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General continuous solution of
a linear homogeneous functional equation

by MAREK KuczmA (Katowice)

Abstract. I'unctional equation (1) is studied under conditions (i)-(iii). The
paper gives the general construction of all the continuous solutions @: I — K of
equation (1), This extends some previous results [1], [3], where the construction of
the continuous solutions ¢ was given under some additional assumptions about the
behaviour of the sequénce G, (z) (cf. (2)).

In the present note we are concerned with the continuous solutions ¢
of the linear homogeneous functional equation of order one

(1). p[f(2)] = g(@)p(2).
The given functions f and g will be assumed to fulfil the following con-
ditions:

) f: I->1I, I =[§ a), —cogE<ax oo, is continuous and strictly
increasing and & < f(x) << @ for » € (&, a) 8o that f(&) = &

(ii) g: I — K, where K is the field of the real numbers or that of
the complex numbers, is continuous and g(z) # 0 for = e (&, a).

Write
(2) Gule) = [[9l7*@); wel,m=1,2,..,

where f? denotes the i-th iterate of f. We shall deal with the case where the
continnous solution ¢: I - K of equation (1) depends on an arbitrary
funetion, or, what ammounts to the same (cf. [1] and [2], Chapter 2),
the following condition is fulfilled:

(iii) There exists an interval J < I such that

(3) lim@G,(z) =0

n—>0Q

almost uniformly in J (i,e., uniformly on every compaoct contained in J).
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A8 R. Wegrzyk [3] has shown, there exists a maximal open subset U/
of I such that (3) holds almost uniformly on U. We put

(4) m(z) = sup |G, (@), =zeU.

n

Since @, tends to zero on U, for every # € U there is an index n, such that
(6) m(®) = |G, (v)].

It follows that m(z) is finite and positive on U.
For an «, € (£, a) we write

I =[fk+1(mo)1fk(mo)]7 k=0,1,2,...
Thus I, = [f(#,), 2,] and I,; = f*(1,). Also,

(6) O Iy = (&, 2]
k=0

The following theorem has been proved in [1] (cf. also [2], Chapter 2:
Theorerm. 2.2 and the adjoining remark). '

THEOREM 1. Under conditions (i)-(iil), if there ewists() an x, € (&, a)
such that I, = U, then every continuous function g,: Iy — K fulfilling the
condition

(7) %o Lf (@0)] = 9 (0) o (#a)
may be uniquely extended onto I to a continuous solution ¢: I — K of equa-
ton (1); and all the continuous solutions of (1) ¢n I may be obtained in this
mammner.
This theorem has been generalized by R. Wegrzyk [3] as follows.
THEOREM 2. Under conditions (i)-(iil), if there exisis(l) an @, € (&, a)
such that the sequence @, () is bounded on I,n U, then every continuous function
0o Io = K fulfilling condition (7) and such that

(8) (@) =0 for me I\T

may be uniquely extended onto I té a continuous solution ¢: I - K of equa-
tion (1); and all the continuous solutions of (1) in I may be obtained in this
manner.

In the present paper we are going to prove the following general-
ization of the above theorem.

THEOREM 3. Under conditions (i)—(iil) every continuous funclion
@o: Iy = K fulfilling conditions (7), (8) and

(9) @o(®) =o(l/m(x)), =—u, vel,nT,
for every w e I,n(T\T),

(") It follows from the relation @, (x) = ¢ (x)G,[f(x)] that if there exisis an
%g e (§, ) with this property, then every =z e (£, a) has this property.
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may be uniquely extended onto I to a continuous solution ¢: I - K of equa-
ton (1); and all the continuous solutions of (1) in I may be obtained in this
manner. '

Proof. Let ¢,: I, — K be a continuous function fulfilling conditions
(7), (8), (9)- It follows from (7) (cf. [2], Theorem 2.1) that there exists
2 unique econtinuouns extension ¢: (&, a) - K of g, satisfying equation (1)
in (&, a). We put further

{10) p(§) =0.
Thus ¢ is a funecbion from I to K, satisfies equation (1) in the whole I
and is continuous in (£, a). It remains to prove that
(11) limg(z) = 0.
z>§
‘We obtain from (1) and (2)
(12) p[f"(@)] = G, (2)p(2x), 2el,n=1,2,...

Let z, be an arbitrary sequence of points of I tending to £. Relation (11)
will be proved if we show that

(18) limp(z,) = 0.

D0
There is no loss of generality if we assume (cf. in ‘particular (10)) that

@, €(&m), »p =1,2,... By (6) we get

(14) mpeI,,p, p=1,2,..; Ekp = 00,
Put

(15) | Y, =F (@) €1,

‘We obtain from (12), (14) and (15)

(16) P (@) = G, (Up) Po(Y) -

If (13) did not hold, there would exist a subsequence #, of #, such that 0
would be not a cluster point of qo(mpq). Choosing from y, a convergent
subsequence y», we see that limg(wzp,) # 0. Thus'it is eriough to prove (13)
under the additional assumption that the sequence ¥, converges:
lhnyp = :‘/0 e Iu‘
D00
We shall distinguish three -cases.
1. yoe U. Then
(17) Lm@, (y,) =0
pP—o0 .
in view of (14) and of the fact that (3) holds almost uniformly on U. On
the other hand, the sequence g,(y,) is bounded, since ¢, i8 continuous
on I,. Thus (13) results from (16) and (17).
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2. yo € I,\U. Then ¢, vanishes in a neighbourhood of ¥, in virtue
of (8). Thus g,(¥,) = 0 for large p and (13) results from (16).

3. 4, eI,n(U\T). In view of (8) and (16) we need consider only the
cage where ¥, € I,nU. Then

Limm (y,) lge(¥p)] = 0

n—00

by (9). Since |G, (¥,)| < m(y,), We got hence
Lim @, (4,)po(yp) = 0

=00

and (13) results from (16).

Thus we have proved (13), and hence also (11).

Let us note that the extension is unique, since every continuous
solution ¢: I — K of equation (1) in the case considered must fulfil con-
dition (10) ([1] and [2], Theorem 2.2). '

To complete the proof we must show that every continuous solution
@: I - K of equation (1) may be obtained in this manner.

Let ¢: I - K be a continuous solution of equation (1) and put
®e = ¢|L,. The thing to show is that ¢, fulfils conditions (7), (8) and (9).

Condition (7) results from the fact that ¢ satisties (1) in 7, condition (8)
was proved in [3]. Now take an arbitrary w € I,n(U\ U) and an arbitrary
e > 0. Since the sequence f" converges to & uniformly on I, and since ¢
is a continuous golution of (1) in I (and hence fulfils (10)), there is an
index N such that

(18) plf*(@)]|< e for n>N and wel,.
Since f and ¢ fulfil (i) and (ii), the number
(19) M = max sup |G, ()]

1<n<N tho ]

is finite and positive. Finally, since ¢, is continuous and fulfils (8), there
is a neighbourhood ¥V of % (in I,) such that

(20) lpo(m)| < e/M for weV.
Now, we have from (b) and (12) for 2 e I,n U
(21) m(@) 190(@)| = |G, (@)l lpo (@) = lp[f™(@)]I.

If n, > N, then we obtain by (18) and (21)

(22) m (@) oo (#)] < &.

If n, < N, then (22) results for ¢ VN U in virtue of (21), (19) and (20).
Thus (22) holds for € VU, whenee (9) follows and the proof of the
theorem is complete. c
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Remarks. 1. Wegrzyk [3] shows by an example that in the case
where sequence (2) is not bunded on U (or, what ammounts to the same,
funetion (4) is not bounded on U), then not every continuous function
@y I—K fulfilling conditions (7) and (8) may be extended to a continu-
ous solution ¢ of equation (1) on I. It follows from Theorem 3 that
this always is the case; it is enough to take any continuous function ¢,
on I, fulfilling (7) and (8), but not (9); and this is always possible when-
ever m i not bounded on U nI,. '

2. On the other hand, if m is bounded on UnI,, then condition (9)
is a consequence of (8) and of the continuity of ¢,. In fact, in such a case
limg,(2) = @go(uw) =0 for uel,n(U\ND) :

>

in virtue of (8) and of the confinuity of ¢, in I;, whence
Po(®) = 0(1) =o(l/m(x)), @—->u, welnU.

Thus condition (9) disappears and Theorem 3 reduces to Theorem 2.
Similarly, if I, < U, then m is bounded on I,nU =I,, since @,
tends to zero uniformly on I,. Thus in this case Theorem 2 reduces to The-
orem 1, since condition (8) is void in this case.
This shows that Theorem 3 contains Theorems 1 and 2 ag particular
cases.

3. Theorem 3 gives the construction of the general eontinuous solu-
tion @: I - K of equation (1) under the sole conditions (i), (ii), (iii). On
the other hand, if (iii) is not fulfilled, the general continuous solution
¢: I - K of equation (1) is known (cf. [1], [2]).
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