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Infinitesimal automorphisms of distributions

by Rosert WorAk (Krakow)

Abstract. The main purpose of this paper is to investigate properties of sheaves of germs of
infinitesimal automorphisms of distributions. Section | contains preliminaries. In Section 2
integrable distributions are discussed. Section 3 deals with the basic properties of sheaves of
germs of infimtesimal automorphisms of distributions. The completely integrable distributions
are considered in Section 4. In this section are also presented conditions for complete
integrability which take into cousideration the sheaves of germs of infinitesimal automorphisms.
The problem of interrelations between distributions having the same sheaves of germs of
infinitesimal automorphisms is discussed at the end of. Section 4.

1. Preliminaries. Throughout the whole paper M will denote a
paracompact differentiable manifold of dimension n and #° — the sheal of
the germs of the vector fields of M. A mapping .# which to each point m of
a manifold M attaches a vector subspace of T,, M is called a distribution on
the manifold M.

A distribution .# will be called smooth il there exists a set D of
vector fields in M (X e D= dom X open in the topology of M) such that .#,,
= M X, Xe D}( for each point m of M. A distribution .# is said to be
integrable when [or each point m of the manifold M there exists exactly one
maximal integral submanifold of the distribution .# through m, and is
completely integrable if it is of constant dimension and involutive.

A C* diffeomorphism of an open subset U of a manifold M onto an
open subset U’ of a manitold M is calied a local diffeomorphism of M. Such
a local diffeomorphism f which icaves a distribution invariant, i.e.,
f*¥(.#/U)< #/U’, is said to be an automorphism of the distribution .#.
A set of local diffeomorphisms P is said io be a pseudogroup if the following
conditions are fulfilled:

(1) If f: U—> MeP, then for each V< U, V open in topology of M,
f]VeP. '

() ¥ f: U-> M is a diffeomorphism on its image, U =!J U, and
flU,e P, then feP.

(iii) If f* U - Me P, then the inverse local diffeomorphism f7!': f(U)
- MeP.
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(v If f: U—- MeP, yg: f(U)—~ M belong to P, then ¢gfeP.

{v) The identity diffecomorphism of the manifold M belongs to P.

The set of all automorphisms of a distribution .# is a pseudogroup.
A vector field X is an infinitesimal automorphism of a distribution if its
flow ¢, consists of automorphisms of the distribution {i.e. ¢, are
automorphisms of the distribution .#). The sheal of the germs of the
infinitesima! automorphisms of a distribution .# wiil be denoted by # ,.

It is possible to associate with any given sheal of germs of vector fields
4 a smooth distribution .#,

H ym = 2 Xt (XImE L)<

and a pseudogroup P(¥) — the smallest pscudogroup containing all ¢,
where ¢, are flows generated by the vector fields belonging to ¥ (U) (U —
an open set in the topology of the manifold M) In accordance with this
definition it is possible to consider smooth distributions as sheaves of germs
of vector fields.

A sheaf & is called regular if the dimension of .#, is constant, and
transitive if it is equal to n.

Let us now consider a subset D of the set V =() ¥ (U) (U - an open
set in topology of the manifold M). The subset D is said to be everywhere
defined if the domains of elements of D form a covering of M. An everywhere
defined pseudogroup is analogously defined.

If P is an everywhere defined pseudogroup, two points m, m’ of
the manifold M are said to be P-equivalent if there exists fe P such that
f(m) = m’; the equivalence classes of this relation are called P-orbits.

When a set of vector fields D is given it is possible to construct a
pseudogroup Pp in an analogous way as in the case of sheaves. A Pp-orbit
will be called a D-orbit. Orbits of the set D can be given a natural topology.
Let me M, ¢e D", TeR" and let ¢;, denote the following mapping

et THEr(m) =9/ 0 ... 09} (m),

where T =(t,,..., t), ¢ =(X,...., X;), ¢! is the flow generated by X;. A D-
orbit is a union of images of these mappings. The orbit is given the finest
topology in which the mappings g, , are continuous. This topology is finer
than the topology induced by the topology of the manifold M. As it is easily
seen, the D-orbits are connected in this topology.

The two theorems which are given below are well known but very useful
in the theory of distributions. The proofs can be found in [4].

TueoreM 1. Let Xy,..., X, be vector fields on a manifold M. which are
lineariy independent at each point of the manifoid and [X;, X;]1 =0 for 1 <,
Jj < p. Then for each point m of the manifold M there exists a chart (U, ¢),
@ =(xy,..., X,) at this point such that X, =c/ox; for i=1,..., p.
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THEOREM 2 (Frobenius). A4 smooth distribution .# of a constant dimension
p is completely integrable if and only if for each point m of the manifold M
there exists a chart (U, @), ¢ =(x,...., x,) at this point such that for any |c,},
p<j<n, c;eR, the sets U,=|xel, x;=c;, p<j<n} are integral
submanifolds of the distribution .#.

If a distribution .4 is given, two very useful distributions can be
constructed:

A* — the smallest involutive distribution containing .#,

‘t w — the so-called characteristic distribution.

If (M. .# ) denotes the set of all involutive distributions on M containing
A, then #* = (N8 (M, &) and for any open set V in the topology of M, .#*/V
=(.#/V)* % , can be defined in the following way:

taq= .Mlpwhere £ = # 4\ 4 7 4 — thesheal of the germs of the vecior
fields belonging tc .# (notation: X e .#).

The following rclations are straightforward:
e < -H < HE

When an everywhere defined set of vector fields D is given, it is possible
to construct a distribution .#°, the smallest distribution on M for which
clements of D are infinitesimal automorphisms. This distribution plays a very
important role in the theory of integrable distributions.

The following relations are apparent:

Mpc HEc M,
where

M = D1 X XeD}{(.

2. Integrable distributions. Since the orbits of sets of vector fields are of
great importance in the theory of integrable distributions, it seems necessary
to give the basic theorem on orbits which, at the same time, links them with
integrable distributions.

THeOREM 3 [5]. Let D be an everywhere defined set of vector fields in M.
Then:

(@) If S is a D-orbit, then S (with the topology defined in Section 1)
admits a unique differentiable structure making S into a submanifold of M,

(b) with the topology and differentiable structure resulting from (a), each
D-orbit is a maximal integral submanifold of the distribution .#°,

(c) #" is an integrable distribution,

(d) .#° is an involutive distribution.

Also in that paper an important theorem on integrable manifolds is
proven. Many classical results are simple corollaries of this theorem.
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THEOREM 4 [5]. If .4 is a smooth distribution generated by a set of vector
fields D, then the following conditions are equivalent:

(i) .# is an integrable distribution,

(i) for any point m of the manifold M, there exists an integral
submanifold of the distribution .# containing the point m,

(i) the distribution .# is D-invariant, ie., the elements of D are
infinitesimal automorphism of the distribution .#,
(iv) for any point m of the manifold M, there exist vector fields X*,..., X*
belonging to D such that
@) A= 2X"(m),..., X¥(m)}(,
(b) for any vector field X belonging to D there exist £ > 0 and smooth
Junctions f} (1 < i, j < k) defined on the interval (—¢, €) for which the following
equations are true:

[X, X(o,(m) = Z X e m), -e<t<e i=1,.,k,

where ¢, is the flow generated by the vector field X,

(v) A= 4"

A set of vector fields D is said to fulfil the reachability condition if D-
orbits are exactly the connected components of the manifold M.

THeoreM S (Chow) [5]. Let D be an everywhere defined set of vector
fieids. Then D fulfils the reachability condition if and only if .#° is the
distribution of constant dimension n.

As an orbit of the set of all vector fields belonging to the distribution . #
will be called an .#-orbit, the following proposition is true:

ProrosiTioN 1. If .# is a smooth distribution, the followingy conditions are
equivalent:

(1) .# is an integrable distribution,

(n) .#-orbits are integral submanifolds of the distribution .#,

() A =% 4,

(iv) .#-orbits are equal to ¢ _,-orbits,

V) Pu< Uy-

Proof. Let D =U% _,(U), where U is an open subset of the manifold
M. The distribution .# can be considered as the distribution generated by
the set D.

(i) = (ii). (i) is equivalent to the equality .# = .#® (Theorem 4), then the
D-orbits which are the .#-orbits, are the integral submanifolds of the
distribution .#. :

(i) = (i). Since the .#-orbits are the D-orbits then they are the intcgral
submanifolds of the distribution .#. They are also the integral submanifolds
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of the distribution .#° (Theorem 3), so .# = .#” and .# is an integrable
distribution.

(i)=> (v). Since Theorem 4 states that the elements of D are infinitesimal
automorphism of the distribution .# so ¥, < %,.

(v)=>(iii). Tt is a consequence of the definition of the characteristic
distribution.

(iii) = (iv). It is a consequence of the definition of an orbit.

(iv) = (1). If we denote by D’ the set |  4(U)n 2 ,(U) (where U is an
open subset of M), then % , = .#, is D' invariant, so % , = .#" according
to Theorem 4. A ¥ ,-orbit is an integral submanifold of the distribution % ,,
and an .#-orbit is an integral submanifold of the distribution .#” hence .#”
=% u and A = #° = %ﬂ

3. Basic properties of the sheaf # ,. In this section we will gather the
properties of sheaves of germs of vector fields and particularly of the sheaf
# 4 which will be used later.

ProprosITION 2 [2]. The sheaf ¥ , is a sheaf of Lie algebras of germs of
vector fields.

ProrosiTioN 3. If M is a connected manifold and .# a distribution on M,
then M is a ¥, orbit if and only if % , is a transitive sheaf.
Proof. Sufficiency. That is Proposition 11 of [2].

Necessity. Chow’s theorem states that dim Ilﬁ“ = n (for any m of M),
where

Uu=1X: Ymedom X (X)pe U ,m)-

Now it is sufficient to show that .# # = My 1€, My, is
U 4,-invariant. It is a consequence of Proposition 2.

ProrosiTiON 4 [2]. If .4 is a smooth distribution of constant dimension, X
is an infinitesimal automorphism of .# if and only if [X, Y]e .# for any
Ye #A.

ProrosiTioN S [2]. If %, is a transitive sheaf, then # is a regular
distribution of constant dimension on connected components of the manifold M.

LEmMa 1 [2]. Ler .# be a distribution, #* the smallest involutive
distribution containing .#, and 7 , the characteristic distribution; then

(@) Uu< U

(b) ¥y ¥ -

Remark. If %, is a transitive sheaf and M a connected manifold, then

the stalks of %, have the same real dimension. It is sufficient to notice that
@e P(% ,) induce isomorphisms of the stalks.

Lemma 2. When the dimension of the stalks of the sheaf & , for a smooth
distribution .# is at most denumerable, it is equal to O (i.e., .# = 0).
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Proof. Let .# # 0. There exists mge M such that .4, # 0. Since .# is
a smooth distribution, it is possible to find an open neighbourhood U of the
point m, such that for any point m of U, .#, # 0. Then there exists a map
(Uo, @) at the point my (Uy c U, 9 =(x,,..., X,)) for which ¢/dx, e .#.
Further on the vector fields ¢/0x; will be denoted by d;.

So, for each smooth function f on U,, f0, € .#; hence the dimension of
the stalks of the sheaf 7, at the points of U, is neither denumerable nor
finite. A contradiction.

ProPOSITION 6. Let & be a sheaf of vector spaces of germs of vector fields.
If for any point m of the manifold M the codimension of the stalk of & is at
most denumerable, & is a transitive sheaf.

Proof. Since the sheaf .Z is regular if and only if the dimension of the
distribution .#, is constant, it is sufficient to prove that the dimension is
equal to n. If dim.#_,=k<n it is possible to construct locally a
supplementary distribution S, i, .#|, @S = .#,|V, where .#, = (m+— TmM)
and V is an open sct. The germ of a vector field X e§ at a point me V does
not belong to ¥, so the dimension of the stalks of /5 is at most denu-
merable. Hence, according to Lemma 2, § is a trivial distribution (S = 0). A
contradiction.

Remark. If & is a normal sheaf (i.e. P(¥)*(¥)c &), then .#, is a
completely integrable distribution if and only if & is a regular sheal.

Proof. Complete integrability of the distribution .#, implies a constant
dimension, so & is a regular sheaf. To prove the necessity of the condition it
is sufficient to show that the distribution .#, is involutive. The hypothesis
entails that ¢* Xe £ (@ (V)) when Xe Z(V), pe P(¥). Taking instead of ¢,
¢, — the flow of a vector field ¥, Ye &, gives o' Xe.#,, so
[X, Y]e .#,.

The next proposition was proved in the case of a finite dimensional
stalk in [6]). The proof is also valid for any sheaf of germs of vector fields.

ProposiTiON 7. Let & be a transitive sheaf of Lie algebras of germs of
vector fields and N the normalizer sheaf of the sheaf ¥ in ¥". The codimension
of the stalks of the sheaf ¥ in the stalks of the sheaf M is finite.

The proof is based on the following lemma.

Lemma 3 [1]). Let U be a simply connected domain in R with the
coordinates x',..., x" and let X,,..., X, be vector fields on U linearly
independent at each point of U. If a point x,eU and a vector

{=(",..., {"eR" are given, a vector field Y on U such that Y = Y ('(x)d;,
i=1

O(x)=CL [V, X]1=0for i =1,....n is uniquely determined.
Let a point m and a simply connected open neighbourhood U of that
point be given such that there exist vector fields X,,..., X, on U which are
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linearly indepéndent at points of U and X,e #(U) for i=1,...,n The
kernel . X" (U) of the representation N(U) on .Z(U) consists of vector fields Y
for which (Y, X]=0 for any Xe Z(U). In particular, [Y, X;]=0 for
i=1,...,n According to Lemma 3, ¥ (U) has a finite dimension. Since
every point has a base consisting of simply connected sets, the sheaf has
stalks of finite dimension. The following inequality is always true:
dim %, < dim ¢, +dim X", so codim,_ ¥, <dim.¥,.

Now we will discuss the relation between sheaves of germs of
infinitesimal automorphisms of regular distributions for which %, > %,
and 4 < A.

LemMma 4. Ler U be an open neighbourhood of O in R" with the
coordinates given by the inclusion into R", .#, .#' two distributions on U

for which there exist vector fields X,,...,X,; X,=Y gld, and

i=1
=3X1 ., Xus M =)X,,..., X,(, 1 <k<p<n and additionally let
the ko-th row of the matrix (gi) be linearly dependent. If there exists a vector

field X = z [ 0; belonging to .# such thar for a certain denumerable set of

points | m,, o/ U, ;(f)(m) =0 fori,j=1,..., n and there exists iy for which
fio(my) # 0 for any r and, moreover, dim J!/__ (U)/’P/,{,,(U) < «, then f¢,, are
mﬁniresinml automorphisms of the distribution .#' for functions which are
solutions of the equations

0 (X Ho)m) =,

Jor an at most finite-dimensional space of sequences |c,).

Proof. Let us assume for simplicity sake that k, = n. We are going to
find what conditions functions f have to fulfil so that f¢, will not be an
infinitesimal automorphism of the distribution .#. It is enough to check that
it is not true that [X, f@,]e 7 , (V).

Computing we get:

['il j;anfan] = _-i' f:a, (f)a"-—l_il fa”(f;)a' — ;1 }’,(él:l g: a)

Comparing the functions standing next to vector fields ¢, we get the
following equations:

F4
Zr‘y —fe.f), i=1,....n—1,
(2) =
Py

7= —fo, U+ Y fia:i()).
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As the nth row of the matrix is linearly dependent, solving system (2)

without the last equation at the points m, we obtain a solution to (2).
It means that

(3) (-'fan(fu) + '_Z' .’; al' (.ﬂ) (mr)

has a given value. For a given function f for which f is an infinitesimal
automorphism of the distribution .#, the function f at point m, must fulfil
the equations

@ (T fiditN)m) =0

So for f0, not to be an infinitesimal automorphism of the distribution .# it
is sufficient to be a solution to the following equations:

© (3, fut)m) = c,

where (c¢,) is a non-zero sequence.
The codimension of the space # ,(U) in Y/ fd,: feF}{(n ¥ .(U)+
+ % 4(U) is finite (where F = { fe C* (U): fis a solution of (5) for a non-zero

sequence (c,)}), i.e, there exist vector fields X,,..., X, on U, X; = Z He o,
such that for a given infinitesimal automorphism of the distribution Jl m the
shape of f0, it is possible to find fe R™ that the vector field fé,— Z B; X; is
an mﬁmtesmal automorphism of the distribution .#. This fact means that

fo,— 2 B; X, is a solution to equations (2), ie.
J=

z Yoy = —Zﬂj.’kak(h])—fa (f)+2ﬁjhkak(f)

(6) =1
; g = Zﬂ;h"au(f..HZ S (N)=f0.(f) - Zﬁjﬁax(h")
ie.,
Z)”gls = -Zﬂ}fkak(hj)s
™ ’

208 = Zk:ﬁak(.ﬂ-;ﬂ;fiau(hf)-

Since the last equation (nth) is linearly dependent at each point m,, the
following equation is true for certain numbers «,,..., a,_,

®) Z (8;(Nm) =(Y %8, .0, (h‘)+2ﬁ.f,ﬁ (D) (m,).

Jok,s
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Equation (8) shows that the space F can be at most finite dimensional
one as it is contained in the space generated by the sequences f; 0, (h)(m,).

The formulation of the lemma is rather complicated but it can be
applied to some simple cases.

ProroSITION B. Let .#, .#' be two smooth distributions for which the
sheaf ¥ 4 is a subsheaf of the sheaf ¥ ,.. If for any point m there exists a chari
(U, @) at this point such that

(1) dim % . (U)/U 4 (U) < o0,

n—

1
(ii) there exist vector ficlds X,..... X,: X;= ) g¢}d, and
s=1

M =DX10e X iy M=K, X, L Sk<Sp<n,

(1) for 1 < i<k g} are independent of x,.

(iv) .#' is a distribution of a constant dimension, it is not true thut there
exists ko 1 < ko < n such that 8, e #.

Proof. Let us assume that there exists k,: 1 < ko< n, such that
Ox € -#. (i) and (iii) ensure that a vector field f¢, is an infinitesimal
automorphism of the distribution .#" if f depends only on x,. Let us assume
for argument sake that there exists a smooth function g on U that for a
certain sequence of points m, without a cluster point in U, g(m,) =1 and
0i{g)(m,) =0 (i = 1,..., n). The vector field g ,, belongs to .4 and conforms

to the hypothesis of Lemma 4. If we construct functions f, of the variable
x, such that f,(m;) =0 and 3,(f,)(m;) = o} we will get a contradiction.

Construction of functions g, f;. If the sequence {m,} has no cluster
points in U, it is possible to construct a function with given jets at these
points. Let {U,} be a locally finite open covering of U with the following
property: m,eU,, mjeU,, j #r; then U,nU, = @. We can choose locally
finite covering {V,), ¥, = U, and build smooth functions h, U on such that

(M h/V, = 1,

(i1) supph, c U,.

Having functions k&, with a given jet at the point m,, the function
k= Zh,rk, is one of the functions we have been looking for (a, is the very
index for which meU,).

CoRroLLARY 1. Let ./ be a smooth distribution of constant dimension on an
n~1

open set U in R", ' =>X,,..., X,<, X; = ) f’¢; and functions f} are not

j=1
dependent on x,. If #= H®D06, 1<ko<n and U, ,c U,, then

4. Completely integrable distributions. At the beginning we want to state
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some simple propositions, which are straightforward consequences of the
results of the previous sections.

PrROPOSITION 9. Let .# be a smooth disiribution of a constant dimension.
Then .# is a compleiely integrable distribution if and only if X e .# implies
that X is an infinitesimal automorphism of the distribution #.

Lemma 6 [2]. If # , is a transitive sheaf, % , is a completely integrable
distribution.

Proof. %, 1is an integrable distribution of constant dimension
(Proposition 4); hence 7% , 1s a complctely integrable distribution.

The next proposition is stronger than the similar one formulated in [3],
that 1s,

ProposiTiON 10. If . # is a distribution on a manifold M and the sheaf # ,
is a transitive one such that dim 4 g (M) % (M) < oo, .# is a completely
integrable distribution.

The stronger form is the following:

ProrosiTiON 11. Ler .4 be a distribution on a manifold M. If the
codimension of the stalks of the trunsitive sheaf W 4 in the stalks of the sheaf
WU 4 is at most denumerable, # is a completely integrable distribution.

Proof. It is sufficient to prove that .# =% ,. Let me M. Then
dlrn ’Zlm/({,,mm ’/l_,«m = dim lz“mn }/{‘pm/?ﬂmn /,[u«m
Since € m = )X (X)n€ %, m 7 €, We have
(/,.‘l'"
As the distributions .#, 7 , are of constant dimension it is possible to

construct a distribution S such that .#|U =7 ,|U® S for a certain open
neighbourhood U of the point m. Then dim¥ , <dim¥ /7, . < WNo.

4 M
On the ground of Lemma 2, § =0 so .#|U =% ,|U; hence .# =7 .
Remarks. (a) In this proposition it is possible to consider any

involutive distribution .#” such that .« c .# and % , > ¥ 4.

(b) If M is a connected manifold, the proposition will be true for the
following hypothesis: there exists a point m, of the manifold M for which
dim Y yom/ ¥ ymy < No- The condition is sufficient, because the pseudo-
group P(#,) induces isomorphisms of the stalks of both sheaves # , and
% , and the inequality holds for any point of the manifold M.

P. Lecompte gave a characterization of distributions with # (M) of
finite codimension in his papei [3].

ProvosiTion 12 [3]. If .# is a distribution on a manifold M such that the
codimension of ¥ ,(M) is finite, there exists a finite subset E of M having the
following properties:

< Y .
ﬁi/[ﬂm "‘”m
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(i) .# is a rrivial distribution on M\E (ie, # = .4, or H# = 0),

(ii) # (M) ={Xe¥ (M): X,,=0 for meE).

If we assume the #, to be regular, then the following proposition is
true.

ProrosiTioN 13. Let #, be the regyular sheaf of the germs of the
infinitesimal automorphisms of a distribution .#. If the codimension of the
stalks of the sheaf ¥, is at most denumerable, .# is a trivial distribution.

Proof. Since #, is a transitive sheaf (Proposition 6), .4 is a smooth
distribution of constant dimension (Proposition 5). Then:

i ] Vg gy < GG ) T g U, O My < i ) U < N

Now, using the similar method as in the proof of Proposition 11, .# =%
so .# is a completely integrable distribution. This is equivalent to the
condition

Vme M3I(U, p)e Atl(M, m), @(x) =(x;,.... X,): D0),..., 0,{ = H|U,

where p = dim . #. If we assume that ./ is not a trivial distribution, it means
that O < p<n. Let us consider smooth functions f on U such that
0,(f) # 0. The cardinal number of the space of the germs at a given point of
these functions is greater than ¢ Then

[alsfan] =f[al’ an]+al(f)‘7n = al(j)ﬂn #£0,

so f0, is not an infinitesimal automorphism of the distribution .#, which
leads to a contradiction of the hypothesis on the codimension.

Complete integrability of a distribution .# may be characterized by
relations between infinitesimal automorphisms of the characteristic
distribution % , and infinitesimal automorphisms of the distribution .#. Iif
.# i1s a completely integrable distribution, then, of course, ¢ , = .# and % ,
= 4, ,- The converse is also true, but now we will prove several very useful

lemmas.

LeMMA 7. Let . # be a smooth distribution of constant dimension k. Then if
Jor any point m there exists a chart (U, @) at this point and # ,(U) has the
Jollowing properties:

(i) there exists number p such that for Xe ¥ U), X = Y fii. &(f)
i=1

=0 when i > p, j <p,
(i) for any point m' of the set U, the equations
g'm)=1, dg)m)=b,

where i=1,....n, j=1,...,n and for i>p, j<p, b;=0 have
solutions in U 4(U) for n (n—p for i > p) linearly independent vectors b, i.e.,
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n

there exists an infinitesimul automorphism X = Z f; 0; such that f; = g', the
i=t
distribution .# is completely integrable.

Proof. Let us consider the case of k > p. We can find C* independent
vector fields X,,..., X, on a perhaps smaller open set U such that

AU =5X,,..., X,( and X--sza, If Xed, U, X=1Y g.&
i=1

according to  Proposition 4 there is the equivalence Xe
U (U)X, X;Je 4(U). Computing the right-hand side of the equi-
valence (omitting the index i), we get

[_;lfjaj’ g,lgsas] =Z(flﬁ;(qs)—q) (Is a - z }' (z f;'
=X X7 ).

where y* are smooth {unctions on U. Comparing the functions standing next
to the vector fields ¢, it is possible to write the equations

n k
9) Y fP0.9)—gs 0, =Y fv, Ji=1,...,n

s=1 s=1

Taking values of equations (9) at each point m of the set U equations (9}
have the form

(IO) z a.,-, Xs = z —b,ﬁj,.-i- Z 'd,bj,,
s=1 r=1 r=1

where jll(m) = aﬁ’ fl(m) = aj’ gr(m) = brv ar(gj)('m) = bjr» ar(fl)(m) = ajr'
Since the rank of the matrix (a;,) is equal to k < n, it is possible to omit

one of the equations which is linearly dependent and does not influence the

existence and value of the solution, for instance the Ith equation

(11) zalsX = z,_b alr+zablr

r=1

Let 1 < I < p. The remaining equations give the unique solution of equations
(10), so

Z b.a,+ Y. ab,

r=1

has a unique value.
Since b, does not appear in other equations, we have

(12) Y, a.b, =c = const.

r=1
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Because of hypothesis (ii) the space of solutions of equations (12) 1s of a
dimension n. A contradiction since there exists @, = 0. If p < I < n, equation
(11} has the form

i®

s=1 i
i

(13) (1th= z —-b,fl;,-*— Z a,b,,.
r=1 rp+
<

The analogous proof as in the case of 1 << p shows that @, =0 for
r=p+1,..., n. Since the proof is independent of the choice of point m, f/
= 0 for j > p. The matrix (f/{m)fiZ}" % is of the rank p at each point m of
the set U. By choosing p linearly independent columns (let us assume the
first p cclumns) and i1n this way forming a square matrix of the maximal
rank, we may multiply this matrix by the inverse matrix, soc we get the
identity matrix. This means that the vector fields 9,,..., d, belong to the
distribution . # at a point m. It is possible to repeat it at ¢ach point of an
open neighbonrhood of m. That is the end of the proof of the case k = p. In
the case of k < p we get the contradiction as it is possible to omit the
equatior for 1 <I<p.

LeMMA 8. Let us have two distributions . #, . &' such that # = #', .4 is
a completely integrable distribution and U, < WU 4 . If the sheaf ¥, is
transitive and there exists a chart (U, @) for which . #'\U = >04,..., ¢, and
one of the two conditions is fulfilled:

() U 4 (U) = AUy (U)(),

(b) for each poini m of U there exists a base of open neighbourhoods | V,}
for which dim %, (V,)/ % 4 (V) < 0, then .# is a completely integrable disiribu-
tion. If #'#0, then . #' = . #.

Proof. Let dim.# = p, dim . #' = k. Then 0 < k < p < n. It 1s necessary
to consider the following cases:

(a) p=n,
(b) k=0,
(¢} k=np,

b O<k<p<n,

As (a) .# is a trivial distnibation, so % ,(U) = ¥"(U). According to
Proposition 13, .4 is also a trivial distribution.

Ad {b) .# is a trivial distribution, so the codimension of # ,(U) is finite.
According to Proposition 13, .#/U is a trivial distribution.

Ad (c) .4 = .4

Ad (d) in this case we will prove that the sheaf % ,/U fulfils the
hypothesis of Lemma 7. Since the sheaf %, is transitive, the proof of the
lemma will be completed. The relation % , — % ,- ensures (i). Let us choose

r

Y U U)=(X: X =Y fie;, ;(f)=0, i>k, j<k}; see the proof of Lemma 9.

nrvga
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2 pomt m of the set U. If condition (iD) is not fulfilicd at the poirt m, eg.
for i = n, the solutions of equations (8) form a surface at most of the
dimension (n-- p— 1). Changing the map in a neighbourhoed of the point m,

we may assume that it is of the form (bY.....b)+{beR": b
(pt1) . g oa . N .
=(0,.. .0, x ..... x, 0)). 1t means that if X — l £4C, 15 an infinitesimal
i=1

autcmorphism of the distribution .4, 3,,([")(m) = bY. when f"(m) = 1.
Let F = | feCY(l):3Ke #,4iU). X = 5 ficio 1, =1".

Since # ,(U) 1s a vector spacc, F, is a xcxlor subspace of ™ (U).
A smooth function { on U belonging to F, has to fulhil the following
conditions:

(i if f (m) =1, &,(f)m) = b,

(inif fim)y=0, ¢,(f)m = 0.

The second condition 1s the cousequence of the following: Let 17/m) = 0

nool
and fe F,. There exists Xe #,(U), X == 3 £.0,+f¢,. For any Yo # ,(U)

F=1
n--

Y= Z g;0; and a, BeR* X +pYe ¥ ,(U) and aX +BY = > (af;+pg) i+

i=i
+(af+ﬁg..)3
If we denote xf+fg by h, then

h(m) = af (m) + Bgm) = B,
0 (M) (m) = 2@, (f)(m)+ B0, (g,) (M) = ada(f)(m)+ fiby.
So for W' = h/pB, we have h'im) =1

du(h)(m) = %a.m(mw b2.
Since W'e F,, 0,(h')(m) = b2, so 3,(f)(m) =0. F, is a vector subspace of
the space F(m), where

F(m) = {feC*(Uy:
() 1 (m) = L=>2,{f)(m) = b®; (1i) f(m) = 0=>2,(f)(m) = 0},

C*(UY — funciions of variables x,,,,..., x,.

The codimension of the space F(m) in C”(U)? is equal to 1, so the
codimension of # ,(U) in % , (U) is greater than or equal to 1. A contradic-
tion in the case of (a). If condition (b) is fulilled we will repeat the same for
an open set ¥ which does not contain m, and so on. At each step we will ask
whether a set V' fulfils the hypothesis of Lemma 7. If we do not find such an
open set, it is easy to see that the codimension of #,(U) in #, (U) is
infinite. A contradiction.
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Remadrk. The lemma will be true when we assume that .4 1s a smooth
distribution of constant dimension, 4, s a regular  sheaf and
VYmeM 3(U, o)e AWM, m): .7 U = >¢y,. .. & and ¥ 4, {U) = ¥ ,U).

TheorREM 7. Lei ./ be a smooth distribution and # , a transitive sheaf. If
#y = Wy .. - s a completely integrable disiribution (& = g4).

Proof The distributicn 7 ,; fulfils the hyvpothesis of Lemma 3.

Mow we will prove a propositton oun the uniqueness of distributions
having a given sheaf of germs of infinitesimal automorphisms.

LemMa 9. A nontrivie! disiribution .« is a completely integrable one if und
only if 3k >0 Yme M3(U, ¢)ec Atl(M, m).

W (U) =X = Z i & =0, i>k, j<k].

Proof If .# 1s a compietely integradble distribution. then directiy from
the definition 3k >0: Vme MU, @) e Atl(M, m): . 4IU = 3é,,..., &<,
n

According to Proposition 4, X =) fi¢;e#,{U) if and only if
i=1

[X,d3e . #|U for j=1...., k. Computing, we get [X,d;]=[3 /d: &]
=Y 2,006, so &(f)=0 for i>k j<k. When #,(U) is of the

i=1
required form, the distribution .#,fulfils the hypothesis of Lemma 7, so
MU =>24,..., 6,4.

ProPoSITION 14. Let .#, .4#' be two smooth distributions having the same
sheaf of the germs of the infinitesimal automorphisms. If .# is a completely
integrable distribution, .# = 4.

Proof. 1t is a corollary of Lemma 9.

To end the paper we will recall a proposition which connects complete
integrability of distributions with involutiveness at a point.
We say that a distribution .# is involutive at a point mye M if

VX,Ye #
myedom[X, Y]}= (X, Y]no€ Momg-

ProrosiTioN 15 [2]. If M is a connected manifold, U , a transitive sheaf,
then .# is a completely integrable distribution if and only if .# is involutive at
a certain point of M.
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