evolution of the process {{,},5, is
described by the sequence of the iterations P"f, and the asymptotic stability of
the operator P means that the distributions of {, converge to some stationary
probability (independently of a initial law).

The following proposition gives lattice conditions for the asymptotic
stability of stochastic operators. This resuilt seems to be known for o-finite
L'(m) spaces but for the convenience of the reader we present a short proof
here.

PROPOSITION. Let P be a stochastic operator on an AL-space E. If

(A) there exists 0 < &< 1 such that for every normalized x,, x,€ E there
exists n such that |P"x, A P"x,|| 2 ¢

and for some positive (nonzero) element yeE the orbit y(y) = {P"y: n> 0} is
relatively weakly compact, then P is asymptotically stable.

Proof. First, we show that for every positive x,, x, with ||x, || = |[x,]| =1
we have hm |P"x,—P"x,|| = 0.
n-"o
Let a, = |[P"x; A P"x,[| and « = lim a, (clearly, «, is nondecreasing). If
n-a
a < 1 then there exists a positive n, such that o, > a—¢(1 —a) for n = n,. By
(A), for some positive m

IP"(P"xy=P"x, A P"x,) A PP(P"x,—P"x, A P"x,)|| > ¢(1—a,).
Thus,
[P™Hx, A P, | = ||(P”"(P"—P"x1 A P'x,)
+P"(P"x; A P'x,)) A (P"(P"x,—P"x; A P"X;)+ P"(P"x, A P"x,))”
= |P™(P"x, —=P"x; A P"x,) A P"(P"x,—P"x, A P"x,)
+P"(P"xy A P'x,)|l = [[P"(P"x, A P"x,)|
+IP™(P"xy = P"x; A P"xy) A P"(P"x,—P"x; A P'x,)|

Ze(l-a)+a, >e(l —a)+(a—e(1—a)) = a,
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which contradicts «, < a. Since
[P"x; =P "x,| = [[(P"xy—P"x; A P"x,)—(P"x,—P"x; A P"x,)|
< [|P"x;~P"xy A P'x,|| + | P"x,—P"x, A P'x,| = 2(1 —a,)

and a,— 1, we have |P"x; —P"x,|| - 0. To end the proof it is enough to prove
that there is a P-invariant normalized vector x_ € E . In fact, from the above
considerations, 0 = lim ||P"x—P"x || = lim || P"x—x_||. The existence of x,, is

H=r a0 n— a
a conscquence of the von Neumann Ergodic Theorem. By this theorem, the
weak compactness of y(y) implies the convergence of the Cesiro means
n~Y(y+Py+...+P" !y)to a P-invariant vector j. Clearly, y is positive and is
normalized by the stochasticity of P.

Remark 3. If P is an asymptotically stable stochastic operator, then there
is a linear positive functional AeE* such that lim P"x = A(x)x, for every

n—+@w

xeE. In fact, by the decomposition x = x* —x~ we have

lim P’x = lim P"x* — lim P"x~

= [lx ¥ xe=lx™ i, = (x| = lx )x,.
So, A(x) = |[x*||=|Ix~ || is the desired positive linear [unctional on E.
The following corollary is a generalization of some results from [9].

COROLLARY 1. Let P be a stochastic operator acting on an AL-space E. If
there exists yeE., |yl <2, such that lim |[(P"x—y)*| =0 for every nor-

n—=a

malized xe E, then P is asymptotically stable.

Proof. We show that the assumptions of our proposition are fulfilled. The
weak compactness of an arbitrary trajectory y(x) (xe E ., [lx|| = 1) is a straight-,
forward consequence of the weak compactness of ordered intervals in
AL-spaces (see [12], Corollary, p. 119). We only have to notice that the
iterations P"x are attracted in the norm to the weakly compact interval [0, y].
Now we show that condition (A,) holds where 0 < & < 2—|y|. Let x,, x, > 0,
x| = lix,]l =1, and let 6 > 0 be arbitrary. Since for sufficiently large n

Iyl = 1(P"xy A ¥) v (P"x3 AV =[(P"xy A )= (P"xy A P"x; A Y))
+((P"x3 A y)—(P"x; A P"x; A 9))+P"x{ A P"x, A Y|
= |[P"x; A yll+ 1P"xy Ayl = 1P"x; A P"%; A Y
> 26— P"x; A Py,
we have
IP"x, A P"x,)l 2 2yl —d.
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The asymptotic stability of positive contractions acting on ordered vector
spaces with base was considered in [14]. The following theorem is a generaliza-
tion of some results from [11].

THEOREM 1. Let P be a stochastic operator on an AL-space E. If

(B). there exists ¢>0 and m>=0 such that for every x,,x,€E,,
x| = [l%5] =1, we have ||P"x; A P"x,| > &,

then there exists a unique positive normalized x e E and a positive linear
Junctional A€ E* such that lim P' = A®x,, in the norm operator topology (in

n—a

particular, P is quasi-compact).

Proof. First we observe that for every natural k and normalized
x,, x,€E, we have

(M IP™ 3y — P x, || < (1—8)*[lx, —x,.
For k =0, inequality (1) is evident. Now by (B,) we get
[P %) —P™x, |

_ P'"( X, —X; A X, )_Pm<x2—~xl A X, )
I—=|x; A X, T—1lx, A x|l

= [[P"z; —P7z, | (1—[x; A x,]])

={(U=lxy A X, ) I(P"z) — P72y A P"2,)—(P™z, — P"z| A P"2,)]|

=2(1—lx; A x,l}(1 = IP"zy A P"z,])

S 2(1=¢)(1—llxy A x,[) = (1 —e)lIx; = x,,

‘(I-IIM A X, )

where
IT—1x; A x,f

and 2z, = .
27 1= xy A X,

Thus, (1) can be obtained by iterating the last inequality. Let xe E,, ||x|| =1,
be fixed and let k be such that 2(1 —¢)* < &. Then for every ye E,, ||y = 1, and
n = km we have

"Pny_Pkmx" — "Pkan—kmy__Pkmx” < 2(1 —E)k < ()

Since § can be taken arbitrarily small, the trajectory y(y) = {P"y: n > 0} is
relatively norm compact. Let x, be a normalized positive P-mvarmnt element
in E (the von Neumann Ergodic Theorem guarantees the existence of x «) BY
(1), for every yeE,, |yl =1, we have |[P*"y— x| € 2(1—¢)* and since the
sequence || P"y-x| is nonincreasing,

sup “P”y— x* " < 2(1 _ E)["”"']_

llyll =1.yeE+
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Let A(x) = [[x*||—|lx"|l. By the above inequality we get
[P"—A®x,[ = sup [P"y—A(y)x,|

Ipll=1
< Ils;lp1 {IP"y* =AY )x, |+ |P"y~ =AW )x, ]}
’ -

2sup{|IP"y—AW)x,l: yeE,, Iyl =1} <4(1—-g"™ 0.

We now consider the asymptotic periodicity of the iterates of stochastic
operators. A stochastic operator P acting on an AL-space E is called
asymptotically periodic if there exists a finite collection e,,..., e, of positive
normalized pairwise orthogonal elements of E and 1,,..., 4,, positive func-

tionals from E*, such that [|[P"x— Y A;(x)egnll 0 as n—o0 and Pe, =
j=1

where « is some permutation of the Jset (1,2,..., r}. f e is cyclic, then P is called
asymptotically cyclic and instead of a(j) we will write j+1 for je{l, 2,...,r},
and the sum is taken modulo r. The asymptotic periodicity (cyclicity) is
a generalization of asymptotic stability, however, the w-limit sets of trajectories
remain still finite. Recall that if a stochastic operator has the so-called weak
constrictor (see [5] and [6] for details) then it is asymptotically periodic. For
arbitrary Banach latices the asymptotic periodicity of positive contractions has
been obtained in [1] (see also [2] and [14]) where strong constrictivity was
assumed. The following theorem is a generalization of some results from [2].
We will use results from [3] and [13] concerning the behaviour of P on limit
sets. Our definitions and notations agree with [13].

The limit set w(x) of the trajectory y(x) = {P"x: n 20} is the set
{yeE: In, » 00, P"™x— y}. It is known (see [3]) that if w(x) # @ then w(x) is
a P-invariant minimal subset of E (y € w(x)=y(y) = w(x)). Moreover, it can be
shown that in this case P is an invertible isometry on w(x). We denote by Q2 the
set of all limit points | J w(x). Now we are in a position to formulate the

xeE

a(j)>

following:

THEOREM 2. Let P be a stochastic operator on a real AL-space E. If for every
x€E the limit set w(x)# @ and

(C)  there exists a natural k such that for each nonzero positive x,, x, there
exist positive n, m with \n—m| < k such that P"x, A P"x, # 0,

then P is asymptotically cyclic and the length of the cycle r < k+1.

Proof Let xeQ. By minimality of w(x) there is a sequence n = (n,) such
that P™x —x, We set Q(n) = {ye E: P™y— y}. Clearly, Q(n) is a closed linear
(nontrivial) subspace of E. Moreover, it is a sublattice of E. In fact, for every
y€Q(n) by positivity of P we have P"|y| = |P" y|. Since P|qq, is an invertible
isometry (the synchronous argument works here, see [14] for details), we get

1Pyl > 1P™yI1 = IP"y] = Iyl = NIyl > 1P
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and thus P"|y| = |P"y| by the AL axiom. The convergence P"/|y|—|y| is now
a straightforward consequence of the continuity of the modulus | | (see [12],
p. 83). Let y, z be positive normalized elements of Q(n). It is easy to notice that
(C) implies y A Pz # 0 for some 0 < m < k. Now we define by induction two
sequences {y;}, {z;} of nonnegative elements of Q(n). Let y, =z, = y A z and

j J
(2) Yi+1 =(y— E .Vx)/\PJH(Z_ Z zt)’ Zp41 =PNU+”J’j+1,

1=0 =0

where the inverse P~! is in Q(n).
Observe that for every 0 < m <j we have
d Jj
() (Y—ZY:)AP”(Z—ZZ¢)=0-
1=0

t=0

In fact, since P"z, =y,, we have

b= LA P 3 2)<0- 3 A Pe- 3 )

=0 t=0 t=0
m=1 m-1
==Y y=ymA(P"(z= ), z)—P"z,)
t=0 =0
m—1 m-1
=(y_' y)/\P'"(Z—Z ) Ym=0
=0 t=0
By assumption (C) and by (3) it follows that y,  =p+2= =0
and z,4, = Zz4 = ...= 0. Therefore, we have proved that for any posi-

tive normalized vectors y, zeQ(n) there are sequences (yj)j 05 (zj)j =0

such that 2 =y Z z;=z and P/z;=y, Now, let us fix a positive
j=0 j=
normahzcd yeQ(n) So, for arbitrary positive normalized zeQ(n), we have

z= Z Py, < Z P7Jy. Since ordered intervals are weakly compact in an

AL-;pace (see [12] p. 119), the unit ball of Q(n) is weakly compact. In
particular, Q(n) must be finite-dimensional as the reflexive AL-space (see [12],
Corollary 2, p. 128).

Let positive normalized pairwise orthogonal e,, e,,..., ¢, form a base
in Q(n). Since e's are extremal in B (the nonnegative part of the unit ball
of Q(n)) and P: Bf — B{ is affine and invertible, there exists a permutation f8
of the set {1, 2,...,s} such that Pe, =¢,,. It follows that for

$ s
every y = » A(v)e, we have Py = Y 1,(y)ep, where the coordinates 4, are
t=1 t=1
clearly nonnegative functionals. Consequently, for some d =d(n) > 1 the
identity PYq,,,) = Id|. holds. Let Q(n), Q(n’) be two sublattices corresponding

to x, x'e 2, respectively. It is easy to see that P!|  am.0my = [dlspicim.omy for
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d = d(n)d(n'). In particular, we have span ( (n), 2(n)) = Q((jd)fZ o), so
dim {span(Q(n), Q(n))} < k+ 1. It follows that Q is a finite-dimensional sublat-
tice of E, dimQ < k+1. By ey, e,,..., e, we denote a normalized positive
pairwise orthogonal base in Q. Arguing as before, we can show that there is
a permutation a of the set {1, 2,..., r} such that Pe, = e,,. Our condition (C)
implies that it must be one-cyclic and a(j) =j+1 (mod r).

Now, for each xeE, there exist a sequence n,— oo and coefficients
5;(x),..., §.(x) such that

(4) PMex— JZ s/(x)e;.
=1

Choosing a subsequence of the form n, = k;r+p, the convergence (4) can be
rewritten as follows:

r r
[Pz £ sy = [Px e

r

= [[Pox—Pms( 3 s)(x)e;- )| = [[P™(x — Z sj+o0)e))| 0.

ji=1
Since P is a contraction, for every x € E there exists a collection of scalars

A1(x), ..., 4,(x) such that ||P"(x— Z A;(x)e)||—0. To finish the proof we only

have to show that 4;e E% . The posmvnty of A/s is a simple consequence of the
positivity of P. Let x, ye E be arbitrary. Smce

0= lim P"(x+y— Z Ax+y)e)

nw

= lim (P"(x— Z Ai(x)e;)+ P"(y— i pe;)

n—w j=

FP( S W+ 40— 1+ 1)),

j=1

the third component must converge to 0. Therefore,

| ;il (400 + 2,00 = A/ (x + e/

= lim lP"( Z (4,(x)+ 4, () — A, (x + y)e))l| =
By the linear independence of the vectors es we get the additivity of 4/'s.

Clearly, the homogeneity of A, is a straightforward consequence of the linearity
of P.
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COROLLARY 2. Let P be a stochastic operator on an AL-space E. If for every
x€E the limit set w(x) # @ and for every 0 # x, x, > O there exists n = 0 such
that P"x, A P"x, # 0, then P is asymptotically stable.

Proof It is enough to observe that if in Theorem 2 the parameter k is
taken to be 0, then the dimension of Q is exactly 1, so r = 1.

Remark 4. In Theorem 2 above, condition (C) cannot be replaced by the
following weaker one:

(C) for every nonzero x,, x,€E, there exist n>0, m>0 such that
P'x, A P"x, #0,

even we additionally assume that every trajectory y(x) is relatively norm
compact. In fact, let T = exp(2mis) for some irrational se R and let T be the unit
circle. Clearly, P, f(z) = f (1z) is a strongly almost periodic stochastic operator
on L*(T). For this it is enough to observe that {P"f} is relatively norm
compact in C(T) if f is continuous, and that the imbedding C(T) < L'(T) is
continuous. Next notice that every power P* is ergodic, so the space of periodic
vectors in L*(T) contains only constants. Clearly, for every f e L}(T) and every
reR we have |P"(f—r1)|ps = || f—rl]l.: so, if fis not constant, then it cannot
be approximated by periodic vectors, Finally, note that Q is the whole space
L*(T) and that condition (C') is satisfied. In fact, let f, ge L (T) be arbitrary
nonzero elements. If P'f A P"f=0 for every n, m, then

N-1 . N-1 .
N-'' Y PIfIN-''Y Py,
j=0 Jj=0

so there would be two orthogonal f, GeFix(P). But this contradicts the
ergodicity of P.
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